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PREFACE 

This book is the outgrowth of an experience of many years 
in the teaching of mathematics in secondary schools. The 
text has been used by many different teachers, in classes of all 
stages of development, and under varying conditions of sec- 
ondary school teaching. The proofs have had the benefit of 
the criticisms of hundreds of experienced teachers of mathe- 
matics throughout the country. The book in its present form 
is therefore the combined product of experience, classroom test, 
and severe criticism. 

The following are some of the leading features of the book : 

Tke student is rapidly initiated into the subject. Definitions 
are given only as needed. 

The selection and arrangement of theorems is such as to meet 
the general demand of teachers, as expressed through the Matiie- 
matical Associations of the country. 

Most of the proofs have been given in full. Proofs of some of 
the easier theorems and constiTictions are left as exercises for 
the student, or are given in an incomplete form ; but in every 
case in which the proof is not complete, the incompleteness is 
specifically stated. The authors believe that the proofs of 
most of the propositions should be complete, first, in order to 
serve as models for the handling of exercises ; second, to pre- 
vent the serious error of making the student feel contented 
with loose and slipshod reasoning which defeats the main pur- 
pose of instruction in geometry; and third, as an excellent 
means of reviewing the previous theorems on which they 
depend. 

The indirect method of proof is consistently applied. The 
usual method of proving such propositions as Arts. 189 and 
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iv PREFACE 

415) e,g,f is confusing to the student. The method used here 
is convincing and clear. 

The exercises are carefully selected. In choosing the exercises, 
each of the following groups has been given due impor- 
tance: 

(a) Concrete exercises, including numerical problems and 
problems of construction. 

(5) So-called practical problems, such as indirect measure- 
ments of heights and distances by means of equal and similar 
triangles, drawing to scale as an application of similar figures, 
problems from physics, from design, etc. 

(c) The traditional exercises given in a more or less abstract 
setting. 

The arrangement of the exercises is pedagogical. Exercises 
of a rather easy nature are placed immediately after the theo- 
rems of which they are applications, instead of being grouped 
together without regard to the principles involved in them. 
In many instances the exercises are so arranged as to consti* 
tute a careful line of development, leading gradually from a 
very simple construction or exercise to others that are more 
difficult. For the benefit of the brighter pupils, however, and 
for review classes, large lists of more or less difficult exercises 
are grouped at the end of each book. 

The definitions of plane dosed figures are unique. The stu- 
dent's natural conception of a plane closed figure is not the 
boundary line only, nor the plane only, but the whole figure 
composed of the boundary line and the plane bounded. All 
definitions of closed figures involve this idea, which is entirely 
consistent with the higher mathematics. 

The numerical treatment of magnitudes is explicit, the fundor 
mental principles being definitely assumed (Art. 336, proof in 
Appendix, Art. 595). This procedure is novel and is believed 
to be the only logical, and at the same time teachable, method 
of dealing with incommensurables. Teachers who find these 
subjects too difficult, however, can easily omit them without 
interruption of sequence. 
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The area of a rectangle is introduced by a^ctvutly measuring it, 
thereby obtaining its measure-number. This method permits 
the same order of theorems and corollaries as is used in the 
parallelogram and triangle. The correkttion with arithmetic 
in this connection is valuable. The number concepts already 
found so useful and practical in the modern treatment of ratio 
and proportion have been developed in connection with areas, 
as well as in other portions of the book 

Proofs of the superposition theorems and the concurrent line 
theorems will be found exceptionally accurate and complete. 

Tlie Tuany historical notes are such as wiU add life and interest 
to the work. 

The carefully arromged summaries throughout the book, and 
the collection of formulas of plane geometry at the end of the 
book, it is hoped, will be found helpful to teacher and student 
alike. 

Argument and reasons are arranged in parallel form. This 
arrangement gives a definite model for proving exercises, ren- 
ders the careless omission of the reasons in a demonstration 
impossible, leads to accurate thinking^ and greatly lightens the 
labor of reading papers. 

Every construction figure contains all necessary construction 
lines. This method keeps constantly before the student a model 
for his construction work, and distinguishes between a figure 
for a construction and a figure for a theorem. 

The mechanical arrangement is such as to give the student 
every possible aid in comprehending the subject matter. 

The grateful acknowledgment of the authors is due to many 
friends for helpful suggestions ; especially to Miss Grace A. 
Bruce of the Wadleigh High School, New York City; to Mr. 
Edward B. Parsons of the Boys* High School, Brooklyn ; and 
to Professor McMahon of Cornell University. 
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SYMBOLS AND ABBREVIATIONS 



= equals, equal to, is equal to. 
r^ does not equal. 
> greater than, is greater than. 
< less than, is less than, 
o" equivalent, equivalent to, is equiva- 
lent to. 
'^ similar, similar to, is similar to. 
S5 is measured by. 
JL perpendicular, perpendicular to, is 

perpendicular to. 
J& perpendiculars. 
II parallel, parallel to, is parallel to. 
lis parallels. 
. . . and so on (sign of continuation). 
•.' since. 
.'. therefore. 

^ arc ; AB^ arc AB, 
C7, [H parallelogram, parallelograms. 
O, ® circle, circles. 
Z, A. angle, angles. 
A, ii triangle, triangles. 

• 

Q.E.D. Quod erat demonstrandum, which was to he proved. 

Q.E.F. Quod erat faciendum, which wets to he done. 

The signs +> —9 X , + have the same meanings as in algebra. 



rt. 


right. 


str. 


straight. 


ext. 


exterior. 


int. 


interior. 


alt. 


alternate. 


def. 


definition. 


az. 


axiom. 


post. 


postulate. 


hyp. 


hypothesis. 


prop. 


proposition. 


prob. 


problem. 


th. 


theorem. 


cor. 


corollary. 


cons. 


construction. 


ex. 


exercise. 


flg. 


figure. 


iden. 


identity. 


comp. 


complementary. 


sup. 


supplementary. 


adj. 


adjacent. 



homol. homologous 
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INTRODUCTION 

1, The Sal^eot Matter of Oeometiy. In geometry, altiiough 
we shall continue the use of arithmetic and algebra, our main 
work will be a study of what will later be defined (§ 13) as 
geometric figures. The student is already familiar with the 
physical objects about him, such as a ball or a block of wood. 
By a careful study of the following exercise, he may be led to 
see the relation of such physical solids to the geometric ^ures 
with which he must become familiar. 



Look at a block of wood (oraclialk box). Has it weight? 
color? taat«? shape? size? These are called propertieg of tfae Bolid. 
What do we call such a solid ? A phytical _ 
aolid. CaD you think of the properties o( this k 
solid apart from the block of wood ? Imagine T 
the block removed. Can ;ou iuagine the ij 
space which it occupied ? What name would ^ 
jon give to this space ? A geometric solid. 

What properties has it that the block possessed ? Shape and iSze. What 
is it that separates this geometric solid from surrounding space ? Uow 
thicii is this surface? How many eurfaces has the block? Where do 
they intersect ? How many intersections are there ? How wide are the 
intersections? how long? What is their name? They are Unei. Do 
these lines intersect? where? How wide are these intersections? how 
thick ? how long ? Can you say where this one Is and so distinguish from 
Khere that one is ? What is its name ? II U a point. 

If you move the block through space, what will it generate aa it mOTes ? 
What will the surfaces of the bloclc generate ? all of tliein ? Can you 
move a surface so that it will not generate a solid ? I'ta, hy moving it 
along itaelf. What will the edges of the block generate ? Can you move 
an edge so that it will not generate a surface ? What will the comers 
f^nerate ? Can you move a point so that it will not generate a line ? 
1 
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A • I'lJt; .Tkj^ ^p^e^ iii':wMch we live, although boundless and 

•**'•' •* liuIiMitecf Ett'extfenfcf'tnay be thought of as divided into parts 

A physical solid occupies a limited portion of space. The 

portion of space occupied by a physical solid is called a 

geometric solid. 

3. A geometric solid has length, breadth, and thickness. 
It may also be divided into parts. The boundary of a solid is 
called a smfaoe. 

4. A surface is no part of a solid. It has length and 
breadth, but no thickness. It may also be divided into parts. 
The boundary of a surface is called a line. 

5. A line is no part of a surface. It has length only. It 
may also be divided into parts. The boundary or extremity 
of a line is called a point. 

A point is no part of a line. It has neither length, nor 
breadth, nor thickness. It cannot be divided into parts. It is 
position only. 

THE FOUR CONCEPTS IN REVERSE ORDER 

6. As we have considered geometric solid independently of 
surface, line, and point, so we may consider point indepen- 
dently, and from it build up to the solid. 

A small dot made with a sharp pencil on a sheet of paper 
represents approximately a geometric point. 

7. If a point is allowed to move in space, the path in which 
it moves will be a line. 

A piece of fine wire, or a line drawn on paper with a sharp 
pencil, represents approximately a geometric line. This, how- 
ever fine it may be, has some thickness and ia not therefore an 
ideal, or geometric, line. 

8. If a line is allowed to move ia space, its path in general 
will be a suriace 
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9. If a surface is allowed to move in space, its path in 
general will be a geometric solid. 

10. A solid has threefold extent and so is said to have three 
dimensions ; a surface has twofold extent and is said to have 
two dimensions; a line has onefold extent or one dimension; 
a point has no extent and has therefore no dimensions. 

11. The following may be used as working definitions of 
these four fundamental concepts : 

A geometric solid is a limited portion of space. 
• A smface is that which bounds a solid or separates it from 
an adjoining solid or from the surrounding spac& 
A line is that which has length only. 
A point is position only 

DEFINITIONS AND ASSUMPTIONS 

12. The primary object of elementary geometry is to deter- 
mine, by a definite process of reasoning that will be introduced 
and developed later, the properties of geometric figures. In 
all logical arguments of this kind, just as in a debate, certain 
fundamental principles are agreed upon at the outset, and 
upon these as a foundation the argument is built. In ele- 
mentary geometry these fundamental principles are called 
definitions and assumptions. 

The assumptions here mentioned are divided into two classes, 
cbxioms and postulates. These, as well as the definitions, will 
be given throughout the book as occasion for them arises. 

13. Def. A geometrio figure is a point, line, surface, or 
solid, or a combination of any or all of these. 

14. Def. Oeometry is the science which treats of the 
properties of geometric figures. 

15. Def. A postulate may be defined as the assumption of 
the possibility of performing a certain geometric operation. 

Before giving the next definition, it will be necessary to 
introduce a nostulate. 
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16l Transference postulate. Any geometric figure may he 
moved from one position to another without diange of size or 
shape. * 

17. Def. Two geometric figures are said to ooinoide if, 

when either is placed upon the other, each point of one lies 
upon some point of the other. 

IB. Def. Two geometric figures are equal if they can be 
made to coincide. 

19. Def. The process of placing one figure upon another so 
that the two chall coincide is called superposition. 

This is an imaginary operation, no actual movement taking 
place. 

LINES 

20. A line is usually designated by two capital letters, as 



B 



Fig. 1. 



line AB. It may be designated , 

also by a small letter placed 

somewhere on the line, as line a. 

21. Straight Lines. In § 7 we 

learned that a piece of fine wire — — 

or a line drawn on a sheet of 

paper represented approximately a geometric line. So also a 

geometric straight line may be represented approximately by 

a string stretched taut between two points, or by the line 

made by placing a ruler (also called a straightedge) on a flat 

surface and drawii^ a sharp pencil along its edge. 

22. Questions. How does a gardener test the straightness of the 
edge of a flower bed ? How does he get his plants set out in straight 
rows ? How could you test the straightness of a wire ? Can you think 
of a wire not straight, but of such shape that you could cut out a piece 
of it and slip it along the wire so that it would always fit ? If you re- 
versed this piece, so that its ends changed places, would it still fit along 
the entire length of the wire? If you turned it over, would it fit? 
Would the piece cut out fit imder these various conditions if the wire 
were straight? 
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23. Def. A Btraight lin^ 18 a line such that, if any portion 
of it is placed with its ends in the line, the entire portion so 
placed will lie in the line, however it may be applied. 

Thus, if AB is a straight line, and if any portion of AB, as 
CD, is placed on any other part 

of ABy with its ends in ABy A S S 9 

every point of CD will lie in AB, ^^Q- 2- 

A straight line is called also a tight line. The word line, 
unqualified, is understood to mean straight line. 

24. Straight line poBtolate. A straight line may he drawn 
from any one point to any other. 

25l Draw a straight line AB, Can you draw a second 
straight line from -4 to JB ? If so, where will every point of the 
second line lie (§ 23) ? It then follows that : 

Only one straight line can he drawn hetween two points; i.e. a 
straight line is determined hy two points. 

26. Draw two straight lines AB and CD intersecting in point 
P. Show that AB and CD cannot have a second point in com- 
mon (§ 23). It then follows that: 

Two intersecting straight lines can have only one point in com- 
mon; Le. two intersecting straight lines determine a point. 

27. I>ef. A limited portion of a straight line is called a line 
segment, or simply a line, or a segment. Thus, in Fig. 2, ACy 
CD, and DB are line segments. 

28. Def. Two line segments which lie in the same straight 
line are said to be coUinear segments. 

29. Def. A curved line (or 
curve) is a line no portion of 
which is straight, as QH. 

3(X Def. A broken line is a 

line made up of different succes- 
sive straight lines, as KL. Fig. a 
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31. Use of InBtruments. Only two instruments are permitted 
in the constructions of plane geometry : the ruler or straight- 
edge for drawing a straight line, already spoken of in § 21 ; and 
the compasses, for constructing circles or arcs of circles, and 
for transferring line segments from one position to another. 

Thus to add two lines, 
as AB and CD, draw, 
with a ruler, a straight 
line OX. Place one leg 
of the compasses at A 
and the other at A 
Next place one leg at 
and cut off segment 
OM equal to AB, In a 
similar manner lay off 
Mir equal to CD. Then 

dB+CD= OM+Mir= ON. 

Show how to subtract AB from ON. What is the remainder ? 




1. Can a straight line move so that its path will not be a surface ? 
li so, how ? 

Ex. 2. Can a curved line move in space so that its path will not be a 
surface ? If so, how ? 

Ez. 3. Can a broken line move in space so that Its path will not be a 
surface ? 
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Ex. 4. Draw three lines as AB, CD, and a 
EF. Construct the sum of AB and GD \ of AB 
and EF\ of AB, CD, and EF. C 

•R-g. 5. Construct : (a) the difference be- E 
tween AB and CD ; (6) the difference between ^^ ^^ 

CD and EF; (c) the difference between AB 

and EF, Add the results obtained for (a) and (5) and see whether the 
sum is the result obtained for (c). 

Ex. 6 Draw a line twice as long as^B (the sum of AB and AB): 
HbreQ iimeH as *ong as AB, 
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32. Plana Smfaoe. It is well known that the carpenter's 

straiglitedge is applied to surfaces to test whether they are 
flat and even. If, no matter where the straightedge is placed 
on the surface, It alwaya fits, the surface is called a plane. 
Now if we should use a powerful in^nifier, wa should doubt- 
less discover that in certain places the straightedge did not 
exactly fit the surface oa which it was placed. A sheet of 
fine plate glass more nearly approaches th« ideal. 

33. QaosUona. Teat the surface of the blackboard with ft rnler to 
Bee whether it is a plane. How man; times must you apply Uke ruler F 
Can yoa think of a surface such that 

the ruler would fit in some portions 
(a great many) bat not in all ? Can 
you think of a surface not plane bnt 
such Lbat a piece of It could 1>e cut 
oat and slipped along llie rest so that 
it would St P Would it fit it turned 
over (inside oat) ? 

34. HtS. A. plane aiufao« (or 

plane) is a surface of unlimited P,^ ^ 

extent such that whatever two 

of its points are taken, a straight line joining them will lie 

wholly in the surface, 

35. I>ti- A ourred amfaos is a surfac&Jio portion of which 
is plana 

36. D«f. A plane flEore is a geometric figure all of whose 
points lie in one plane. Plane Oeometry treats of plane figures. 

37. Def. A reotllinear figure Is a plane figure all the lines 
of which are straight lines. 

B In space bo that tta path wQl not be 

Ex. 8. Can a curved surface move in space so that Its path will not 
be a BoM ? If so, bow f 
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ANGLES 

38. Def. An angle is the figure formed by two straight 
lines which diverge from a point 

The point is the vertex of the angle and the lines are its 
sides. 

39. An angle may be designated by a number placed within 
it, as angle 1 and angle 2 in Fig. 7, and angle 3 in Fig. 8. Or 





Fia.7. Fig. 8. Fia9. 



three letters may be used, one on each side and one at the 
vertex, the last being read between the other two; thus in Fig. 7, 
angle 1 may be read angle ABC, and angle 2, angle CBD. An 

m 

angle is often designated also by the single letter at its vertex, 
when no other angle has the same vertex, as angle F in Fig. 8. 

40. Revolution postulate. A straight line may revolve in a 
plane, about a point as a pivot, and when it does revolve contin^ 
uouslyfrom one position to another, it passes once and only once 
through every intermediate position, 

41. A clear notion of the xf^agnitude of an angle may be 
obtained by imagining that its two sides were at first coUinear, 
and that one of them has revolved about a point common to the 
two. Thus in Fig. 8. we may imagine FQ first to have been in 
the position FE and then to have revolved about J^ as a pivot 
to the position FQ, 

42. Def. Two angles are adjacent if they have a common 
vertex and a common side which lies between them; thus in 
Kg. 7, angle 1 poid angle 2 are adjacent; also in Fig. 9, angle 
HMK and angle KML are adjacent 
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43. Two angles are added by placing tbem so tbat they are 
idjacent. Their sum is the angle formed by the two sides that 
are not common ; thus in Fig. 10, the sum of angle 1 and angle 
2 is angle ABC* 






Fig. 10. 

44. The difference between two angles is found by placing 
them so that they have a vertex and a side in common but with 
the common side not between the other two. If the other two 
sides then happen to be coUinear, the -difference between the 
angles is zero and the angles are equal. If the other sides are 
not collinear, the angle which they form is the difference between 
the two angles compared ; thus in Fig. 11, the difference between 
angle 1 and angle 2 is angle ABC. 






Fig. 11. 

45. Def. If one straight line meets another so as to make 
two adjacent angles equal, each of j^ 

these angles is a right angle, and the 
lines are said to be perpendicular to 
each other. Thus, if DC meets AB 
so that angle BCD and angle DCA 
are equal angles, each is a right angle, 
and lines AB and CD are said to be ^ C B 

perpendicular to each other. Fio. X2. 
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Fia. Id, 



FiQ. M. 



46. Def. If two lines meet, but" are not perpendicular to 
each other, they are said to be oblique to each other. 



47. Def. An acute angle is an angle 
that is less than a right angle ; as angle 1, 
Fig. 13. 

48u Def. An obtuse angle is an angle 
that is greater than a right angle and less 
than two right angles; as angle 2, Fig. 14. 

49. Def. A reflex angle is an angle 
that is greater than two right angles and 
less than four right angles; as angle 2, 
Fig. 15. 



50. Note. Two lines diverging from the 
same point, as BA and BC, Fig. 16, always 
form two positive angles, as the acute angle 1 
and the reflex angle 2. Angle 1 may be thought 
of as formed by the revolution of a line counter- 
clockwise from the position BA to the position 
BC, and should be read angle ABC. Angle 2 may be thought of as 
formed by the revolution of a line counter-clockwise from the position BO 
to the position BA, and should be read angle CBA. 

51. Def. Acute^ obtuse^ and reflex angles are sometimes 
called oblique angles. 




9. (a) In Fig. 16, if angle 1 equals angle 
2, what kind of angles are they ? 

(b) Make a statement with regard to the lines 
AB and CD. 

(c)'If angle S does not equal angle 4, what 
kind of angles are they ? 

(d) Make a statement with regard to the lines 
AB and CE. 




Fio. 16. 



Ez. 10. A plumb line is suspended from the top of the blackboard. 
What kind of angles does it make with a horizontal line drawn on the 
blackboard ? with a line on the blackboard neither horizontal nor vertical ? 
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:. 11. Suppose the minute hand of a clock is at twelve. Where 
may the hour hand be so that the two hands make with each others 
(a) an acute angle ? (b) a right angle ? (c) an obtuse angle ? 

Ez. 12. Draw > (a) a pair of adjacent angles ; (6) a pair of non- 
adjacent angles. 

Ez. 13. Draw two adjacent angles such that : (a) each is an acute 
angle ; (b) each is a right angle ; (c) each is an obtuse angle ; (d) one} 
is acute and the other right ; («) one is acute and the other obtuse. 

Ez. 14. In Fig. 17, angle 1 + angle 2 = ? angle 
t + angle 4 = ? angle BAD + angle DAF = ? angle 
DAF - angle 3 = ? angle 2 + angle DAF— angle 4 
= ? angle 4 + angle BAE-^ angle 1 = ? 

Bz. 15. Name six pairs of adjacent an^es in 
Hg. 17. 

Bz. 16. Draw two non-adjacent angles that 
have : (a) a common vertex ; (&) a common side ; 
(c) a common vertex and a common side. 




52. Def. A line is said to be bisected if it i^ 

Ib divided into two equal parts. *^°' ^^' 

53. I>ef. The biseotor of an angle is the line'whioh divide! 
the angle into two equal angles.* 



:. 17. Draw a line AS^ neither horizontal nor vertical, (a) Draw 
freehand a line perpendicular to AB and not bisecting it: (5) a lino 
Uneting AB and not perpendicular to it. 

ASSUMPTIONS 

54. 1. Things equal to the same thing, or to equal things, are 
equal to each other. 

2. If equals are added to equals^ the sums are equal. 

3. Jf equals are subtracted from equals, the remainders are 
tquaL 

4. If equals are added to unequals, the sums are unequal in 
Ae same order, 

6. If equals are subtracted from unequals, the remainders are 
unequal in the same order 

* The proof that every angle has but one bisector will be found in the Appendix. § 599. 
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6. Ifunequah are subtracted from equals, the remainders are 
unequal in the reverse order. 

7. (a) If equals are multiplied by equals, the products are 
equal; (b) if unequals are multiplied by equals, the products are 
unequal in the same order, 

8. (a) If equals are divided by equals, the quotients are equal; 
(b) if unequals are divided by equals, the quotients are unequal 
in the same order, 

9. If unequals are added to unequals, the less to the less and 
the greater to the greater, the sums are unequal in the same order. 

10. If three magnitudes of the same kind are so related thai 
the first is greater than the second and the second greater than the 
third, then the first is greater than the third. 

11. The whole is equal to the sum of all its parts. 

12. The whole is greater than any of its parts. 

13. Like powers of equal numbers are eqtial, and like roots of 
equal numbers are equal. 

14. Transference postulate. Any geometric figure may be 
moved from one position to another without change of size or 
shape. (See § 16.) 

15. Straight line postulate I. A straight line may be drawn 
from any one point to any other. (See § 24.) 

16. Straight line postulate n. A line segment may be pro- 
longed indefinitely at either end. 

17. Revolution postulate. A straight line may revolve in a 
plane, about a point as a pivot, and when it does revolve continu- 
ously from one position to another, it passes once and only once 
through every intermediate position. (See § 40.) 

55. Assumptions 1-13 are usually called axioms. That is, 
an axiom may be defined as a statement whose truth is as- 
sumed.* 



:. 18. Illustrate the first five assumptions above by using arithmeti- 
cal numbers only. 

Eac. 19. Illustrate the next five by using general numbers (letters) 

only. 

* See Appendix, S 600. 



INTRODUCTION 13 

DEMONSTEATIONS 

56. It has been stated (§ 12) that the fundamental princi- 
ples agreed upo^i at the outset as forming the basis of the logi- 
cal arguments in geometry are called definitions, axioms, and 
postulates. Every new proposition advanced, whether it is a 
statement of a truth or a statement of something to be per- 
formed, must by a process of reasoning be shown to depend 
upon these fundamental principles. This process of reasoning 
is called a proof or demonstration. After the truth of a state- 
ment has thus been established, it in turn may be used to 
establish new truths. 

The propositions here mentioned are divided into two classes, 
theorems and problems. 

57. Def . A theorem is a statement whose truth is required 
to be proved or demonstrated. For example, " If two angles of 
a triangle are equal, the sides opposite are equal" is a theorem. 

There are two parts to every theorem: the hypothesis, or 
the conditional part; and the conclusion, or the part to be 
proved. In the theorem just quoted, "i/* two angles of a tri- 
angle are equal" is the hypothesis; and ^Hhe sides opposite are 
equal *' is the conclusion. 



20. Write out carefully the hypothesis and the conclusion of 
each of the following : 

(a) If you do your duty at all times, you will be rewarded. 

(6) If you try to memorize your proofs, you will never learn geometry. 

(c) Tou must suffer if you disobey a law of nature. 

((2) Things equal to the same thing are equal to each other. 

(e) All right angles are equal. 



5& Def. A corollary is a statement of a truth easily de- 
duced from another truth. Its correctness, like that of a 
theorem, must be proved. 

59. Def. A problem, in general, is a question to be solved. 
As applied to geometry, problems are of two kinds, namely, 
problems of construction and problems of computation. 
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GO. From the revolution postulate (§ 40) and from the 
definition of a perpendicular (§ 45) we may deduce the follow- 
ing corollaries : 

m 

61. Cor. L A.t every point in a straight line there exists 
a perpendicular to the line. 

Given line AB and point C in ^ 

AB. 

Tb prove that there exists a ± to 
AB at C, as CD. 

Let CE (Fig. 18) meet AB at C, so that 
Z1<Z2. Then if CE is revolved about C 

as a pivot toward position CA, Z. 1 will continuously increase and A 2 
will continuously decrease (§ 40)- .*. there must be one position of CE^ 
as CD, in which the two A formed with AB are equal. In this position 
C2>±^J5(§46). 

62. Cor. n. At every point in a straigh4} line there 
exists only one perpendicular to the line. 




Given CD ± AB at C, i.e. Z BCD = 

Zdca. 

To prove CD the only J. to ^B 
at C. 



E D 

\ 

\ 



Let CE (Fig. 19) be any line from C A 
other than CD, Let CE fall between CD Fio. 19. 

and CA* Then ZBCE>ZBCD; i.e.> 

ZDCA. And ZECA<ZDCA(^^, 12), .-. A BCE 9,Jid ECA toe not 
equal and CE \a not ± to AB (§ 45), 

63.* §§61 and 62 may be combined in one statement as 
follows: 

At every point in a straight line there exists one and only one 
perpendicular to the line. 



* A similar proof may be giyen if we suppose OEU> fldl between OB and CD, 
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64. Cor. m. All right angles are equals 







Fra. 20. 



Given Z.AOB and A CPDy any two rt. A 
To prove Z.AOB = Z. CPD. 

Place Z CPD upon ZAOB iso that point P shall fall upon point 0, and 
80 that PG shall be coUinear with OA. Then PD and OB, both being 
JL to OA at 0, must be colUnear (§ 62). .■. the two A coincide and are 
equal (§ 18). 

. 65. Cor. IV. If one straight line meets another straight 
line, the sum of the two a^acent angles is two right angles. 



Given str. line CD meeting str. line 
AB at C, forming A BCD and DCA^ 
To prove Zbcd-\- ZDCA^2rtA 

Let CJF be JL to AB at C (§ 68). 
ThenZ5C2) + Z2>C^=lrt. Z; 

.-. Z BCD = 1 rt. Z --ADCE, 
Again ZDGA = Irt. Z + ^DCE, 

.-. /.BCD + ADCA = 2tU A. 



66. Cor. v. The sum of all the angles about a point on 
one side of a straight line passing through that point 
ecfuals two right angles. 

Given A 1, 2, 3, 4, 5^ and 6, B^ 

all the A about point on one 
side of str, line CA, 

To prove Z1+Z2 + ZS+ ^ Q-<^^L^i\ 

Z4 + Z5 + z:6 = 2rt. A ^ O 

Fio. 22. 
The sum of the six A (Fig.22) is equal to ZAOB + ZBOC 
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67. Cor. VI. The swm of all the angles 
about a point equals four right angles. 

Prolong one of the lines through the vertex and apply 
Cor. V. 



68. Def. Two angles whose sum is one right Fio. 23. 
angle are called complementary angles, as angles 1 and 2, Pig. 25. 
Either of two such angles is said to be the complement of the 
other. 

69. Def. Two angles whose sum is two rijht angles are 
called supplementary angles, as angles 1 and 2, Fig. 26. Either 
of two such angles is said to be the supplement of the other. 

An angle that is equal to the sura of two right angles is 
sometimes called a straight angle, as angle ABC^ Fig. 2^. 



70. Def. Two angles are said to be 
vertical if the sides of each are the pro- 
longations of the sides of the other; 
thus, in Fig. 24, angles 1 and 2 are ver- 
tical angles, and angles 3 and 4 are like- 
wise vertical angles. 



71. Def. An angle of one degree is one nine- 
tieth of a right angle. A right an{];le, therefore, 
contains 90 angle degrees. 




Fig. 24. 



21. In Fig. 25, angle ABC is a right angle. 
If angle 1 = 40°, how many degrees are there in angle 
2 ? IIow many degrees, then, are there in the comple- 
ment of an angle of 40° ? 




Fio. 25. 



Ez. 22. How many degrees are there in the complement of 20° ? cf 



85° ? of a° ? of J right angles ? of A; right angles ? 



D 



:. 23. In Fig. 26, angle 1 + angle 2, or angle 
ABQ^ equals 2 right angles. If angle 1 = 40°, 
how many degrees are there in angle 2 ? How. 



C B 

Fig. 26. 

many degrees, then, are there in the supplement of an angle of 40° ? 
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224. ; How many degrees are there in the supplement of 20° ? of 
140° ? of a° ? of n right angles ? Give these answers in right angles. 

JSx. 25.': In the accompanying diagram : 

. (a) If angle 1 = 66°, how many degrees are there in each of the other 
three angles ? 

(6) If angle 2 = w°, how many right angles are 
there in each of the other three angles ? 

(c) If angle 3 = n right angles, how many degrees 
are there in each of the other three angles ? 

. ]EiZ. 26. Compare the supplement of an angle of 
50° with its complement. Draw a diagram showing the complement and 
the supplement of an acute angle, ABC* 

Ez. 27. Criticize the following exercise: How many degrees are 
there in an angle whose complement is | of its supplement ? in an angle 
whose supplement is | of its complement ? 

. Ez. 28. If one straight line meets another straight line so that one 
angle is double its adjacent angle, how many degrees are there in each of 
the two adjacent angles ? 

. Cz. 29. How many de^ees are there in an angle whose complement 

and supplement together equal 194° ? 

• 

Ez. 30. How many degrees are there in an angle which is J of its 
complement ? 

Ez. 31. How many degrees are there in an angle whose supplement 
is nineteen times its complement ? 

Ez. 32. If there are only five angles about a point, and each differs 
by 16° from an anglo adjacent, how many degrees are. there in each 
angle? 

Ez. 33. If there are only six angles about a point and they are all 
equal, how large is each angle ? U 

72. Def. Angles that are supple- £ 



meiitary and adjacent are called supple- ^ 
mentary-adjacent angles, as ^ 1 and 2. 



34, If two angles are supplementary-adjacent and one of them is 
one half a right angle, how large is the other ? 

Ez. 35. Suppose that only three angles are formed about a point on 
one side of a straight line passing through the point. The greatest is four 
times the least, and the remaining one is 12° more than the least. How 
many degrees are there in each ? 



18 PLANE GEOMETRY 

Ez. 36. (a) Can two angles be sapplementary and not adjacent f 
Illustrate. 

(6) Can two angles be adjacent and not supplementary ? Illostrate. 

(c) Can two angles be both supplementary and adjacent f Illustrate. 

(d) Can two angles be neither supplementary nor adjacent f Illustrate. 

(e) Can two angles be both complementary and adjacent ? Illustrate. 
(/) Can two angles be both complementary and supplementary ? 

Illustrate. 



73. From the definitions of complementary and supple- 
mentary angles may be deduced three additional corollaries as 
follows : 

74. Cor. I. Convplemeivbs of the same angle or of equal 
curhgles are equqZ, 

75. Cor. n. Supplements of the same angle or of equal 
angles are equal, 

76. Cor. m. If two adjacent angles are supplemen 
tary, their exterior sides are collinear. 

Given Zabc + Zcbd = 2 rt. A, 
To prove BD the prolongation of AB. 




If BD is not the prolongation of AB^ 
then some other line from B, as BE, must 
be its prolongation. 

Then Z ABC + A CBD = 2 rt. zi (By hyp.). 
Kiao /.ABG + ACBE^^vt. A (§66). 
.\ZCBD^ACBE (§75). 

This is impossible (§ 54, 12) ; i,e. the supposition that BE is the pro- 
longation of AB leads, by correct reasoning, to the impossible coiicIusioD 
that Z CBD = Z CBE, Hence this supposition itself Is false. 

.'. BD is the prolongation of AB. 
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RECTILINEAR FIGURES 

PSOFOSITION I. ThEOBEM 

77. If two straight lines ijUersect, the verUeal angles are 
equal. 




Ohren two intersecting str. lines, forming the vertical Ay 1 
and 3, also 2 and 4. 
Topro^e Zl = Z3 and Z2=.Z4. 



Aboumbnt 
1. Zl-|.Z2 = 2rt A 



2. Z3 + Z2«2rt.A 

a .•.Z1 + Z2 = Z3 + Z2. 



4. /.Zl^ZS. 



6. Likewise Z 2 ^ Z 4. 



Q.E.D. 



Reasons 

1. If one str. line meets an- 

other str. line, the sum 
of the two adj. ^ is 2 
rt. A. § 65. 

2. Same reason as 1. 

3. Things equal to the same 

thing are equal to eacb 
other. § 54, 1. 

4. If equals are subtracted 

from equals, the remain- 
ders are equal. § 54, 3. 

5. By steps similar to 1, 2, 3, 

and 4. 



78. CJor. If two straight lines interse^ct so thai any two 
a4ja4ient angles thus formed are equaJ, all the angles are 
equal, and ea>ch angle is a right angle- 

19 
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37. If three straight lines intersect at a common point, the sum 
of any three angles, no two of which are adjacent, as 1, 8, and 6, in 
tlie accompanying diagram, is equal to two 
right angles. 

Eac. 38. In the same diagram, show that : 
(a) Angle 1 + angle 3 = angle 7. 
(6) Angle 7 — angle 4 = angle 6. 
(c) Angle 7 + angle 4 — angle 3 = twice 
angle 1. 

((2) Angle 2 + angle 4 + angle 6 = 2 right angles. 

Eac. 39. The line which bisects one of two vertical angles bisects the 
other also. 

Eac. 40. The bisectors of two adjacent complementary angles form 
an angle of 45^ 

Ez. 41. Show the relation of the bisectors of two adjacent supple- 
mentary angles to each other. 

Eac. 42. The bisectors of two pairs of vertical angles are perpendicu- 
lar to each other. 

79. The student will observ'fe from Prop. I that the complete 
solution of a theorem consists of four distinct steps : 

(1) The statement of the theorem, including a general state- 
ment of the hypothesis and conclusion. 

(2) The drawing of a figure (as general as possible), to 
satisfy the conditions set forth in the hypothesis. 

(3) The application, i,e, the restatement of the hypothesis 
and conclusion as applied to the particular figure just drawn, 
under the headings of " Given " and " To prove." 

(4) The proof or demonstration, the argument by which 
the truth or falsity of a statement is established, with the 
reason for each step in the argument. 

80. The student should be careful to quote the reason for 
every step in the argument which he makes in proving a 
theorem. The only reasons admissible are of two kinds : 

1. Something assumed, i.e. definitions, axioms, postulaltes, 
and the hypothesis. 

2. Something previously proved, i.e. theorems, corollaries, 
and problems. 
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81. The neceBBity for proof. Some theorems seem evident 

by merely looking at the figure, and the student will doubtless 
think a proof unnecessary. The eye, however, cannot always 
detect error, and reasoning enables ua to be sure of our couclu- 
siong. The danger of trusting the eye ia illustrated in the 
following exercises,* 

Ttr 43. In the diagrams given below, tell which line of each p^ ia 

the longer, a or b, iind veri^ foar answer by careful measuremenL 



E^^ 






tz. 44. In the figures below, are the lines everywhere the same c 
;e apart ? Verify yoor answer by using a ruler or a slip of paper. 



////////////// 
////////////// 



Bx. 49. In the figures lielow, tell which lines are prolongations ol 
other lines. Terify your a 



Z" 



^ 



^ 



zzz 



7^ 



• TlKue dlagrims Bre tskea by pennlMion from ths Report of Uie CommltlM on Oeon 
etrj, ProoeedLngB of the ElghUi MeatiD; of ths Centn] Aetoslttloii of Science hd 
MstbemsUcB Teuhen. 
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POLYGONS. TRIANGLES 

82L Def. A line on a plane is said to be dlooad if it sepa^ 
rates a finite portion of the plane from the remaining portion. 

83. Def. A plane oloBed figure is a plane figure composed of 
a closed line and the finite portion of the plane bounded by it. 

84. Def. A polygon is a plane closed figure whose boundary 
is composed of straight lines only. 

The points of intersection of the lines are the ▼ertloes of 
the polygon, and the segments of the boundary lines included 
between adjacent vertices are the sides of the polygon. 

85. Def. The sum of the sides of a polygon is its perimeter. 

86. Def. Any angle formed by two consecutive sides and 
found on the right in passing clockwise around the perimeter 
of a polygon is called an interior angle of the polygon, or, 
for brevity, an angle of 
the polygon. In Fig. 1, 
A ABC, BCD, CDE, DMA, 

and EAB are interior 
angles of the polygon. 

87. Def. If any side 
of a polygon is prolonged 
through a vertex, the angle 
formed by the prolonga- 
tion and the adjacent side is called an exterior angle of the 
polygon. 

In Fig. 1, A 1, 2, 3, 4, and 5 are exterior angles. 

88. Def. A line joining any two non-adjacent vertices of a 
polygon is called a diagonal ; as AC, Fig. 1. 

89. Def. A polygon which has all of its sides equal is an 
equilateral polygon. 

90. Def. A polygon which has all of its angles equal is an 
aqtiiangular polygon. 
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SL IM. A polygon which is both equilateral and equi- 
angular is a nfolar po^gon. 

92. Def. A polygon of three sides is called atrians^; one 
of four sides, a quadxilatcoral ; one of j&ve sides, a penta^ion ; one 
of six sides, a heaaigon; and so on. 

TRIAKGLBS CLASSIFIED WITH BBSPEGT TO SIDES 

93. D«f. A triangle having no two sides equal is a scalene 
tiianfle. 

9f. Def. A triangle having two sides equal is an laoBceles 
triangle. The equal sides are spoken of as the sides * of the 
triangle. The angle between the equal sides is the vertex 
angle, and the side opposite the vertex angle is called the base. 

96. Def. A triangle having its three sides equal is an 
eqidlatend triangle. 




Scalene Isosceles Equilateral 

TBIAKOLBS CLASSIFIED WITH RESPECT TO ANGLES 

96. I>ef. A right triangle is a triangle which has a right 
angle. The side opposite the right angle is called the hypote- 
nuse. The other two sides are spoken of as the sides f of the 
triangle. 

97. Def. An obtuse triangle is a triangle which has an 
obtuse angle. 

98L Def. An aoute triangle is a triangle in which dR^ the 
angles are acute. 

* TIm eqiud lidM are tometimei oalkd the arms of the Isoscelei triangle. This Uxm 
wlH he uaed oeeMtonaUy in ihe ezerelaes. 

t SMnetlmes the sides of s rlf^t trisnfld incladinf the right angle are called the armt 
of the triMi^. This term wiU he found in the ezerciseS|,, 
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Ez. 46. Draw a scalene triangle freehand : (a) with all its angles 
acute and with its shortest side horizontal ; (6) with one right anglev 

Eac. 47. Draw an isosceles triangle : (a) with one of its arms hori- 
zontal and one of its angles a right angle ; (5) with one angle obtuse. 



99. Def. The side upon which a polygon is supposed to 
stand is usually called its base ; however, since a polygon may 
be supposed to stand upon any one of its sides, any side may be 
considered as its base. 

The angle opposite the base of a triangle is the vertex angle, 
and the vertex of the angle is called the vertex of the triangle. 

100. Def. The altitude of a triangle is the perpendicular to 
its base from the opposite vertex. In general any side Q£>a 
triangle may be considered as 

its base. Thus in triangle EFO, ^ ^a 

if FO is taken as base, EH is the ^ 

altitude; if OE is taken as base, t/^ 

-FZ'will be the altitude; if EF ^^^ 

is taken as base, the third alti- ^^ \ — g— 

tude can be drawn. Thus every ^ig, i. 

triangle has tliree altitudes. 

It will be proved later that one perpendicular, and only one, 
can be drawn from a point to a line. 

101. The sides of a triangle are often designated by the 
small letters corresponding to the capitals at the opposite 
vertices ; as, sides e, / and ^, Eig. 1. 



48. Draw an acute triangle ; draw its three altitudea freehand. 
Do they seem to meet in a point ? Where is this point located ? . 

Ez. 49. Draw an obtuse triangle ; draw its three altitudes freehand. 
Do they meet in a point? Where is this point located? 

:. 50. Where do the three altitudes of a right triangle meet ? 



•'.i 



102. Def. The medians of a triangle are the lines f roni ilie 
vertices of the triangle to the mid-points of the opposite sides. 
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103. SuperpoBition. When certain parts of two figures are 
given equal, we can determine by a process of pure reason 
whether the two figures may be made to coincide. 

This process is far more accurate than the actual transfer- 
ence of figures, for we are free from physical errors such as 
have been referred to in § 81. 

Problem. Given line AB less than CD. Apply AB to CD. 

Solution. Place point A upon point 
C. Make AB collinear with CD and -^ B 

let B fall toward D. Then B will fall ^ q 

between C and 2), because AB < CD. 

Question. Under what hypothesis would B fall on D? beyond D ? 

Problem. Given angle ABC less than angle BST. Apply angle 
ABC to sngieBST. 

Solution. Place point B ^ 

upon point 8 and make BA 
collinear with SB. 

Then BC will fall between 
SB and ST, because Z ABC 
< Z B8T. i 




51. Solve the problem above by first making BC collinear with 
ST. Under .what hypothesis would BA fall on SB ? outside of angle 
BST? within angle BST? Illustrate each answer by a diagram. Can 
you choose where BA will fall after you have put BC on ST? Could 
you have chosen where BA should fall at first ? 



104. Note. In applying one figure to another, always begin with a 
line. Place one end of it on one end of another line and make the two 
lines collinear on the same side of the point. 

Throughout the process, determine first the diret^ion each line will 
take, and then where its end will fall. 

If two lines are given equal, one may be placed upon the other, end on 
end, for the lines will coincide. 



:. 52. Given two triangles ABC and DEF, such that: (1) AC = 
DF, angle A is greater than angle 2>, angle C is less than angle F; 

(2) AC = DF, angle A = angle i>, angle C is less than angle F; 

(3) AC = DF, angle ^ = angle Z>, angle C = angle F. Apply triangle 
ABC to triangle DEF and draw a diagram to illustrate each case. 



He 
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Proposition II. Theorem 

105. Two triangles are equal if two angles and the in- 
cluded side of one are equal respectively to two angles and 
the included side of the other o 




C D 




Given A ABC and DEF, AC=DF, ZA = ZD, and Z (7=Z F. 
To prove A ABC = A DEF. 



Abgument 

1. Place A ABC upon A DEF 
so that A C shall fall upon 
its equal DF, A upon D, 
C upon F. 

2 Then AB will become col- 
linear with DE, and B 
will fall somewhere on 
DE, or on its prolonga- 
tion. 

3. Also CB will become col- 

linear with FEy and B 
will fall somewhere on 
FE, or on its prolonga- 
tion. 

4. .'. point B must fall on 

point E. 
6. .'.Aabc=ADEF. 

Q.E.D. 



Reasons 

1. Any geometric figure may 

be moved from one posi- 
tion to another without 
change of size or shape. 
§ 54, 14. 

2. ZA = ZD,hy hyp. 



3. Zc=Zf, byhyp. 



4. Two intersecting str. lines 

determine a point. § 26. 

5. Two geometric figures are 

equal if they can be 
made to coincide. § 1& 



BUOK. i 
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Hx. 53. In the figure for Prop. II, assome ABssDE, angle As 
angle 2>, and angle ^ = angle £!; repeat the proof by saperposition, 
marking the lines with colored crayon as soon as their positions are 
determined. 



54. Place polygon I 
upon polygon II so that some 
part of I shall fall upon its equal 
in IL Discuss the resulting 
positions of the remaining parts 
^f the figure. 




l>6i 




55. If two quadrilaterals have three sides and the included angles 
if one equal respectively to three sides and the included angles of ihe 
other, and arranged in the same order, are the quadrilaterals equal f 
Prove. 

106. Note. The method of superposition should be used for proving 
fundamental propositions only. In proving other propositions it is neces- 
sary to show merely that certain conditions are present and to quote 
theorems, previously proved, which state conclusions regarding such 
conditions. 



56. If at any point in the bisector of an angle a perpendicular to 
the bisector is drawn meeting the sides of the angle, the two triangles 
thus formed will be equal. 

Eac. 57. If equal segments, measured from the point of intersection 
of two lines, are laid off on one of the lines, and if perpendiculars to this 
line are drawn at the ends of these segments, two 
equal triangles will be formed. 

Zbc 58. If at the ends of a straight line per- 
pendiculars to it are drawn, these perpendiculars 
will cut off equal segmentis upon any line which 
bisects the given line and Is not perpendicular 
to it. 







Fig. 1. 



FiQ, 2. 



59. If two angles of a trian^e are equal, the bisectors of these 
angles are equal (Pig. 1). 

Eac. 60. If two triangles are equal, the bisector of any angle of one is 
equal to the bisector of the corresponding angle of the other (Fii;. 2). 
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Proposition III. Theorem 

107. Two triangles are equal if two sides and the in- 
eluded angle of one are equal respectively to two sides 
and the included angle of the other. 





A CM 

Given A ABC and MNO, AB = MN, AC=^MO, and Z 4 = Z ^. 
To prove A ABC = A MNO. 



Argument 

1. Place A ABC upon A MNO 

so that AC shall fall upon 
its equal MO, A upon M, 
Cupon O. 

2. Then AB will become col- 

linear with MN. 

3. Point B will fall on point If. 

4. ,\BC will coincide with NO. 



5. .'.A ABC ^ A MNO. 



Q.E.D. 



Rbasonb 

1. Any geometric figure may 

be moved from one posi- 
tion to another without 
change of size or shape. 
§ 54, 14. 

2. Za = Zm, by hyp. 

3. AB = MN, by hyp. 

4. Only one str. line can 

bfe drawn between two 
points. § 25. 
6. Two geometric figures are 
equal if they can be made 
to coincide. § 18. 



10& Cor. Two right triangles are equal if the two sides 
including the right angle of one are equal respectii^y 
to the two sides including the right angle of the other. 



. 61. Prove Prop. Ill by placing AB upon MN. 
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109. Def. In equal figures, the points, lines, and angles in 
one which, when superposed, coincide respectively with points, 
lines, and angles in the other, are called homologoufl parts. 
Hence ; 

110. homologous parts of equal figures are equal. 



62. If two straight lines bisect each other, the lines joining their 
eztremilies are equal in pairs. 

Hint. To prove two lines or two angles equal, try to find two triangles, 
each containing one of the lines or one of the angles. If the triangles can 
he proved equal, and the two lines or two angles are homologous parts of 
the triangles, then the lines or angles are equal. The parts given equal 
may be more easily remembered by marking them with the same symbol, 
or with colored crayon. 



c. 63. In case the lines in Ex. 62 are perpendicular to each other, 
what additional statement can you make ? Prove its correctness. 

Eac. 64. If equal segments measured from the vertex are laid off on 
the sides of an angle, and if their extremities are joined to any point in 
the bisector of the angle, two equal triangles will be formed. 

Ez. 65. If two medians of a triangle are perpendicular to the sides 
to which they are drawn, the triangle is equilateral. 



c. 66. If equal segments measured from the vertex are laid off on 
the arms of an isosceles triangle, the lines joining the ends of these 
segments to the opposite ends of the base wlQ be equal (Fig. 1). 





Fig. 1. 



rio. 2. 



Ez 67. Extend Ex. 66 to the case in which the equal segments 
S^re laid off on the arms prolonged through the vertex (Fig. 2). 
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Proposition IV. Theorem 
111. Tfie base angles of an isosceles triangle are egtuU 




Olven isosceles A ABOy with AB and BC its equal sides. 
To prove Z. A=Z. C. 

Reasons 

1. Every Z has but one bi 
sector. § 53. 

2. By hyp. 

3. By iden. 

4. By cons. 
6. Two A are equal if two 

sides and the included 
Z of one are equal re- 
spectively to two sides 
and the included Z of 
the other. § 107. 
6. Homol. parts of equal fig- 
ures are equal. § 110. 





Argument 


I. 


Let BD bisect Z ABO. 


»> 


In A A RD and DBC^ 




AB = BC. 


3. 


BD = BD. 


4. 


Z1 = Z2. 


6. 


.'.AABD^ADBC. 



d .\Za^Zc. 



Q.E.D. 



112. Cor. I. The "bisector of the angle at the vertex of 
an isosceles triangle is perpendicular to the base and 
bisects it. 

113. Cor. n. An equilateral triangle is also equi- 
angular. 

68. The bisectonr of the base angles of an isosceles triangle ar« 



euual. 



U^ Hlstoriotd Not0. Exerclss 69 b) IcnowK m the pom tut- 
Korum, or bridge of aaaes, since it has proved difficult to many banners 

in geometry. This proposition ^ 

and tlie proof here suggested 
are due. to Euclid, a great 
mathemalioian who wrote tlie 
first eysiematic text-book on 
geometry. In this work, known 
as EacUd's Elements, tlie exer- 
cise here given ia the fiftb prop- 
osition in Book 1. 

Of the life of Euclid there is 
but little Imown except that he 
was gentle and modest and 
" was a Greek who lived and 
tauglit in Alexandria about 300 
B.C." To him is attributed the 
saying, "'I'here ia no royal road ., 

to geometry." His appreciation 

of the cutturc value of geometry is shown in a story related by Stobaeus 
(which ia probably authentic). "A lad who had just begun geometry 
asked, < What do I gain by learning all this stuff ? ' Euclid called his 
slave and said, 'Give this boy some coppers, since ho must make a 
profit out of what he learns.' " 

Ex 69. By using the accompanying diagram prove 
that the base angles of an Isosceles triangle are equal. 

Hnrr. Prova A ABE = A DBO. Then prove 
AACE=ADAO. 

Bz. 70. (a) Jf equal segments measured from the 
vertex are laid oS on the arms of an isosceles triangle, 
the lines drawn from the ends of the aegmentH to the foot 
of tlie bisector of the vertex angle will be equal. 

([>) Extend (n) lo the case in which the equal segments are laid otS on 
the arms prolonged through the vertex. 

Ex. 71. (d) If equal segnienta measured from the ends of the base are 
laid ofl on the arms of an isosceles triangle, the lines drawn from the ends 
ot the segments to the foot of the bisector of the vertex angle will be equal 

(b) Extend (a) to the case in which the equal segments are laid off on 
d through the ends of the base. 
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:. 72. (a) If equal segments measured from the ends of the base 
are laid off ou the base of an isosceles triangle, the lines joining the vertex 
of the triangle^o the ends of the segments will be equal. 

(6) Extend (a) to the case in which the equal segments are laid off on 
the base prolonged (Fig. 1). 




Fig. 1. 




Fio. 2. 



c. 73. (a) If equal segments measured from the ends of the base 
are laid off on the arms of an isosceles triangle, the lines draw a from the 
ends of the segments to the opposite ends of the base will be equal. 

(6) Extend (a) to the case in which the equal 
segments are laid off on the arms prolonged 
through the ends of the base (Fig. 2). 

Eac. 74. Triangle ABC is equilateral, and 
AE = BF = CD, Prove triangle EFD equi- 
lateral. • 




1X5. Measurement of Distances by Means 
of Triangles. The theorems which prove triangles equal are 
applied practically in measuring distances on the surface of 
the earth. Thus, if it is desired to find the distance between 
two places, A and B, which are separated by a pond or other 
obstruction, place a stake at some point 
accessible to both A and B, as F, ...BeLi 
Measure the distances -F^ and ^5; then, ^ 
keeping in line with F and B, measure 
CF equal to FBj and, in line with F 
and J, measure FE equal to FA. Lastly ^ ^ 

measure CE, and the distance from ^ to J? is thus obtained, since 
AB is equal to CE, Can this method be used when A and B are 
en opposite sides of a hill and each is invisible f rohi the other ? 




BOOK I 



Bx. 75. Show how to find ihe distance 
following meaBuremeala, Measure a 
tance along the bank, as BT, and fix a stake at ita 
mid-point, F. Proceed at right angles to £T from 
r to the point P, where F, 8, and P aie in Une ; 
measure FT. 



a river by taking the 



Ex. 76. An anny engineer wished 
quickly the approihnate distance 
bad no instruments niih which t 
ments. He stood on the banlc of the 
opposite bank, or S. Then without 
raising or lowering bis eyes, he faced 
about, and hie line of sight struck the 
ground at C, He paced the distance, 
AC, and gave this as the distance across the 



Ex. 77. Tell what 
to obtain the distance between two inaccessible 
points, B and S (Fig. 1). 

Ex. 78. The fact that a triangle la deter- 
mined if itfi base and ita base angles are given 
was used as early as the time of Tbales (G40 
B.C.) to find the distance of a ship at sea; the 
base of the triangle was usually a lighthouse 
tower and the base angles were found by ob- 
Draw a figure and explain. 




Explain his method. 



Fio. 1 



Ex. 79. Explain the following method of finding SB (Fig. 2). 
Place a stake at S, and another at a convenient p 
point, Q, In line with S and B. From a con- 
venient point, as T, meaauro TS and TQ. Pro- 
long QT, and make T^ equal to gr. Prolong i(l 
ST, and make TB equal to ST. Then keep 
In line with J^atid B, uniil a point is reached, as 
0, where T and B come into line. Then BG 
is equal to the required distance, BS. 

Ex, 80. In an eqiulateral triangle, if two 
lines are diawn from the ends of the base, 
making equal angles with the base, and termi- 
nated by the other two sides, the lines are equal. 
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Proposition V. Theorem 

116. Two triangles are equal if the three sides of one 
are equal respectively to the three sides of the other. 




Given A ABC and RST, AB=RS, BC= STy and CA = TB, 
To prove AABC=:ABST. 



Argument 

1. Place ABST so that the 

longest side BT shall fall 
npon its equal AC, B 
upon A, T upon C, and 
so that S shall fall oppo- 
site B. 

2. Draw BS. 



3. A ABS is isosceles. 

4. .•.Z1 = Z2. 

5. Abcs is isosceles. 

6. .•.Z3 = Z4. 

7. Zl-fZ3 = Z2-fZ4. 



Reasons 

1. Any geometric figure may 

be moved from one posi- 
tion to another without 
change of size or shape. 
§ 54, 14. 

2. A str. line may be drawn 

from any one point to 
any other. § 54, 15. 

3. AB = BS, by hyp. 

4. The base A of an isosceles 

A are equal. § 111. 

5. BC=ST, by hyp. 

6. Same reason as 4. 

7. If equals are added to 

equals, the sums are 
equal. § 54, 2. 



BOOR 1 



« 



Abgumbht 

'9 .\ AABC^AC8A\ 
Le.AABO^ARST. 



Q.B.D, 



RllA80]l9 

&• The whole = the sum oi 
all its parts, § 54, 11. 

9# Two A are equal if two 
sides and the included Z 
of one are equal respec* 
tively to two sides and 
the included Z of the 
other. § 107. 



:. 81. (a) Prove Prop. V, using two ohtuse triangles and applying 
the shortest side of one to tlie shortest side of the other. 

(&) Prove Prop. V, using two right triangles and applying the shortest 
side of one to the shortest side of the other. 



117. QuestiGii. Why Is not Prop. V proved by superpositlonf 



118L Two triangles are equal if 



SUMMABY OF COKDITIONS FOR EQUALITY OF TBIANaLBS 

a side and the two adjacent 

angles 
two sides and the included 

angle 
three sides 
a side and the two adjacent 

angles 
two sides and the included 

angle 
three sides 



of one are equal respectively to 



of the other. 



Ez. 82. The median to the base of an isosceles triangle bisects the 
angle at the vertex and is perpendicular to the base. 



:. 83. In a certain quadrilateral two adjacent sides are equal ; the 
other two sides are also equaL Find a pair of triangles which you cas 
prove equaL 
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Ex. 84. If the opposite sides of U quadrilateral are equal, the opposite 
angles also are equal. 

Ex. 85. If two isosoeles triangles have the same base, the line joining 
their vertices bisects each vertex angle and is perpendicular to the com- 
mon base. (Two cases.) 

c. 86. In what triangles are the three medians equal ? 

:. 87. In what triangles are two medians equal ? 

:. 88. If three rods of different lengths are put together to form a 
triangle, can a different triangle be formed by arranging the rods in a 
different order ? Will the angles opx>osite the same rods always be the 
same? 

Ex. 89. If two sides of one triangle are equal respectively to two 
sides of another, and the median drawn to one of these sides in the first 
is equal to the median drawn to the corresponding side in the second, the 
triangles are equal. 

119. Def. A circle is a plane closed figure whose boundary 
is a curve such that all straight lines to it from a fixed point 
within are equal. 

The curve which forms the boundary of a circle is called the 
circumference. The fixed point within is called the center, and 
a line joining the center to any point on the circumference is a 
radius. 

120. It follows from the definition of a circle that : 
All radii of the same circle are equal. 

121. Def. Any portion of a circumference is called an arc. 

122. ABBumption 18. Circle postulate. A circle may he con- 
structed having any point aj center, and having a radius equal to 
any finite line. 

123. The solution of a problem of construction consists of 
three distinct steps : 

(1) The construction, i.e. the process of drawing the required 
figure with ruler and compasses. 

(2) The proof, a demonstration that the figure constructed 
fulfills the given conditions. 

(3) The discussion, i.e. a statement of the conditions under 
which there may be no solution, one solution, or more than one. 



BOOK I 



87 



pBOFOsiTioir YL Problem 

124. To construct an equilateral triangle, ivith a given 
line a^ side. 



—""■^^A"**"* ■"•*•*, 



% 
I 




/ 



U) 



/ 



Given line BCK 

To constnzot an equilateral triangle on BO. 

I. Constmction 

1. With B as center and BO as radius, construct circle CAD. 

2. With C as center and BG as radius, construct circle BMA. 

3. Connect point J, at which the circumferences intersect| 
with B and (7. 

4 A ABC is the required triangle^ 



IL Proof 



Aboumbst 
L AB^BCBXlACA^BO, 

2. .\AB^BO^OA. 



8. •*• A ulBC is equilateral 

Q.B.D. 



SBABOm 

!• AH radii of the same circle 

are equal. § 120. 
2. Things equal to the same 

thing are equal to each 

other. § 54, L 
& A A having its three sides 

equal is equilateral. § 95. 



IIL DfsousBion 

This construction is always possible, and there is only one 
solution. (See § 3 16.) 
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Proposition VII. Problem 

WUh a given vertex and a given side, to construct 
(xn angle equal to a given angle. 




Qiven vertex A^ side AB^ and Z. CDJS, 
To constxuct an Z equal to Z CDB and haying A as vertex 
and AB as side. 

I. Construction 

1. With D as center, and with any conyeuient radius, de- 
scribe an arc intersecting the sides of Z D at F and G, respec- 
tively. 

2. With A as center, and with the same radius, describe the 
indefinite arc IH, cutting AB at L 

3. With / as center, and with a radius equal to str. line FQ, 
describe an arc intersecting the arc IH at K. 

4. Draw AK, 

5. Z BAK = Z CDE, and is the Z required. 



XL Proof 



Aboumbkt 
1. Draw FQ and 



2. Jn A FDGSJidlAKyDF 

3. DO^AK. 

4. FQ == IK. 



^AI. 



Rbasoks 

1. A str. line may be drawn 

from any one point to 
any other. § 54, 15. 

2. By cons. 

3. By cons. 

4. By cons. 
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ASOUMBNT 

5. .\Afdq = Aiak. 



6. .'.ZSAK^ZCDJS. 



Q.B.D. 



RBASOKfl 

5, Two A are equal if the 

three sides, of one are 
equal respectively to the 
three sides of the other. 
§ 116. 

6. Homol. parts of equal 

figures are equaL § 110. 



III. Disctuwion 

This construction is always possible, and there is only one 
solution. 



:. 90. CoDstnict a tnangle, giyen two sides and the inoladed angle. 

:. 91. Construct an isosceles triangle, given the vertex angle and 
an arm. 

Ex. 92. Construct a triangle, given a side and the two adjacent 
angles. 

Ex. 93. Construct an isosceles triangle, given an arm and one of 
the equal angles. 

Ex. 94. How many parts determine a triangle ? Do three angles 
determine it ? Explain. 

95. Construct an isosceles triangle, given the base and an arm. 

:. 96. Construct a scalene triangle, given the three sides. 



126. Def. The bisector of an angle of a triangle is the line 
from the vertex of the angle bisecting the angle and limited 
by the opposite side of the 
triangle. A 



z. 97. In what triangles are 
the three bisectors equal ? 

Ex. 98. In what triangles are 
two bisectors, and only two, equal ? 

Ex. 99. In what triangles are 
the medians, the bisectors, and the 
altitudes identical ? 
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Proposition VIII. Problem 
127. To ccnstruct the bisector of a given cmgle. 




Given A ABC, 

To construct the bisector of Z. ABO. 

I. Construction 

1. With B as center, and with any convenient radius 
describe an arc intersecting BA at E and BC at i). 

2. With D and E as centers, and with equal radii, describe 
arcs intersecting at F, 

3. Draw BF. 

4. BF is the bisector of Z ABO. 



II. Proof 



Argument 

1. In Aebf and FBD, 

BE = BD, 

2. EF = DF. 

3. BF = BF. 

4. .\ A EBF = A FBD. 



6. .• Zebf = Z.fbd. 



Rbasohs 



1. By cons. 

2. By cons. 

3. By iden. 

4. Two A are equal if the 

three sides of one are 
equal respectively to the 
three sides of the other. 
§ 116. 

5. Homol. parts of equal 

figures are equal. § 110 
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Aboumbnt 
5. .'. BF is the bisector of 

Aabg. 

Q.E.D. 



Reasons 

6. The bisector of an Z is 
the. line which divides 
the Z into two equal 
A § 53. 



III. Discussion 

This construction is always possible, and there is only one 
solution. 



:. 100. Draw an obtuse angle and divide it into: (a) four 
equal angles ; (b) eight equal angles. 

Ex. 101. Construct the bisector of the vertex angle of an isosceles 
triangle. 

Ex. 102. Draw two intersecting lines and construct the bisectors of 
the four angles formed. 

Ex. 103. Bisect an angle between two bisectors in Ex. 102, and find 
the number of degrees in each angle. 

Ex. 104. Construct the bisector of an exterior angle at the base of an 
isosceles triangle. 

Ex. 105. Construct the bisectors of the three angles of any triangle. 
What can you infer about them ? Can the correctness of this inference 
be proved by making a careful construction ? 



L Def. The distance between two points ^ 
is the length of the straight line joining them. 
Thus if three points, Ay B, and C, are so located 
that AB = ACy A is said to be equidistant from 
B and C. 




:. 106. Find all the points on the blackboard 
which are one foot from a fixed point, P, on the blackboard. 

Ex. 107. Draw a line, AB^ on the blackboard and mark some point 
near the line, as P. Find all the points in AB that are a foot from P. 



108. Mark a point, §, on the blackboard. Find all the points on 
the blackboard which are : (a) ten inches from Q ; (6) four inches from 
Q. How far are the points of (6) from the points of (a), if the distance 
is measured on a line through Q ? 
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LOCI 

129. In many geometric problems it is necessary to locate 
all points which satisfy certain prescribed conditions, or to 
determine the path traced by a point which moves according 
to certain fixed laws. Thus, the points in a plane two inches 
from a given point are in the circumference of a circle whose 
center is the given point and :whose radius is two inches. 

Again, let it be required to find all points in a plane two 
inches from one fixed point and three inches from another. 
All points two inches from the fixed point P are in the cir- 
cumference of the circle LMS, having P for center and having 
a radius equal to two 
inches. All points three 
inches from 'the fixed 
point Q are in the cir- 
cumference of the circle 
LET, having Q for center 
and having a radius 
equal to three inches. 
If the two circles are 
wholly outside of each other, there will be no points satisfying 
the two prescribed conditions ; if the two circumferences touch, 
but do not intersect, there will be one point ; if the two circum- 
ferences intersect, there will be two points. It will be proved 
later (§ 324) that there cannot be more than two points which 
satisfy both of the given conditions. 

130. Def. A figure is the looua of all points which satisfy 
one or more given conditions, if all points in the figure satisfy 
the given conditions and if these conditions are satisfied by no 
other points. 

A looua, then, is an assemblage of points which obey one or 
more definite laws. 

It is often convenient to locate these points by thinking of 
them as the path traced by a moving point the motion of which 
is controlled by certain fixed laws. 
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131. In plane geometry a loctis may be composed of one or 
more points or of one or more lines, or of any combination of 
points and lines. 



QueationB.* — What is the locus ot all points in space two 
inches from a given point ? What is the locus of aJl points in space two 
inches from a given plane ? What is the locus of all points in space such 
that perpendiculars from them to a given plane shall be equal to a given 
line ? What is the locus of all points on the surface of the earth midway 
between the north and south poles ? 23|° from the equator ? 2^° from 
the north pole ? 90° from the equator ? What is the locus of a gas 
jet four feet from the ceiling of this room ? four feet from the ceiling 
and five feet from a side wall ? four feet from the ceiling, five feet 
from a side wall, and six feet from an end wall ? 



:. 109. Given an unlimited line AB and a point P. Find all points 
in AB which are also : (a) three inches from P ; (&) at a given distance, 
a, from P. 

Ez. 110. Given a circle with center O and radius six inches. State, 
without proof, the locus : (a) of all points four inches from O ; (6) of 
all points five inches from the circumference of the circle, measured on 
the radius or radius prolonged. 

Ex. 111. Given the base and one adjacent angle of a triangle, what is 
the locus of the vertex of the angle opposite the base ? (State without 
proof.) 

Ex. 112. Given the base and one other side of a triangle, what is the 
locus of the vertex of the angle opposite the base ? (State without proof.) 

Ex. 113. Given the base and the other two sides of a triangle, what 
is the locus of the vertex of the angle opposite the base ? 

Ex. 114. Given the base of a triangle and the median to the base, what 
is the locus of the end of the median which is remote from the base ? 



115. Given the base of a triangle, one other side, and the 
median to the base, what is the locus of the vertex of the angle opposite 
the base? 

133. Question. In which of the exercises above was a triangle 
determined t 

* In order to develop tbe imagination of the student the authors deem it advisable 
in this artiole to introduce questions involving loci in space. It should be noted that 
so prooft of answers to these questions are demanded. 
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Proposition IX. Theorem 

134. Every point in the perpendicular bisector of a 
line is equidistant from the ends of that line. 




Given line ABy its ± bisector CD, and P any point in CD, 
To prove PA^PB. 



Arqumbnt 

1. In A APC and CPB^ 

AC = CB. 

2. PC=PC. 

3. Z PCA = Z BCP. 
L .-. A^PC=A CPB. 



6. r.PA^PB. 



Q. E. D. 



Bbasons 

1. By hyp. 

2. By iden. 

3. All rt. A are equal. § 64. 

4. Two A are equal if two 

sides and the included 
Z of one are equal re- 
spectively to two sides 
and the included Z of 
the other. § 107. 

5. Homol. parts of equal fig- 

ures are equal. § 110. 



Bz. 116. Four villages are so located that B is 25 miles east of A, 
C 20 miles north of A, and D 20 miles south of A, Prove that £ is as 
far from C as it is from D. 

Bz. 117. In a given circumference, find the points equidistant from 
two given points, A and B. 
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135. X>ei. One theorem is the converse of another when the 
conclusion of the first is the hypothesis of the second, and the 
hypothesis of the first is the conclusion of the second. 

The converse of a truth is not always true ; thus, " All men 
are bipeds " is true, but the converse, " AU bipeds are men/* is 
false. *^All right angles are equaV is true, but '^ All equal 
angles are right angles " is false. 

136. Def. One theorem is the opposite of another when the 
hypothesis of the first is the contradiction of the hypothesis 
of the second, and the conclusion of the first is the contradic- 
tion of the conclusion of the second. 

The opposite of a truth is not always true ; thus, *' If a 
man lives in the city of New York, he lives in New York State/* 
is true, but the opposite, " ijT a man does not live in the city of 
New York, he does not live in New York State/* is false. 

137« Note. If the converse of a proposition is tnie, the opposite also 
is true ; so, too, if the opposite of a proposition is true, the converse also 
is true. 

This may be evident to the student after a consideration of the fol- 
lowing tyx>e forms : 

(1) DmsoT (2) CoiTTZBSB (8) Oppositb 

If -4 is P, If (7 is 2), If ^ is not 5, 

Then Cisl?. Then AisB, Then C is not 2)., 

If (2) is true, then (S) must be true. Again, if (8) Is true, then (2) 
most be true. 

138. A necessary and sufficient test of the completeness of a 
definition is that its converse shall also be true. Hence a 
definition may be quoted as the reason for a converse or for an 
opposite as well as for a direct statement in an argument. 



Ez. 118. State the converse of the definition for equal figures ; 
straight line ; plane surface. 

Ex. 119. State the converse of : If one straight line meets another 
straight line, the sum of the two adjacent angles is two right angles. 

Ez. 120. State the converse and opposite of Prop. IX. 

fix. 121. State the converse of Prop. I. Is it true ? 
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Pboposition X. Theorem 

(Converse of Prop. IX) 

139. Every point equidistant from the ends of a line 
lies in the perpendicular bisector of that line. 




Given line RS, and point Q such that QR= Q8. 
To prove that Q lies in the ± bisector of B8. 



Ahoument 

1. Let QT bisect Z RQS. 

2. QR=Q8. 

3. .'.A RQS is isosceles. 

4. .'. Qr is the ± bisector of 

RS. 



6. ,\ Q lies in the J, bisector 

of RS, Q.E.D. 



RsAsoira 

1. Every Z has but one bi- 

sector. § 53. 

2. By hyp. 

3. A A having two sides equal 

is an isosceles A. § 94. 

4. The bisector of the Z at 

the vertex of an isosceles 
A is ± to the base and 
bisects it. § 112. 

5. By proof. 



140. Cor. I. Every point not in the perpendicular bi- 
sector of a line is not equidistant from the ends of the 
line. 

Hint. Use § 137, or contradict the conclusion and tell why the con- 
tradiction is false. 
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141. Cor. n. The locus of all points equidistaivb from 

the ends of a given line is the perpendicular bisector of 

thai) line, 

(For model proofs of locus theorems, see pp. 297 and 298.) 

142. Cor. m Two points eojch equidistant from the ends 
of a line determine the perpendicular bisector of the line. 

Hint. Use § 139 and § 25. 

143. In order to prove that a locus problem is solved it is 
necessary and sufficient to show two things : 

(1) That every point in the proposed locus satisfies the 
prescribed conditions. 

(2) That every point outside of the proposed locus does not 
satisfy the prescribed conditions. 

Instead of proving (2), it may frequently be more convenient 
to prove : 

(2') That every point which satisfies the prescribed con- 
ditions lies in the proposed locus. 

144. Note. In exercises in which the student is asked to **Find 
a locus," it must be understood that lie has not found a locus until he 
has given a proof with regard to it as outlined above. The proof must be 
based upon a direct proposition and its opposite ; or, upon a direct propo- 
fition and its converse. 



122. Find the locus of all points equidistant from two given 
points A and B, 

Bz. 123. In a given unlimited line AB, find a point equidistant from 
two given points C and D not on this line. 

Ex. 124. Given a circle with center O, also a point P. Find all 
points which lie in the circumference of circle 0, and which are also (a) 
two inches from P; (6) a distance of d from P. 

Ez. 125. Find all points at a distance of d fix>m a given point P, and 
at the same time at a distance of m from a given point Q. 

Bz. 126. Given a circle with radius r. Find the locus of the mid- 
points of the radii of the circle. 

Bz. 127. Given two circles having the same center. State, without 
proof, the locus of a point equidistant from their circumferences. 

Bz. 128. The perpendicular bisector of the base of an isosceles tri 
angle paases throui^h the vertex. 
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Proposition XI. Problem 

146. To construct the perpendicular bisector of a given 
straight line* 



E^ 



\,^ 



f 



I 
I 
\ 

k\ 



/H 



\ 



I 
I 



!F 






Fig. 1. 



B A 



Fig. 2. 



Given line AB (Pig. 1). 

To construct the perpendicular bisector of AB* 



I. Construction 

1. With A as center, and with a convenient radius greater 
than half ABy describe the arc EF. 

2. With B as center, and with the same radius, describe the 
arc HK. 

3. Let C and D be the points of intersection of these two 
arcs. 

4. Connect points C and D, 

5. CD is the ± bisector of AB. 

II. The proof and discussion are left as an exercise for the 
student. 

Hint. Apply § 142. 

146. Note. The construction given in Fig. 2 may be used when the 
position of the given line makes it more convenient. 

147. Question. Is it necessary that CA shall equal 05? that CA 
«hall equal DA (Fig. 1) ? Givo the equations that w^wsf hold. 
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Proposition XII. Problem 

148. To consftruct a perpendiciilar to a given straight 
line at a given point in the line, 

F 



I 



\ 



Given line AB and point C in the line. 
To conatruct a J. to AB at C. 

I. Construction 

1. With C as center, and with any convenient radius, draw 
arcs cutting AB on each side of c, as at D and E, 

2. Then with D and E as centers, and with a longer radius, 
draw two arcs intersecting each other at F, 

3. Draw FG. 

4. FC is ± to AB at C. 

II. The proof and discussion are left as an exercise for the 
student. 



129. Construct the perpendicular bisector of a line given at the 
bottom of a page or of a blackboard. 

130. Divide a given line into four equal parts. 

131. Construct the three medians of a triangle. 

132. Construct a perpendicular to a line at a given point when 
the given point is one end of the line. (Hint. Prolong the line.) 

133. Construct a right triangle, given the two arms a and h. 

134. Construct a right triangle, given the hypotenuse and an arm. 

135. Construct the complement of a given angle. 

136. Construct an angle of 45°; of 135°. 

Ez. 137. Construct a quadrilateral, given four sides and the angle 
between two of them. 
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Proposition XIII. Problem 

149. From a point outside a line to construct a per* 
pendicular to the line. 



^ 



D/ 



-7b 



Xq 



Given line AB and point P outside of AB. 
To conatruct a -L from P to AB. 

I. Construction 

1. With P as center, and with a radius of sufficient length, 
describe an arc cutting AB at points C and Z). 

2. With C and D as centers, and with any convenient radius, 
describe arcs intersecting at Q. 

3. Draw PQ. 

4. PQ is a ± from P to AB, 

II. The proof is left as an exercise for the student. The 
discussion will be given in § 164. 

150. Question. Must P and Q be on opposite sides of AB ? Is it 
necessary that PC=QG? 



:. 138. Construct the three altitudes of an acute triangle. Do they 
seem to meet ? where ? 



:. 139. Construct the three altitudes of a right triangle. Where do 
they seem to meet ? 

Eac. 140. Construct the three altitudes of an obtuse triangle. Where 
do they seem to meet ? 

Ex. 141. Construct a triangle ABC, given two sides and the median 
drawn to one of them. Abbreviate thus given a, b, and niti. 
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151. AnalysiB of a problem of construction. In the more 
difficult problems of construction a course of reasoning is some- 
times necessary to enable the student to discover the process of 
drawing the required figure. This course of reasoning is called 
the analysis of the problem. It is illustrated in § 152 and is 
more fully treated in the exercises following § 274. 



Note. In such problems as Ex. 141, it is well first to imagine 
the problem solved and to sketch a figure to represent the desired con- 
struction. Then mark (with colored crayon, if convenient) the parts 
supposed to be given. By studying carefully the relation of the given 
parts to the whole figure, try to find some part of the figure that you can 
construct. This will generally be -a triangle. 
After this part is constructed it is usually an easy 
matter to complete the required figure. 

Thus: Problem. Let it be required to con- 
struct an isosceles triangle, given an arm and the 
altitude upon it. By studying the figure with 
the given parts marked (heavy or with colored 
crayon), it will be seen that the solution of the 
problem depends in this case upon the construc- 
tion of a right triangle, given the hypotenuse and 

one arm. The right triangle ABD may now be constructed, and it will 
be readily seen that to complete the construction it is only necessary to 
prolong BD to Of making BC == AB, and to connect A and C 




:. 142. Construct a triangle ABC, given two sides and an altitude 
to one of the given sides Abbreviate thus : given a, b, and hb. 

Ez. 143. Construct a triangle ABC, given a side, an adjacent angle, 
and the altitude to the side opposite the given angle. Abbreviate thus : 
given a, J3, and ^6* 

Eac. 144. Construct an isosceles triangle, given an arm and the me- 
dian to it. 



145. Construct an isosceles triangle, given an arm and the angle 
which the median to it makes with it. 



:. 146. Construct a triangle, given two sides and the angle which a 
median to one side makes : (a) with that side ; (&) with the other side. 

Ex. 147. Construct a triangle, given a side, an adjacent angle, and 
its bisector. 
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Proposition XIV. Theorem 

153. If one side of a triangle is prolonged, the exterior 

angle formed is greater than either of the remote in^ 

terior angles. 

B F 




C\ D 

\g 

Given A ABC with A C prolonged to D, making exterior Z DCB. 
To prove Z DCB > Z ABC or Z GAB. 



Argument 

1 Let E be the mid-point of 
BC\ draw AE, and pro- 
long it to Fy making EF 
= AE. Draw CF. 

2. In A ABE and J?F(7, 

BE = ^(7. 

4 Z B^^ = z cm: 



6. .\Aabe^Aefc. 



6. 



•. Z B = Z ^Ci?. 



1. 



Reasons 

A str. line may be drawn 
from any one point to 
any other. § 54, 16. 

2. By cons. E is the mid- 

point of BC, 

3. By cons. 

4. If two str. lines inter- 

sect, the vertical A are 
equal. § 77. 

6. Two A are equal if two 
sides and the included 
Zof one are equal re- 
spectively to two sides 
and the included Z of 
the other. § 107. 

6. Homol. parts of equal fig* 
ures are equaL § 110, 
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09 



0. 

a 



Abgument 
Z DCB > Z FCE. 

\ Z -DC5 > Z -B. 



9. Likewise, if J5(7 is pro- 
longed to Of Aacq> 

A CAB. 

10, But Z -DCB = Z ^ea 

IL .•. Z DOB > Z C.4A 

12. .•• Z.DCB> /LABG 

or Z C7^.B. Q.E.D, 



Bbasons 

7. The whole > any of its 

parts. § 54, 12. 

8. Substituting Z-B for its 

equal Z ^CJ^. 

9. By bisecting line AC^ and 

by steps similar to 1-8. 

10. Same reason as 4. 

11-. Substituting Z.DCB for 

its equal A ACQ. 
12. By proof. 



B 



154. Cor. From a point outside a line 
there exists only one perpendicular to j 
the line. f 

Hint. If there exists a second ± to AB from A c v 
P, as PC, then /. PC A and Z PKA are both rt. A 
and are therefore equal. But this is impossible by § 163- 

155. §§ 149 and 154 may be combined in one statement as 
follows : 

From a point outside a line there exists one and only one per- 
pendicular to the line. 

;. 148. A triangle cannot contain two right anglea 
149. In the figure of Prop. XIV, is angle DCB necessarily greatet 



than angle BCA ? than angle B ? 

Ez. 150. In Fig. 1, prove that : 

(1) Angle 1 is greater than angle GAE or 

angle AEG ; 

(2) Angle 6 is greater than angle GBA or 

angle BAE ; 
(8) Angle EDA is greater than angle 8 ; 
(4) Angle 4 is greater than angle DAE. 

Eac. 151. In Fig. 2, show that angle 6 is 
greater than angle 7 ; also that angle 9 Ip 
greater than angle A> 



■^^. 




J'XQ. 2. 
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Proposition XV. Theorem 

If two sides of a triangle are vonequal, the angle 

opposite the grea;ter side is grea^ter than tJie angle opposite 

the less side, 

B 




Given A ABC with BC > 
To prove Z CAB > Z C. 

Aroumbnt 

1. On BC lay off BD = AB. 

2. Draw AD. 

3. TheiiZl = Z2. 

4. NowZ2 > Za 



BA. 



5. .-.Zl > Zc 

6. But Z CAB > Zl. 



7. .-. Zour > ZC. 



Q.E. 

157. Note. Hereafter the 
postulates and definitions in full 



D. 



BBAtOHB 

1. Circle post. §§122,167. 

2. Str. line post. I. § 54, 16. 

3. The base ^ of an isosceles 

A are equal. § 111. 

4. If one side of a A is pro- 

longed, the ext. Z formed 

> either of the remote 
int. A. § 153. 

6. Substituting Z 1 for its 
equal Z 2. 

6. The whole > any of its 

parts. . § 54, 12. 

7. If three magnitudes of the 

same kind are so related 
that the first > the sec- 
ond and the second > 
the third, then the first 

> the third. § 64, 10. 



student will not be required to state 
unless requested to do so by th& teacher. 
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Note. When two magnitudes are given unequal, the laying 
off of the less upon the greater will often serve as the initial step in de- 
veloping a proof. 

ESz. 152. Given the isosceles triangle BST, with ST the base and B T 
prolonged any length, as to ^. Prove angle KSB greater than angle K. 

Ez. 153. If two adjacent sides of a quadrilateral are greater respec- 
tivety than the other two sides, the angle included between the two 
shorter sides is greater than the angle between the two greater sides. 



:. 154. If from a point within a triangle lines are drawn to the ends 
of one of its sides, the angle between these lines is greater than the angle 
between the other two sides of the triangle. (See Ex. 161.) 



159. The indirect method, or proof by ezclusion, consists in 
contradicting the conclusion of a proposition, then showing the 
contradiction to be false. The conclusion of the proposition is 
thus established. This process requires an examination of 
every possible contradiction of the conclusion. Por example, 
to prove indirectly that A equals B it would be necessary to 
consider the only three suppositions that are admissible in this 
case, viz.: (i) a>b, 

(2) A<By 

(3) A = B. 

By proving (1) and (2) false, the truth of (3) is established, 
I.e. Ass 3. This method of reasoning is called reductio ad 
absurdum. It enables us to establish a conclusion by sho'wing 
that every contradiction of it leads to an absurdity. Props. 
XVI and XVII will be proved by the indirect method. 

160. Question. Wonld it be possible to base a proof upon a contra- 
diction of the hypothesis ? 

161. (a) In the use of the indirect method the student should give, 
as argument 1, all the suppositions of which the case he is considering 
admits, including the conclusion. As reason 1 the number of such possi- 
ble suppositions should be cited. 

(5) As a reason for the last step in the argument he should state which 
of these suppositions have been proved false. 
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Proposition XVL Theorem 
(Converse of Prop. IV) 

162. If two angles of a triangle are equals the sides 
opposite are equal. 




Given A RST with ZJB 
To prove r = |, 

Argumbht 

1. r>«, r<^ or rail. 



2. First suppose r>ti 
then Zii > Zr. 



= Zr. 



3. This is impossible. 

4. Next suppose r<l; 

then Zr<Zt. 

5. This is impossible. 

6. .•. rsafc 



Q.B.D. 



Rbasons 

1. In this case only three 

suppositions are admis- 
sible. 

2. If two sides of a A are 

unequal, the Z opposite 
the greater side > the 
Z opposite the less side. 
§156. 

3. By hyp., Zl? = Zr. 

4. Same reason as 2. 

5. Same reason as 3. 

6. The two suppositions, r > I 

and r<t, have been 
proved false. 



163. Cor. An equiangular triangle is also equilateral. 



:. 155. The bisectors of the base angles of an isosceles triangle form 
an isosceles triangle. 
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Proposition XVII. Theorem 

(Converse of Prop. XV) 

164. If two angles of a triangle are unequal, the side 
opposite the grea4^er angle is greater than the side opposite 
the less angle. 




Given A^BC witliZ^>Za. 
To prove a'^'C* 

Akgumbnt 

1. a<Cy a = c, or a > c. 

2. First suppose a< c] 

then Z^<ZC. 



3. This is impossible. 

4. Next suppose a = c^ 

then ZA = Zc. 

5. This is impossible. 

6. .'. a>c. 



Q.E.D. 



Reasons 

1. In this case only three sup- 
positions are admissible. 

2. If two sides of a A are un- 
equal, the Z opposite 

the greater side > the 
Z opposite the less side. 
§156. 

3. By hyp., ZA>Za 

4. The base A of an isosceles 

A are equal. § 111. 

5. Same reason as 3. 

6. The two suppositions, a<c 

and a = c, have been 
proved false. 



165. Cor. T?ie perpendicular is the shortest straight 
line from a point to a line, 

166. Def. The length of the perpendicular from a point to 
a line is called the distance from the point to the line. 
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:. 156. The sum of the altitudes of any triangle is less than the 
perimeter of the triangle. 

Ez. 157. Given the quadrilateral ABCD with B and D right angles 
and BG greater than CD. Froye AD greater than AB, 

Ez. 158. Given triangle ABC, with AC> BC. Let bisectors of 
angles A and B meet at O. Prove A0> BO. 

Ez. 159. A line drawn from the vertex of an isosceles triangle to any 
point in the base is less than one of the equal sides of the triangle. 

Ez. 160. If ABC and ABD are two triangles on the same base and 
on the same side of it such that AC = BD and AD = BC, and if ^C and 
BD intersect at O, prove triangle AOB isosceles. 

Ez. 161. Prove Prop. XYI by using the figure and method of Ex. 69. 

Ez. 162. Upon a given base is constructed a triangle one of the base 
angles of which is double the other. The bisector of the larger base angle 
meets the opposite side at the point P. Find ijie locus of P. 

Ez. 163. If the four sides of a quadrilateral are equal, its diagonals 
bisect each other. 

Ez. 164. The diagonals of an equilateral quadrilateral are perpen- 
dicular to each other, and they bisect the angles of the quadrilateral. 

Ez. 165. If two adjacent sides of a quadrilateral are equal and the 
other two sides are equal, one diagonal is the perpendicular bisector of 
the other. Tell which one is the bisector and prove the correctness of 
your answer. 

Ez. 166. If, from a point in a perpendicular to a line, oblique lines 
are drawn cutting off equal segments from the foot of the perpendiciilar, 
the oblique lines are equal. 

167. State and prove the converse of Ex. 166. 

168. If, from a point in a perpendicular to a line, oblique lines are 
drawn cutting off unequal segments from the foot of the perpendicular, 
the oblique lines are unequal. Prove by laying off the less segment upon 
the greater. Then use Ex. 166, § 163, and § 164. 

Ez. 169. If, from any point in a i>erpendicular to a line, two unequal 
oblique lines are drawn to the line, the oblique lines will cut off unequal 
segments from the foot of the perpendicular. Prove by the indirect method . 

Ez. 170. By means of Prop. XIV, prove that the sum of any two 
angles of a triangle is less than two right angles. 

Ez. 171. Construct a triangle ABC, given two sidw, a and 6, and 
the altitude to the third side, c. (See § 162.) 
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Proposition XVIII. Theobem 
167. The sum of any two sides of a triangle is greaJter 



than the third side* 




Given A ABC. 

To prove a ■\- Oh* 

Aroumbnt 

1. Prolong c through B until 

prolongation BD = a. 

2. Draw CD. 

3. In isosceles A -BDa, 

Zd = Adcb. 

4. But Z.DCA > Z.DCB. 

5. .-. ^DCA > Z.D. 

6. .\'mAADCfAD>h. 



7. .*. a + c>5. 



Q.E.D. 



Rbasons 

1. Str. line post. II. § 64, 16 

2. Str. line post. I. § 54, 16. 

3. The base ^ of an isosceles 

A are equal. § 111. 

4. The whole > any of its 

parts. § 54, 12. 

5. Substituting Z.D for its 

equal, Adcb, 

6. If two -^ of a A are unequal, 

the side opposite the 
greater Z is > the side 
opposite the less angle. 
§164. 

7. Substituting a + o for AD. 



168. Cor. I. Any side of a triangle is less than the stum 
and greater than the difference of the other two. 

169. Cor. II. Any straight lins is less than the sum of 
the parts of a hrohen line having the same extremities. 
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170. Note to Teacher. Teachers who prefer to assume that 
*' a straight line is the shortest line between two points " may 
omit Prop, XVIII entirely. Then Prop. XVII may be proved 
by a method similar to that used in Prop. XV. (See Ex. 172.) 



Eac. 172. Prove Prop. XVII by using the hint contained in § 168. 

Ez. 173. If two sides of a triangle are 14 and 9, between what limit* 
ing values must the third side be ? 

Ez. 174. If the opposite ends of any two non-Intersecting line seg- 
ments are joined, the sum of the joining lines is greater than the sum of 
the other two lines. jj 

Ez. 175. Given two points, P 
and B, and a line AB not passing 
through either. To find a point O, 
on AB, such that PO + OB shall 
be as small as possible. 

This exercise illustrates the law 
by which light is reflected from a 
mirror. The light from the object, 
P, is reflected and appears to come 
from L, as far behind the mirror as P is in front of it. 

Ez. 176. If from any point within a triangle lines are drawn 
to the extremities of any side of the triangle, the sum of these lines is 
less than the sum of the other two sides of the triangle. 

Hint. Let ABC be the given triangle, D the point within. Prolong 
AD until it intersects BG at E. Apply Prop. XVIIL 




171. Note to Teacher. Up to this point all proofs given have 
been complete, including argument and reasons. In written 
work it is frequently convenient, however, to have students 
give the argument only. These two forms will be distinguished 
by calling the former a complete demonstration and the latter^ 
which is illustrated in Prop. XIX, argnment only. 

It is often a sufficient test of a student's understanding of a 
theorem to have him state merely the main points involved in 
a proof. This may be given in enumerated steps, as in Prop. 
XXXV, or in the form of a paragraph, as in Prop. XLIV. This 
form will be called outline of proof. 
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Proposition XIX. Theorem 

172, If two triangles have two sides of one equal respeo- 
tively to two sides of the other, hut the included angle of 
the first greater than the included angle of the second, tJien 
the third side of the first isgrea^ter than the third side of 
the second. 




C ^ 




Given two A ABC and DBF with AB = DE^ BC = EF^ but 
^ABC> Z.E. 

To prove AC > DF. 

Argument Only 

1. Place A DBF on A ABC so that DE shall fall upon its equal 

AB^ D upon A, E upon B. 

2. EF will then fall between AB and BC, Denote A DEF in 

its new position by ABF. 

3. Draw BK bisecting Z FBC and meeting AC at K. 

4. Draw KF, 

5. In A FBK and KBCy BC =» BF. 

6. BK = BK. 

7. Afbk—Akbc. 

8. .\ AFBK^AKBG. 

9. r.KF^KC. 

10. ^jr+ir?'>^F. 

11. .-. AK-\-KC>AF. 

12. That is, ^C> AP- 
IS. ,\AC>DF. Q.E.D. 
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177. (a) Draw a figure and discuss the case for Prop. XIX 
when F falls on AC ; when J^ falls within triangle ABC. (&) Discuss 
Prop. XIX, taking AC (the base) = 2>F, AB = DE, and angle CAB 
greater than angle D. ^ 

Ex. 178. Prove Prop. XIX by using Fig. 1. 

Hint, lii t^ACE, ^CEA> Z.BEA A^tszi 1== -^^C 

:. Z. CEA > jLEAB >/.EAC. Fig. 1. E 




179. Giyen triangle ABC with AB greater than BC^ and let 
point P be taken on AB and point Q on CB^ so that AP =-. CQ. Prove 
AQ greater than OP. 

Ex. 180. Would the conclusion of Ex. ^^C 

179 be true if P were taken on AB pro- B 

longed and Q on CB prolonged ? Prove. 

Eac. 181. In quadrilateral ABCD if 
AB = CD, and angle CD A is greater than 
asigle DAB^ prove AC greater than BD. A 




Pboposition XX. Theobbm 

(Converse of Prop. XIX) 

173. If two triangles have two sides of one equal respec- 
tively to two sides of the other, but the third side of the 
first greater th/xn the third side of the second, then the 
angle opposite tihe third side of the first is greater than 
the angle opposite the third side of the second. 





C D 



Qiven A ABC BXidi DBF iniilAB^DEfBC ^EFyh\xt AC>DF 
To prove ZJB > Zz. 
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ARouioiirT 

or Zil > /.E. 
2. First suppose Z.B<Z.B\ 
then AO<DF. 



3. This is impossible. 

4. Next suppose Zb = Z,E\ 

then Aabc^ADEF, 



6. .•. AC^DF. 

6. This is impossibla 

7. .\Ab>Ae 



Q.B.D. 



BsAiom 

1. In this case only three sup- 

positions are admissible. 

2. If two A have two sides of 

one equal respectively to 
two sides of the other, 
but the included Z of 
the first > the included 
JL of the seoond, then the 
third side of the first > 
the third side of the 
second. § 172. 

3. By hyp., AC > DF. 

4. Two A are equal if two 

sides and the included Z 
of one are equal respec- 
tively to two sides and 
the included Z of the 
other. § 107. 
6. Homol. parts of equal fig- 
ures are equal. § 110. 

6. Same reason as 3. 

7. The two suppositions, JLb 

< Ae and Z.B=iZ.Bj 
have been proved false. 



182. If two opposite sides of a quadrilateral are equal, but its 
diagonals are unequal, then one angle opposite the greater diagonal is 
greater than one angle opposite the less diagonal. 

Xbc. 183. If two sides of a triangle are unequal, the median drawn to 
the third side makes unequal angles with the third side. 

Ez. 184. If from the vertex 8 of an isosoeles triangle B8T a line is 
drawn to point P in the base BT so that BP\a greater than Pr, then 
angle BSP is greater than angle F8T. 

Ex. 185. If one angle of a triangle is equal to the sum of the othei 
two, the triangle can be divided into two isosceles triangles. 
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8T7HMAR7 OF THEOREMS FOR PROYIxa ANOLES TTKBQX7AL 

174 (a) When the angles are in the same triangle: 

If two sides of a triangle are unequal, the angle opposite the 
greater side is greater than the angle opposite the less side. 

(6) Wlien the angles are in different triangles: 

If two triangles have two sides of one equal respectively to 
two sides of the other, but the third side of the first greater 
than the third side of the second, then the angle opposite the 
third side of the first is greater than the angle opposite the 
third side of the second. 

(c) An exterior angle of a triangle is greater than eil^er re- 
mote interior angle. 

SUMMART OF THEOREMS FOR PROYINO LIKES UKEQX7AL 

175. (a) When the lines are in the same triangle: 

The sum of any two sides of a triangle is greater than the 
third side. 

Any side of a triangle is less than the sum and greater than 
the difference of the other twa 

If two angles of a triangle are unequal, the side opposite the 
greater angle is greater than the side opposite the less angle. 

(6) When the lines are in different triangles : 

If two triangles have two sides of one equal respectively to 
two sides of the other, but the included angle of the first 
greater than the included angle of the second, then the 
third side of the first is greater than the third side of the 
second. 

(c) Every point not in the perpendicular bisector of a line 
is not equidistant from the ends of the line. 

The perpendicular is the shortest straight line from a point 
to a line. 

Any straight line is less than the sum of the parts of a 
broken line having the same extremities. 

In some text^ Ex9. 168 and 169 are given as theorexns. 
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176. Note. The student should note that the proof of Prop. XIX 
depends upon the device of substituting a broken line for an equal straight 
line. This method is further illustrated by the following exercises. 




:. 186. Prove by the method discussed 
above that lines drawn to the ends of a line 
from any point not in its perpendicular 
bisector are unequal. 

Ez. 187. Construct an Isosceles triangle, 
given the base and the sum of the altitude and 
a side. 

Solution. Let b be the required base and 
let a + s be the sum of the altitude and a side. 
Irdagine the problem solved, giving A ABC, 
By marking the given lines and studying the 
figure, the following procedure will be found 
to be possible : On an unlimited line CE lay 
off CB = b ; next draw the ± bisector of CB 

and upon it lay off FD = a + s. It is now necessary to break off a part 
of o + s to form AB. The fact that AB must equal AD should suggest an 
isosceles A of which BD will be the base and of which it is required to find 
the vertex. But the ± bisector of the base of an isosceles A passes 
through the vertex. Therefore, the solution is completed by drawing the ± 
bisector of BD, which determines A, and by drawing AB and AG, 

Ez. 188. Construct a triangle, given the base, an adjacent angle, and 
the sum of the other two sides. 

Ex. 189. Construct a right triangle, given one arm and the sum of the 
hypotenuse and the other arm. 



a + 8 



PAEALLEL LINES 

177. Def . Two lines are parallel if they lie in the same plane 
and do not meet however far they are prolonged either way. 

178. Assumption 19. Parallel line postulate. Two intersect' 
ing straight lines cannot both be parallel to the same straigM line, 

179. The following form of this postulate is sometimes more 
convenient to quote : Through a given point there exists only on€ 
line parallel to a given line. 
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Pboposition XXI. Theobeic 

180. If two straight lines are parallel to a third 
straight line, they are parallel to ea>ch other. 



Oiven lines a and b, each II c. 
To prove a II b. 



Argument 

1. a and b are either II or 

not II. 

2. Suppose that a is not II b ; 

then they will meet at 

some point as D, 
3 This is impossible. 
4. .-. a II b. 

Q.E.D. 



Rbabons 

1. In this case only two sup- 

positions are admissible. 

2. By def. of II lines. §177. 



3. Parallel line post. § 178. 

4. The supposition that a and 

b are not II has been 
proved false. 



181. Def. A transvexBal is a line that intersects two or 
more other lines. 

182. Defs. If two straight lines are cut by a transversal, 
of the eight angles formed, 

3, 4, 5, 6 are interior angles ; 

1, 2, 7, 8 are exterior angles ; 

4 and 5, 3 and 6, are alternate 
interior angles ; 

1 and 8, 2 and 7, are alternate 
exterior angles ; 

1 and 5, 8 and 7, 2 and 6, 4 and 
8, are corresponding angles (called also exterior interior angles) 
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Proposition XXII. Theorem 

183. If two straight lines are cut by a transversal 
maJcing a pair of alternate interior angles equal, the 
lines are paraUeh 

fA 

N 





Given two str. lines MN and OQ cut by the* transversal AB in 
points C and D, making Z MCD = Z.QDC. 

To prove MN II 00- 



Abgumbnt 

1. MN and OQ are either It or 
not II. 

?. Suppose that if^'is not 11 OQ; 
then they will meet at 
some point as P, forming^ 
with line DC, A PDC. 

3. Then Zmcd>Zqdc. 



Reasons 



1. In this case only two sup- 

positions are admissible. 

2. By def. of II lines. § 177. 



4. This is impossible. 
6. / JcyilOQ. 



Q.S.D. 



3. If one side of a A is pro- 
longed, the ext. Z formed 
> either of the remote 
int. A. § 163. 

4 Zmcd = ZODC, by hyp. 

6. The supposition that MN 
and OQ are not II has been 
proved false. 



184. Cor. I. If two straight lines are cut hy a trans- 
versal making a pair of corresponding angles equal, the 
lines are parallel. 

Hnrr. Prove a pair of alt. int. A. equal, and apply the theorem. 
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185. Cor. n. If two straight lines are cut by a trans-* 
versal mahing a pair of alternate exterior angles equal, 
the lines are parallel. (Hint. Prove a pair of alt. int. A equal.) 

186. CJor. m. If two straight lines are cut hy a trans- 
versal making the sum of the two interior angles on the 
same side of the transversal equal to two right angles, the 
lines are parallel. x 

Given lines m and n cut by the 
transversal t making 

Zl + Z2 = 2rt.A 

To prove m || n.^ 



m 



n 




Akgumbnt 

1. Zl + Z2 = 2rt.A 

2. Zl + Z3=2rt.4. 



3. .-. Zl4-Z2 = Zl+Z3. 



4. .-. Z2 = Z3. 



5. .'. m II n. 



Q.E.D. 



Reasons 

1. By hyp. 

2. If one str. line meets ari- 

other str. line, the sum 
of the two adj. zi is 2 
rt. A. § ^^. 

3. Things equal to the same 

thing are equal to each 
other. § 54, 1. 

4. If equals are subtracted 

from equals, the remain- 
ders are equal. § 54, 3. 
6. If two str. lines are cut 
by a transversal making 
a pair of alt. int. A equal, 
the lines are II. § 183. 



187, Cor. IV. If two straight lines are perpendicular 
to a third straight line, they are parallel to ea^ch other. 



190. If two straight lines are cut by a transversal making the sum 
of the two exterior angles on the same side of the transversal equal to twQ 
right angles, the lines are paralleL 
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Ttx. 191. In the annexed diagram, if angle o 

BGJS = angle CHF, are AB and CD parallel ? V 

Prove. ^__J^ 




Ex. 192. In the same diagram, if angle HGB (;. 
= angle GHC, prove that the bisectors of these 
angles are parallel. 

Ez. 193. If two straight lines bisect each other, the lines joining their 
extremities are parallel in pairs. 

Ex. 194. In the diagram for Ex. 191, if angle BGE and angle FHD 
are supplementary, prove AB parallel to CD, 

Ez. 195. If two adjacent angles of any quadrilateral are supplemen- 
tary, two sides of the quadrilateral will be parallel. 

Proposition XXIII. Problem 

188. Through a given point to construct a line parallel 
to a given line. 

V -V r 



My 

A 



/ 



Given line AB and point P. 

To constnict; through point P^ a line il AB. 

I. CoxiBtruction 

1. Dr^w a line through P cutting AB at some point, as B. 

2. With P as vertex and PS as side, construct Z YPS = 
Z BBP. § 125. 

3. XY will be II AB, 

IL The proof and discussion are left as an exercise for the 
student. 



196. Through a p:iven point construct a parallel to a given line hj 
using : (a) § 183 j (5) § 185 ; (c) § 187. 
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Proposition XXIV. Theobbm 

(Converse of Prop. XXII) 

180. If two -parallel lines are cut by a transversal, the 
altema4>e interior angles are equal. 

fE 




Given I lines AB and CD cut by the transversal BF at points 
G and H. 
To prove Z^AQB^ ADHQ. 



Aroumbnt 

1. Either /.AGB^Adhq^ 

OT /.AOH^/.DHO. 

2. Suppose Z J Gffs^ZDJJG^, 

but that line xr, 
through 0^ makes 

/.JQH=/_DHO. 

3. Then XY J CD. 



4. But AB II CD. 

5. It is impossible that AB 

and xrboth are I CD, 

6. .\ A AQH = /. DHG. 



Q.E.D. I 



1. In this case only two sup- 

positions are admissible. 

2. With a given vertex and 

a given side^ an Z may 
be constructed equal to a 
given Z. § 125. 

3. If two str. lines are cut by 

a transversal making a 
pair of alt. int. ^ equals 
the lines are I . §183. 

4. By hyp. 

5. Parallel line post. § 178. 

6. The supposition that 
Z i4(?H =^ Z DjyOf has been 
proved false. 
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190. Cor. 1 (Converse of Cor. I of Prop. XXII). Jf two 
parallel lines are cut hy a transversal, the corresponding 
angles are equal. 

Given two I lines XT and MIT 
cut by the transversal AB, form- 
ing corresponding A 1 and 2. 

To prove Z 1 == Z.2. 

Hint. Z8 = 2^2 by § 189. 

191. Cor. n. (Converse of Cor. II of Prop. XXII). 
If two parallel lines are cut hy a transversal, the alter- 
nale exterior angles are equal. 

192. Cor. m. (Converse of Cor. Ill of Prop. XXII). 
If two parallel lines are cut by a transversal, the sum 
of the two interior angles on the same side of the trans- 
versal is two right angles. a 

Given two tl lines XT and MN X 
cut by the transversal ABy form- 
ing int. A 1 and 2. M 

Topcove Zl+Z282rt.^ 



Abgumbnt Oklt 

L Zl + Z3 = 2rt.2l 

2. Z3 = Z2. 

3. .'. Zl + Z2 = 2rt. A Q.B.D. 

193. Cor. IV. A straight line perpendicular to one of 
two parall'els is perpendicular to the other also. 

194. Cor. V. (Opposite of Cor. Ill of Prop. XXII). 
If two straight lines are cut hy a transversal making 
the sum of the two interior angles on the same side of 
the transversal not equal to two right angles, the lines 

are not parallels (Hint. Apply § 187, or use the indirect mettiod. ) 
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t Cor. VL Two lines perpendicular respectively to 
two intersecting lines also intersect. 

Given two intersecting lines AB A^ 
and CD, and BE Jl AB, CF ± CD. 

To prove that BE and CF also C^y^ ^ — ^B 

intersect 



Argument Onlt 

1. Draw CB, 

2. Z^CD is a rt. Z. 

3. .% Z 1 < a rt. Z, 

4. Likewise Z2 < a rt. Z. 
6. .-. Z1 + Z2 < 2rt. A. 

6. .*. BE and CF also intersect. 




Q.E.D. 



Def. Two or more lines are said to be concurrent if 
they intersect at a common point. 



:. 197. If two parallels are cut by a transversal so that one of the 
angles formed is 45^^ how many degrees are there in each of the other 
seven angles ? 

:. 198. If a quadrilateral has two of its sides parallel, two pairs of 



its angles will be supplementary. „ ^ 

Ez. 199. In the annexed diagram AB is 

parallel to CD^ and EF is parallel to GH. ^ 

Prove (J X2 

(a) angle 1 = angle 2 ; 

(6) angle 1 + angle 3 = 2 right angles. F.. 




200. If a line is drawn through any point in the bisector of an 
angle, parallel to one of the sides of the angle, an isosceles triangle will be 
formed. 



:. 201. Draw a line parallel to the base of a triangle, cutting the 
sides so that the sum of the segments adjacent to the base shall equal the 
parallel line. 

Sz. 202. If two parallel lines are cut by a transversal, the bisectors 
of a pair of corresponding angles are paralleL 
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Ex. 203. State and prove the converse of Ex. 190. 

Ex. 204. State and prove the converse of Ex. 202. 

Xiz. 205. If a line is drawn through the vertex of an isosceles triangle 
parallel to the hase, this line bisects the exterior angle at the vertex. 

Ex. 206. If the bisector of an exterior angle of a triangle is parallel 
to the opposite side, the triangle is isosceles. 

Ex. 207. If a line joining two parallels is bisected, any oth«r line 
through the point of bisection and limited by the parallels is bisected. 

Ex. 208. If through the vertex of an acute angle of a right triangle 
a line is drawn parallel to the opposite side, the line forms with the 
hypotenuse an angle equal to the other acute angle of the triangle. 

209. The acute angles of a right triangle are complementary. 

210. If two sides of a triangle are prolonged their own lengths 
through the common vertex, the line joining their ends is parallel to the 
third side of the triangle. 

Ex. 211. In an isosceles triangle, if equal segments measured from 
the vertex are laid off on the arms, the line joining the ends of the seg- 
ments is parallel to the base of the triangle. (Hint. Draw the bisector 
of the vertex /. of the A.) 

Ex. 212. Extend Ex. 211 to the case where the segments are external 
to the triangle. 

SUMMARY OF THEOREMS FOR PROYIKO LIKES PARALLEL 



1»7. (1) If two Straight 
lines axe cut by a trans- 
versal making the 



alternate interior angles equal, 
alternate exterior angles equal, 
corresponding angles equal, 
interior angles on one side of the 
transversal supplementary, 

the lines are parallel. 

(2) Two straight lines perpendicular to a third straight line 
are parallel to each other. 

(3) Two straight lines parallel to a third straight line are 
parallel to each other. 

(4) After parallelograms have been studied, the fact that 
the opposite sides of a parallelogram are parallel may be 
used (§ 220). 
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Proposition XXV. Theorem 

Two angles whose sides are parallel, each to e<ichi 
are either equal or supplementary. 




GivMi Zl and the A at E, with AB U EF and AC I DE. 

To prove Z1=Z2=Z3, and Zl + Z4 = 2 rt.z^, Zl + 
/5 = 2rt.A 



Argument 

1. Prolong BA and D^ until 

they intersect at some 
point as H. 

2. Z1 = Z6, 

S. Z2 = Z6. 
i. .%Z1=Z2. 



5. Z3 = Z2. 



6. .•.Z1 = Z3. 

7. Z24-Z4 = 2rtA 



8. .•.Zl-*-Z4 = 2rt.A 



Reasons 
1. Str. line post. 11. §54,16. 



2. Corresponding A of || lines 

are equal. § 190. 

3. Same reason as 2. 

4. Things equal to the same 

thing are equal to each 
other. § 54, 1. 
6. If two str. lines intersect- 
the vertical A are equal. 
§77. 

6. Same reason as 4. 

7. If one str. line meets an 

other str. line, the sum 
of the two adj. Ais?- 
rt. A, § 65. 

8. Substituting Zl for its 

equal Z2. 
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Aboumbnt 

9. Z5=Z4. 
10. .-. Zl + Z6= 2Tt.A. 

Q.E.D. 



BXAflOKB 

9. Same reason as 6. 
10. Substituting Z6 for its 
equal Z4. 



199. Note. Every angle viewed froi^ its vertex has a right and a left 
side ; thus, in the annexed diagram, the right side of /lA is r and the left 
side, I ; the right side of ZB is r and the left, {. 





Fig. 2. 



Fio. 3. 



In the diagram of Prop. XXV ^Zl and Z2, whose sides are |i right to 
right (ABto JSF) and left to left (AC to EK) are equal ; while Z 1 and 
24, whose sides are |1 right to left (AB to EF) and left to right (AC to 
ED) are supplementary. Hence : 

200. (a) TjT tux) angles have their sides parallel right to right 
and left to left, they are equal 

(b) If two angles have their sides parallel right to left and left 
to rights they are supplementary. 



213. In Fig. 8, above, show which is the right side of each of the 
four angles about O. 

Ex. 214. If a quadrilateral has its opposite sides parallel, its opposite 
angles are equal. 

. Ex. 215. Given two equal angles having a side of one parallel to a 
side of the other, are the other sides necessarily parallel ? Prove. 



:. 216. If two sides of a triangle are parallel respectively to two 
homologous sides of an equal triangle, right to right and left to left, the 
third side of the first is parallel to the third side of the second. 



:. 217. Construct a triangle, given an angle and its bisector and 
the altitude drawii from the vertex of the given angle. 
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Proposition XXVI. Theorbk 

angles whose sides are perpendicuZcur, 
er equal or supplementary. 

B K 




aiven Zl and the A at P, with OA±KC and OB±ED. 

To prove Z1=Z2=Z3, Zl+Z4=:2rt. A, Zl4-Z5=2 rt. A 

Hint. Draw OJSWCK and OF II D^. Prove 0-& ± OA and OjP ± OB, 
Prove Z 7 = ^ 1, and prove ^7 = Z 2. 

202. Note. It will be seen that Zl and Z2, whose sides are ± right 
to right {OA to FK) and left to left {OB to Pfi^), are equal ; while Zl 
and Z4, whose sides are ± right to left {OA to PC) and left to right 
{OB to FH), are supplementary. Hence : 

203. (a) ijf ^it;o angles have their sides perpendicular right to 
right and left to left, they are equal. 

(6) If two angles have their sides perpendicular right to left 
and left to right, they are supplementary. 



218. If from a point outside of an angle perpendiculars are 
drawn to the sides of the angle, an angle is formed which is equal to the 
given angle. 

Xiz. 219. In a right triangle if a perpendicular is drawn from the 
vertex of the right angle to the hypotenuse, the right angle is divided 
into two angles which are equal respectively to the acute angles of the 
triangle. 

Bx. 220. If from the end of the bisector of the vertex angle of an 
isosceles triangle a perpendicular is dropped upon one of the arms, the 
perpendicular forms with the base an angle equal to half the vertex angle. 
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Proposition XXVII. Thbobbm 

204i The sum of the cmgles of any triangle is two right 
angles. 




Given A ABC, 

To prove jLA + AABC + ZC = 2 rt. ^. 



ASOUMENT 

1. Through B draw DE II AC. 

2. Zl4-Z^5C'+Z2 

s2rtA 



3. Z1=ZJ. 

4. Z2 = Za 

6. .-. Zui + Z^iBa + Ze 

=: 2 rt. A 

Q.B.D. 



Rbabons 

1. Parallel line post §179. 

2. The sum of all the A about 

a point on one side of a 
8tr. line passing through 
that point = 2 rt. A 

3. Alt. int. A of II lines are 

equal. § 189. 

4. Same reason as 3. 

5. Substituting for A 1 and 2 

their equals^ A A and C^ 



respectively. 

205. Cor. I. In a right triangle the two acute angles 
are complementary. 

206. Cor. TL In a triangle there can he hut one right 
angle or one obtuse angle. 

207. Cor. m. If two angles of one triangle are equal 
respectively to two angles of another, then the third angle 
of the first is equal to the third angle of the second. 

20B. Cor. IV. If two right triangles have an acute 
angle of one equal to an acute angle of the other, the 
other acute angles are egiuxZ. 
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209. Cor. V. Two right triangles are ecfual if the hy- 
potenuse and an a^ute angle of one are equal respectively 
to the hypotenuse and an a^ute angle of the other, 

23X). CJor. VI. Two right triangles are equal if a side 
and an a^cute angle of one are equal respectively to a 
side and the homologous oGute angle of the other. 

211. Cor. vn. Two right triangles are equal if the 
hypotenuse and a side of one are equal respectively to the 
hypotenuse and a side of the other, 

B 





K A 



GivMi rt. A ABC and DEF, with AB = DE and BC=EF. 
Toprov» AABC=ADEF. 

- Hint. Prove DFKs, str. line ; then A Di?^ is isosceles. 

212. Cor. vm. Tlie altitude upon theba^se of an isosceles 
triangle bisects the base and also the vertex angle. 

213. Cor. IX. Each angle of an equilateral triangle 
is one third of two right angles, or 60°. 



Qaestion. Why is the word homologous used in Cor. YI but 
not in Cor. V? 



221. If any angle of an isosceles triangle is 60^, what is the value 
of each of the two remaining angles ? 

Ex. 222. If the vertex angle of an isosceles triangle is 20^, find the 
angle included by the bisectors of the base angles. 

Ez. 223. Find each angle of a triangle if the second angle equals 
twice the first and the third equals three times the second. 

Bz. 224. If one angle of a triangle is m° and another angle Z°, write 
an expression for the third angle. 

Ex. 225. If the vertex angle of an isosceles triangle is a°, write* an 
expression for each base angle. 
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226 CoDstract an angle of 60° ; 120^ ; 30^ ; IBP. 

Ex. 227 Construct a right triangle having one of its acate tofjim 60^. 
Bow large is the other acute angle ? 

228. Construct an angle of 160^ 



i/\>L^^ 



B& 229. Fnve Flop. XXVII 1^ Qring eaoib of the diagrams glTea 

above. 

Ex 2d0 Given two angles of a triadgle, construct the third an|^ 

Ex. 231. Find the som of the angles of a quadrilateral 

EXi 232. The angle between the bisectors of two adjacent angles of 
a quadrilateral is equal to half the sum of the two remaining angles. 

Ex. 233. The angle between the bisectors of the base angles of an isos- 
celes triangle is equal to the exterior angle formed by prolonging the base. 

Ex 234. If two straight lines are cut by a transversal and the bisectors 
of two interior angles on the same side of the transversal are perpendicular 
to each other, the lines are parallel. 

Ex 235. If in an isosceles triangle each of the base angles is one 
fourth the angle at the vertex, a line drawn perpendicular to the base at 
one of its ends and meeting 
the opposite side prolonged 
will form with the adjacent 
side and the exterior portion 
of the opposite side an 
equilateral triangle. 

236. Two angles 





B' B 



whose sides are perpendicular each to each are either equal or supple- 
mentary. (Prove by using' the annexed diagram.) 

Ex 237. If at the ends of the hypotenuse of a right triangle per- 
pendiculars to the hypotenuse are drawn meeting the other two sides of 
the triangle prolonged, then the figure contains five triangles which are 
mutually equiangular. 

Ex. 238. If one angle of a triangle Is 50^ and another angle Is 70^, 
find the other interior angle of the triangle ; also the exterior angles of 
the triangle. What relation Is there between an exterior angle and the 
two remote Interior angles of the triangle ? 
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Pboposition XXVIII. Theobem 

215. Anexterioran£leofai7i^n£lsUeqtialtothesu7n 
of the two remote interior angles. 




C 

Given A ABC with A DOB an exterior Z. 

To prove Z DCB ^Z.A'\- AB, 

The proof is left as an exercise for the student. 

Hint. Draw QE II AB, 



239. The bisector of an exterior angle at the vertex of an 
isosceles triangle is parallel to the base. 

Ex. 240. If the sum of two exterior angles of a triangle is equal to 
three right angles, the triangle is a right triangle. 

Ex. 241. The sum of the three exterior angles of a triangle is four 
right angles. 

Ex. 242. What is the sum of the exterior angles of a quadrilateral ? 

Ex. 243. If the two exterior angles at the base of any triangle are 
bisected, the angle between these bisectors is equal to half the sum of the 
iQterior base angles of the triangle. 

Ex. 244. If BE bisects angle B of 
triangle ABC^ and AE bisects the exterior 
angle DA C, angle E is equal to one half 
angle C 

Ex. 245. 2> is any point in the base 
BC oi isosceles triangle ABC. The side 
^C is prolonged through C to ^ so that 

CE = CDj and DE is drawn meeting AB at F. Prove angle EFA 
equal to three times angle AEF. 

Ex. 246. The mid-point of the hypotenuse of a right triangle is 
equidistant from the three vertices. Prove by laying off on the right 
angle either acute angle. 
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Proposition XXIX. Theorem 

216. The sum of all the angles of any polygon is twice 
as many right angles as the polygon has sides, less four 
right angles. 




A F 

Given polygon ABCDE • • •, any polygon having n sides. 
To prove the sum of its /i = 2 w rt. -^ — 4 rt. A, 



Argument 

1. From any point within the 

polygon such as O, draw 
lines to the vertices. 

2. There will be formed n A. 



3. The sum of the A of each 

A thus formed = 2 rt. A. 

4. .•. the sum of the A of the 

n A thus formed = 2f n 
rt. A, 

5. The sum of all the A 

about = 4 rt. A. 

6. .-. the sum of all the A of 

the polygon = 2 n rt. ^ 
- 4 rt. ^. 

Q.E.D. 



Rbasons 

1. Straight line post I. § 54, 

15. 

2. Each side of the polygon 

will become the base of 
aAf 

3. The sum of the A of any 

Ais2Tt.A. § 204. 

4. If equals are multiplied 

by equals, the products 
are equal. § 54, 7 a. 

5. The sum of all the A about 

a point = 4 rt. ^. § 67. 

6. The sum of all the A of 

the polygon = the sum 
of the A of the n A — 
the sum of all the A 
about 0. 



217- Cor. Ea^h angle of an equiangular polygon a 
n sides is equal to ^ right angles. 
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Proposition XXX, Theobem 

21& // the sides of any polygon are prclonged in succes- 
sion one way, no two a/djacent sides being prolonged 
through the same vertex, the swm of the exterior angles 
thus formed is four right angles. 




Given polygon Pwith Zl, Z2, Z3, Z4, •••its suocessive ex- 
terior angles. 

To prove Zl + -^2 +Z3 + ^4 + .. = 4 rt. A 



Aboument 

1. Zl 4-^6 = 2 rt. A, Z2 + 

Z7 = 2 rt. A, and so on ; 
t.e. the sum of the int. 
Z and the ext. Z at one 
vertex = 2 rt. A. 

2. .'. the sum of the int. and 

ext. ^ at the n vertices 
= 2 w rt. A, 

3. Denote the sum of all the 

interior A hj I and the 
sum of all the ext. A by 
E\ then E-{-I=2 n rt. A, 

4. ButI=2nrt.z^-4rt.A 



6. /. J? = 4 rt. ^ ; i.e, Zl 
+ Z2 4-Z3 4-Z4 4- .- 
= 4 rt. A Q.E.D. 



1. 



2. 



3. 



Rbasons 

If one str. line meets an- 
other str. line, the sum of 
the two adj. ^i is 2 rt. A. 

If equals are multiplied by 
equals, the products are 
equal. § 54, 7 a. 

Arg, 2. 



4. 



5. 



The sum of all the A of 
any polygon = 2 n rt. .4 
- 4 rt. A § 216. 

If equals are subtracted 
from equals, the remain- 
ders are equal. § 54, 3 
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Note. The formula 2 nrt, A —4kTt, A (% 216) is sometlmeB 
more usefol in the form (n — 2) 2 rt. A, 



247. Find the sum of the angles of a polygon of 7 sides ; of 8 
sides ; of 10 sides. 

Ex. 248. Prove Prop. XXIX by drawing as many diagonals as 
possible from one vertex. 

Ex. 249. How many diagonals can be drawn from one vertex in a 
polygon of 8 sides ? of 60 sides ? of n sides ? Show that the greatest num- 
ber of diagonals possible in a polygon of n sides (using all vertices) la 

2 

Ex. 250. How many degrees are there in each angle of an equi- 
angular quadrilateral ? in each angle of an equiangular pentagon ? 

Ex. 251. How many sides has a polygon the sum of whose augles la 
14 right angles ? 20 right angles ? 540° ? 

Ex. 252. How many sides has a polygon the sum of whose interior 
angles is double the sum of its exterior angles ? 

Ex. 253. Is it possible for an exterior angle of an equiangular poly- 
gon to be 70*»? 72«? 140°? 144°? 

Ex. 254. How many sides has a polygon each of whose exterior 
angles equsds 12° ? 

Ex. 255. How many sides has a polygon each of whose exterior 
angles is one eleventh of its adjacent interior angle ? 

Ex. 256. How many sides has a polygon the sum of whose interior 
angles is six times the sum of its exterior angles ? 

Ex. 257. How many sides has an equiangular polygon if the sum of 
three of its exterior angles is 180° ? 

Ex. 258. Tell what equiangular polygons can be put together to 
make a pavement. How many equiangular triangles must be placed 
with a common vertex to fill the angular magnitude around a point ? 
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QUADRILATERALS. PARALLELOGRAMS 

QUADRILATERALS CLASSIFIED WITH RESPECT TO PARALLELISM 

220. Def. A parallelogram is a quadrilateral whose oppo- 
site sides are parallel. 

22L Def. A trapesoid is a quadrilateral having two of its 
opposite sides parallel and the other two not parallel. 

222. Def. A trapesium is a quadrilateral having no two of 
its sides parallel. 

PARALLELOGRAMS CLASSIFIED WITH RESPECT TO ANGLES 

223. Def. A. rectangle is a parallelogram having one right 
angle. 

It is shown later that all the angles of a rectangle are right 
angles. 

224. Def. A rhomboid is a parallelogram having an oblique 
angle. 

It is shown later that all the angles of a rhomboid are 
oblique. 

225. Def. A rectangle having two adjacent sides equal is 
a square. 

It is shown later that all the sides of a square are equal. 

226. Def. A rhomboid having two adjacent sides equal is 
a rhombus. 

It is shown later that all the sides of a rhombus are equal. 

227- Def. A trapezoid having its two non-parallel sides 
equal is an isosceles trapezoid. 

228. Def. Any side of a parallelogram may be regarded as 
its base, and the line drawn perpendicular to the base from 
any point in the opposite side is then the altitude. 



). Def. The bases of a trapezoid are its parallel sides, 
and its altitude is a line drawn from any point in one base per- 
pendicular to the other. 
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Proposition XXXL Theobbh 

230. Any two opposite angles of a paraUeLogram are 
equals and any two consecutive angles are supplementary. 





Given CJaboD, 

To prove: (a) Za = Zo, Skxid Zb = ZD\ 

(b) any two consecutive A,bs A and B, sap. 



Ahgument 

I ZA^ZCsmdZB^^ZD. 



2, ^^andBaresnp. 



Q.B.D. 



Reasons 

1. If two A have their sides 
II right to right and left 
to left, they are equal. 
§ 200, a. 

2L If two II lines are cut by a 
transversal, the sum of 
the two int. A on the same 
side of the transversal is 
two rt A § 192. 



Cor. ATI the angles ofa.rectangle are right angles, 
and all the angles of a rhomboid are dbliqioe angles. 



Ex. 259. . If the opposite angles of a quadrilateral are equal, the figure 
Is a parallelogram. 



260. If an angle of one parallelogram Is equal to an angle of 
another, the remaining angles are equal each to each. 



261. The bisectors of the angles of a parallelogram (not a rhom- 
bus or a square i inclose a rectangle. 
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Proposition XXXII. Theorem 
The opposite sides of a paraZlelogranv are equoL 




A 
Given O ABCD, 

To prove AB = CD and J?C= AD. 

Tlie proof is left as an exercise for the student. 



Cor. I. All the sides of a square are equal, and 
all the sides of a rhombus are equal. 

234. Cor. n. Parallel lines intercepted between the 
same parallel lines are equal. 

235. Cor. m. The perpendiculars drawn to one of two 
parallel lines from any two points in the other are equal. 

236. Cor. rv. A diagonal of a parallelogram divides 
it into two equal triangles. 



Ez. 262. The perpendiculars drawn to a diagonal of a parallelogram 
from the opposite vertices are equaL 

Xbc. 263. The diagonals of a rhombus are perpendicular to each other 

and so are the diagonals of a square. 

264. The diagonals of a rectangle are equal. 
:. 265. The diagonals of a rhomboid are unequal. 

Ex. 266. If the diagonals of a parallelogram are equal, the figure is a 

rectangle. 

Ez. 267. If the diagonals of a parallelogram are not equal, the figure 
is a rhomboid. 

Ez. 268. Draw a line parallel to the base of a triangle so that the 
portion intercepted between the sides may be equal to a given line. 

Ez. 269. Explain the statement : Parallel lines are everywhere equi- 
distant. Has this been proved ? 
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Be 270. Find the lociui of a point that Is eqnldlatant from two given 
parallel lines. 

Bx. 371. Find Uie locus of a poin'.t (a) ooe Inch ftboTe a givoi 
boiizoDtal line ; (6) two Imcttes below the giveit line. 

Bk 272. Find the locua of a point : (a) one Inch to the il^t of a 
given verUcal line ; (A) one inch to the left of liie given line. 

Bz. 273. Given a horizontal line OX and a line OY perpendicular 
to OX. Sind the locos ot » point Ibiee laches above OX and two InoiiM 
to the ri^ of 07. 



337. EOrtorioal Vote. Ren4 Deecart« (ISM-ieSO) was tbe flnt to 
observe the importance of (he tact tliat the positlou of a point in a plans 
la determined ff iu dlatances, 
laj x and t>i from two fixed 
lines In tlie plane, perpendlo- 
nlar to each other, an known. 
He showed that geometric flg> 
ores can be represented b7 
algebn^o equations, and de- 
veloped the subject of analytJo 
geometT7, which is known t^ 
his name as CarU/^it geomO' 
try. 

Descartes was tmm near 
Toma in France, and was sent 
at eight years of age to the 
famous Jesolt school at 1a 
Fltehe. He was of good Eam- 
tlj, and since, at that time, 
most men ot position entered either the chnrch or the army, be chose the ■ 
latter, and Joined the army of the Prince ot Orange. 

One day, while walking in a street In a Holland town, he saw a placaid 
which ciiallenged every one who read It to solve a certain geometric 
problem. Descartes solved it with little difficulty and is said to have 
realized then that he had no taste for military life. He soon resigned his 
otnnmlsrion and spent five years in travel and study. After this be Uved 
, R riiort time in Paris, but soon retired to Holland, where he lived for 
twenty years, devoting his time to mathematics, philosophy, astronomy, 
and i^yrics. His work in phRosophy wns of such importance aa to give 
him the nqpia of the Father of Modem FtUosopby 



DascAJiTBa 
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Proposition XXXIII. Theorem 
TJw diagonals of a parallelogram bisect each 



other. 




Given £7 ABCB with its diagonals AO and BD intersecting at O. 
To prove AO = OG and BO = OB, 

Hint. Prove A OBC = A ODA, .-. AO = OG and BO = OD. 



274. If through the vertices of a triangle lines are drawn parallel 
to the opposite sides of the triangle, the lines which join the vertices of 
the triangle thus formed to the opposite vertices of the given triangle are 
bisected by the sides of the given triangle. 

Ex. 275. A line terminated by the sides of a parallelogram and passing 
through the point of intersection of its diagonals is bisected at that point. 

Ex. 276. How many parallelograms can be constructed having a given 
base and altitude ? What is the locus of the point of intersection of the 
diagonals of all these parallelograms ? 

Ex. 277. If the diagonals of a parallelogram are perpendicular to 
each other, the figure is a rhombus or a square. 

Ex. 278. If an angle of a parallelogram is bisected by one of the 
diagonals, the figure is a rhombus or a square. 

Ex. 279. Find on one side of a triangle the point from which straight 
lines drawn parallel to the other two sides, and terminated by those sides, 
are equal. (See §232.) 

Ex. 280. Find the locus of a point at a given distance from a given 
finite line AB. 

Ex. 281. Find the locus of a point at a given distance from a given 
line and also equidistant from the ends of another given line. 

Ex. 282. Construct a parallelogram, given a side, a diagonal, and 
the altitude upon the given side. 
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Pboposition XXXIV. Theorem .( 

(Converse of Prop. XXXII) 

239. If the opposite sides of a quadrUaieral are equals 
the figure is a parallelograTrv. 

B C 




A 

Given quadrilateral ABCD, with AB = CD, and BC= AD. 



To prove ABCD a O. 








Abgumbkt 




Kbasons 


1. 


Draw the diagonal BD. 


1. 


Str. line post I. S 54, 16. 


2. 


In A ABD and BCD, 

AB = CD. 


2. 


By hyp. 


a 


BC=An. 


3. 


By hyp. 


4. 


BD = BD, 


4. 


By iden. 


6. 


.\ A ABD = A BCD. 


5. 


Two A are equal if the 
three sides of one are 
equal respectively to 
the three sides of the 
other. § 116. 


6. 


.•. AABDwmZCDB. 


6. 


Homol. parts of equal fig- 
ures are equal. § 110. 


7. 


.-. ulB II CD. 


7. 


If two str. lines are cut by 
a transversal making a 
pair of alt. int. A equal, 
the lines are II. § 183. 


8. 


Likewise Z.BDA = Z.DBC. 


8. 


Same reason as 6. 


9. 


.*. jBC II ^ 7>. 


9. 


Same reason as 7. 


10. 


.•, ABCD is a O. Q.E.D. 


10. 


By def . of a O. § 220. 



283. Construct a parallelogram, given two adjacent sides and 
the included angle. 
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:. 284. Constnict a rectangle, given the base and the altitude. 

:. 285. Construct a square, given a side. 

:. 286. Through a given point construct a parallel to a given line 
by means of Prop. XXXIV. 

Ez. 287. Construct a median of a triangle by means of a. parallelo- 
gram, (1) using §§ 239 and 238 ; (2) using §§ 220 and 238. 

Ex. 288. An angle of a triangle is right, acute, or obtuse according 
as the median drawn from its vertex is equal to, greater than, or less than 
half the side it bisects. 

Proposition XXXV. Theorem 

240. If two opposite sides of a quadrilateral are equal 
and parallel, the figure is a paraUeLogram,. 




A D 

(Mven quadrilateral ABCD, with BC both equal and n to AD. 
To prove ABOD a O. 

Outline of PaooF 

1. Draw diagonal BD. 

2. 'Prove A BCD = A ABD. 

3. Then ZCDB = Zabd and AB 11 CD. 
4 /. ABOD is a O. 



:. 289. If the mid-points of two opposite sides of a parallelogram 
are joined to a pair of opposite vertices, a parallelogram will be formed. 

Ez. 290. Construct a parallelogram, having given a base, an adjacent 
angle, and the altitude, making your construction depend upon § 240. 

Ez. 291. If the perpendiculars to a line from any two points in an- 
other line are equal, then the lines are parallel. 

Ex. 292. If two parallelograms have two vertices and a diagonal in 
common, the lines joining the other four vertices form a parallelogram. 
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Proposition XXXVI. Theorem 
(Converse of Prop. XXXIII)- 

241. If the diagoncbLs of a quadrilaberaZ bisect each 
other, the figure is a parallelogram. 

B C 




A 



Given quadrilateral ABCD with its diagonals AC and BD in* 
tersecting at O so that AO=CO and BO = DO^ 
To prove ABCD a O. 

Argument Only 

1. In A OBC and ODA, 

BO = DO. 

2. CO = AO. 

3. Z3 = Z4. 

4. .•. A OBC = A ODA. 

5. .'.BC=AD. 

6. Also Zl = Z2. 

7. . •. jBC 11 AD. 

8. .*. jiJ?az> is a O. Q.B.D 



:. 293. In parallelogram ABCD, let diagonal AG he prolonged 
through A and C to X and F, respectively, making AX= CY. Prove 
XJ5 YD a parallelogram. 

Ex. 294. If each half of each diagonal of a parallelogram is bisected, 
the lines joining the points of bisection form a parallelogram. 

Ex. 295. Lines drawn from the vertices of two angles of a triangle 
and terminating in the opposite sides cannot bisect each other. 

Xbc. 296. State four independent hypotheses which would lead to the 
conclusion, 'Hhe quadrilateral is a parallelogram.^^ 

Ex. 297. Construct a parallelogram, given its diagonals and an angle 
between them. 
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Proposition XXXVIL Theorem 

Two paraZlelograms are equal if two sides and the 
included angle of one are equal respectively to two sides 
and the included angle of the other. 





II 



Given [U I and II with AB s= EFy AD = EHy and Z^= /.B, 
To prove OI = OIL 



ASGUXBNT 

1. Place O I upon Oil 80 that 

AB shall fall upon its 
equal EF^ A upon E, B 
upon F, 

2. Then AD will become col- 

linear with EH, 

3. Point D will fall on H. 

4. Kow DC II AB, and HQ II EF. 

5. .-. DC and HG are both II AB, 

6. .\ DC will become collinear 

with HO, and (7 will fall 
somewhere on HO or its 
prolongation. 

7. Likewise BC will become 

collinear with FO, and (7 
will fall somewhere on 
FO or its prolongation. 
'. point C must fall on 
point O. 



8. 



9. .-.01 = OIL 



Q.E.D. 



Keasons 
1. Transference post. §54,14 



2. Z^ = /.E, by hyp. 

3. -42) = EH, by hyp. 

4. By def . of a O. § 220. 

5. AB and EF coincide, Arg. 1. 

6. Parallel line post. §179. 



7. By steps similar to 4, 5, 
and 6. 



8. Two intersecting str. lines 

can have only one point 
in common. § 26. 

9. By def. of equal figures. § 18. 



243. QnadxilateraUi 
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QUADRILATEBAIiS CLASSIFIED 

1. Opposite sides n : Paxallelogratt). 
(a) Bight-angled: Kectangle.* 

Two adj. sides equal: 

Square. 
(5) Oblique-angled: Khomboid. 
Two adj. sides equal : 

Khombus. 

2. Two sides 11^ other two non-il : Trap* 

ezoid. 

(a) Two non-ll sides equal : 
Isosceles trapezoid. 

3. No two sides II : Trapezium. 



298. If it is required to prove a given quadrilateral a rectangle, 
show by reference to § 243 that the logical steps are to prove first that it 
is a parallelogram ; then that it has one right angle. 

Ex. 299. If a given quadrilateral is to be proved a square, show that 
the only additional step after those in Ex. 296 is to prove two adjacent 
sides equal. 

Xbc. 300. If a given quadrilateral is to be proved a rhombus, what 
are the three steps corresponding to those given in Ex. 298 and Ex. 299 ? 

Ex. 301. Since rectangles and rhomboids are parallelograms, they 
possess all the general properties of parallelograms. What property dif« 
ferentiates rectangles from rhomboids (1) by definition ? (2) by proof f 
(See Ex. 266 and Ex. 267.) 

Bx. 302. (a) What two properties that have been proved distinguish 
iquare* from other rectangles ? (See Ex. 277 and Ex. 278.) 

(&) What two properties that have been proved distinguish rhombuses 
from oiher rhomboids ? (See Ex. 277 and Ex. 278.) 

(c) Show that the two properties which distinguish squares and rhom- 
buses from the other members of their class are due to the common prop* 
erty pocsessed by squares and rhombuses by definition. 

Ex. 303. The mid-point of the hypotenuse of a right trlan^e is equi- 
distant from the three vertices. 

Ex. 304. If a line AB of given length is moved so that its ends always 
touch the sides of a given right angle, what is the locus of the mid-j)oint 
otABt 
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Peoposition XXXVIII. Theorem 

244. // three or more parallel lines intercept equal seg- 
hvents on one transversal, they intercept equal segments 
on any other transversal 




Given n lines AOj BH, CJ, />2r, etc., which intercept the 
equal segments AB, BC, CD, etc., on transversal AF, and which 
intercept jsegments GH, HJ, JK, etc., on transversal OL, 

To prove GH ss HJss JK, etc. 



Argument 

1. T>TB.WGM,HN,JR, etc, \\AF, 

2. Now AGMB, BHNCf CJRD, 

etc., are HI, " 

3. .-. GM = AB, HN = BC, JR 

=s CD, etc. 

4. And AB = BO=s CD, etc. 

5. .•. GM = HN =s JR, etc. 

6. Again GM, HN, JR, etc., 

are II to each other. 

7. .-. -^1 = Z2 ss Z3, etc 

8. Ajid Z4 =: ^5 =: Z6, etc. 



Rbasokb 

1. Parallel line post §179. 

2. BydetofaO. §220. 

3. The opposite sides of a 

£7 are equal. § 232. 

4. By hyp. 

6. Ax. 1. § 54, 1. 

6. If two str. lines are II to a 

third str, line, they are 
II to each other. § 180 

7. Corresponding A of II lines 

are equal. § 190. 

8. If two A have their sideg 

II right to right and left 
to left, they are equal. 
§ 200« a. 
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9. 






A QHM = A HJN = 
A JKR, etc. 



10. .-. QH= HJ^ JKy etC^ 

Q.E.D, 



9. Two A are equal if two 
A and the included side 
of one are equal respec- 
tively to two A and the 
included side of the 
other. § 105. 
10. Homol. parts of equal 
figures are equal. § 110. 





H 



D 



245. Question. Are the segments that the parallels intercept on one 
transversal equal to the segments that they intercept on another? 

246. Cor. I. The line hisecting one of the non-paral- 
lel sides of a trapezoid and parallel to the bases 
bisects the other of the non-parallel sides also, 

2A1. Cor. n. The line 
joining the mid-points of 
the non-parallel sides of a 
trapezoid is {a) parallel to 
the bases; and (b) equal to 
one half their sum. 

Hint, (a) Prove EF WBG and AD by the indirect method. (6) Draw 
QH II CD. Prove AH-GB\ then prove EF= GC = i(GG + HU) = 
\ (BC+ AD). ' "^ 

248. Ck>r. m. The line bisect- 
ing one side of a triangle and 
parallel to another side bisects 
the third side. 

249. Cor. IV. The 

line joining the 
mid-points of two 
sides of a triangle 
is parallel to the 
third side and equal to one half the third side. 

Hint. Draw CF II BA. Prove GF-AE = EB. 
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Pboposition XXXIX. Problem 

250. To divide a given straight line into any nunnhef 
>/' eqiual parts. 



<* 




A 

Given straight line AB. 

To dlTlte AB into fi equal parts. 

L Constructioii 

1« Draw the unlimited line AX. 

2. Take any convenient segment^ as AR, and, beginning at A^ 
iay it off n times on AX. 
S. Connect the nth point of division, as K^ with B, 

4. Through the preceding point of division, as P, draw a line 

FH II KB. § 188. 

5. Then HB is one nth of AB. 

6. •*• HB, if laid o£E successively on AB^ will divide AB into 
n equal parts. 

11. The proof and discussion are left as an exercise for the 
student. 



305. Dlyide a straight line into 7 equal parts. 

306. Constract an equilateral triangle, having given the perim* 
3ter. 

Ex. 307. Constract a square, having ^ven the perimeter. 



251. Def. The line joining the mid-points of the non« 
parallel sides of a trapezoid is called the median of the trape* 
zoid. 



:. 308. Show, by generalizing, that Cor. HI, Prop. XXXVIII, ma^ 
be obtained from Cor. I and Cor. IV from Cor. IL 
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309. The lines Joining the mid-points of the sides of a quadri* 
lateral taken in order form a parallelogram. 

Zbc'SlO. What additional statement can you make if the quadri- 
lateral in Ex. 309 is an isosceles trapezoid ? a rectangle ? a rhombus ? 
a square? 

"Ex. 311. Lines drawn from the mid-point of the base of an isosceles 
triangle to the mid-points of its equal sides form a rhombus or a square. 
When is the figure a rhombus ? when a square ? 

Bz. 312. The mid-points of the sides of a quadrilateral and the mid- 
points of its two diagonals are the vertices of three parallelograms whose 
diagonals are concurrent. 

313. What is the perimeter of each parallelogram In Ex. 312 ? 

:. 314. Construct a triangle, given the mid-points of its sides. 

:. 315. Through a given point within an angle construct a line, 
limited by the two sides of the angle, and bisected at the given point. 

Ibe. 316. Every diagonal of a parallelogram is trisected by the lines 
joining the other two vertices with the mid-points of the opposite sides. 

Ibe. 317. If a triangle inscribed in another triangle has its sides 
parallel respectively to the sides of the latter, its vertices are the mid- 
points of the sides of the latter. 

Ex. 318. If the lower base KT of trapezoid BSTK is double the 
upper base BS, and the diagonals intersect at 0, prove OK double OS, 
and or double OB. 

Bz. 319. Construct a trapezoid, given the two bases, one diagonal, 
and one of the non-parallel sides. 

In the two following exercises prove the properties which require proof, 
state those which follow by definition, and those which have been proved 
in the text : 



:. 320. Properties possessed by all trapezoids : 

(a) Two sides of a trapezoid are parallel. 

(6) The two angles adjacent to either of the non-parallel sides are 
supplementary. 

(c) The median of a trapezoid is parallel to the bases and equal to one 
half their sum. 

Ziz 321. In an isosceles trapezoid : 

(a) The two non-parallel sides are equal. 

(b) The angles at each base are equal and the opposite angles are 
supplementary. 

(e) The diagonals are equal. 
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PnoposiTioN XL. Theorem 

252. The two perpendiculars to the sides of an angle 
from any point in its bisector are equal. 




B DA 

Given /.ABC\ P hnj point in BR, the bisector of ZabO; PD 
ftnd PJEj the Ja from P to BA and BC respectively. 

To prove PD = PE. 

Argument Only 

1. In rt. Adbp and PBE, PB = PB. 

2. Z DBP = Z PBE. 

3. .-. ADBP = APBE. 

4. .•. PD = PE, Q.E.D. 

253. Prop. XL may be stated as follows : 

Every point in the bisector of an angle is equidistant from the 
sides of the angle. 



322. Find a point in one side of a triangle which is equidistant 
from the other two sides of the triangle. 



:. 323. Find a point equidistant from two given intersecting lines 
and also at a given distance from a fixed third line. 

Ziz. 324. Find a point equidistant from two given intersecting lines 
kad also equidistant from two given parallel lines. 

:. 325. Find a point equidistant from the four sides of a rhombus. 

326. The two altitudes of a rhombus are equal. Prove. 

[. 327. Construct the locus of the center of a circle of given radius, 
which rolls within a given angle so that it always touches a side of the 
angle. Do not prove. 
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Proposition XLI. Theorem 

(Opposite of Prop. XL). 

254. The two perpendiculars to the sides of cm angle 
^'rom any point not in its bisector are unequal. 

C 




Given ZABC; P any point not in BRy the bisector of ^ABO\ 
PD and PE Js from P to BA and BG respectively. 

To prove PD =^ PE, 

OUTLINB OP PkOOF 

Draw FO X^A; draw PG. Then FE =a fg, 

^OW PF + FG>PG. .\PE>PG. But Pflf>P2>. 

/. PE > PD. 

255. Prop. XLI may be stated* as follows: 

Every point not in the bisector of an angle is not equidistant 
from the sides of the angle, 

256. Cor. L (Converse of Prop. XL). Every point equi- 
distant from the sides of an angle Lies in the bisector of 
the angle, 

• Hint. Prove directly, using the figure for § 262, or apply § 187. 

257. CJor. n. The bisector of an angle is the locus of 
all points equidistant from the sides of the angle. 



c. 328. What is the locus of all points that are equidistant from 
a pair of interseoting^llnes ? 
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CONCUERENT LINE THEOREMS 
Proposition XLII. Theorem 

The bisectors of the angles of a triangle are canr- 
current in a point which is equidistant from the three 
sides of the triangle. 




Given A ABO with AF^ BE, CD the bisectors ot AA^B, and 
C respectively. 
To prove: (a) AF, BE, CD concurrent in some point as 0; 
(6) the point equidistant from AB, BC, and CA, 



Argument 

L BE and CD will intersect at 
some point as a 



2. Draw OLj OHj and 00, Jft 

from to AB, BG, and CA 
respectively. 

3. * - is in BEf OL S3 OH 



4 \' O is in CD, OOsa OK 

6. •. OL = 00. 



RSASONS 

1. If two str. lines are cut by 

a transversal making the 
sum of the two int. A on 
the same side of the 
transversal not equal to 
2 rt. A, the lines are 
not n. § 194 

2. From a point ontside a line 

there exists one and only 
one JL to the line. § 155. 

3. The two J^ to the sides of 

an ^ from any point in 

its bisector are equal. 

§ 252. 
4 Same reason as 3« 
6. Things equal to the same 

thing &re equal to each 

other. § 54; 1. 
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Akoumbnt 

6.- .•. AF, the bisector of Z.CAB, 
passes through 0. 



7. .'. AF, BE, and CD are con- 

current in 0. 

8. Also is equidistant from 

AB, BCy and CA, Q.E.D. 



Rbasons 

6. Every point equidistant 

from the sides of an Z 
lies in the bisector of 
the Z. § 2m. 

7. By def . of concurrent lines. 

§196. 

8. By proof, OLz=iOHz= OO. 



). Cor. The point of intersection of the bisectors of 
the three angles of a triangle is the locus of all points 
equidistant from the three sides of the triangle. 



Ziz. 329. Is it always possible to find a' point equidistant from three 
given straight lines ? from four given straight lines ? 

ZiZ. 330. Find a point such that the perpendiculars from it to three 
sides of a quadrilateral shall be equal. (Give geometric construction.) 

Ziz. 331. Prove that if the sides AB and ^(7 of a triangle ABC are 
prolonged to E and F^ respectively, the bisectors of the three angles BAG, 
EBC, and BCF all pass through a point v^rhich is equally distant from the 
three lines AE,^AF, and BO. Is any other point in the bisector of the 
angle BAG equally distant from these three lines? Give reason for 
your answer. 

Ziz. 332. Through a given point P draw a straight line such that 
perpendiculars to it from two fixed points Q and B shall cut off on it 
equal segments from P. (Hint. See § 246.) 

Ziz. 333. Construct the locus of the center of a circle of given radius, 
which rolls so that it always remains inside of a given triangle and con- 
stantly touches a side. Do not prove. 

Ziz. 334. Find the locus of a point in one side of a parallelogram and 
equidistant from two other sides. In what parallelograms is this locus a 
vertex of the parallelogram ? 

ZSz. 335. Find the locus of a point in one side of a parallelogram and 
equidistant from two of the vertices of the parallelogram. In what 
class of parallelograms is this locus a vertex of the parallelogram ? 

Ex. 336. Construct the locus of the center of a circle of given radius 
which rolls so that it constantly touches a given circumference. Do not 
OTOva 



• • • * 

. • • • 
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Pkoposition XLIIL Theobeh 

260, Thfii perpeTvdicular bisectors of the sides of ajtri' 
angle are concurrent in a point which is equidistant from 
the three vertices of the triangle. 




Given A ui^a with FQ^ HK, ED, the ± bisectors of ABy BCj CA, 
To prove : (a) FO, HKy ED concurrent in some point as ; 
(p) the point O equidistant from A, B, and C 



Aboumbnt 

1. FG and ED will intersect at 

some point as O. 

2. Draw OA, OB, and OC. 

3. %• O is in FG, the ± bisector 

of ABf OB =s OA; and 
••• O is in DZ, the JL bi- 
sector of 04, 00 =s 0-4. 

4 .-. OB = OC. 

5. .'. HK, the ± bisector of 
BC, passes through a 



6. •. FG, HK, and ED are con- 

current in 0. 

7. Also is equidistant from 

A, B, and C. Q.E.D. 



Reasons 

1. Two lines X respectively to 

two intersecting lines 
also intersect. § 195. 

2. Str. line post. I. §54,15. 

3. Every point in the JL bi- 

sector of a line is equi- 
distant from the ends of 
that line. § 134. 
4 Ax. 1. §54,1. 

5. Every point equidistant 

from the ends of a line 
lies in the X bisector of 
that line. § 139. 

6. By def . of concurrent lines 

§196. 
7c By proof, OA=OBss oc. 
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CJor. The point of intersection of the perpendio- 
ular bisectors of the three sides of a triangle is the locus 
of all points equidistant from the three vertices of the 
triangle. 



:. 337. Is it always possible to find a point equidistant from three 
given points ? from four given points ? 

Xbe. 338. Construct the perpendicular bisectors of two sides of an 
acute triangle, and then construct a circle whose circumference shall pass 
through the vertices of the triangle. 

Ziz. 339. Construct a circle whose circumference shall pass through 
the vertices of a right triangle. 

Ziz. 340. Construct a circle whose circumference shall pass throi^ 
the vertices of an obtuse triangle. 

Pboposition XLIV. Theobbm 
7%« altitudes of a triangle are concurrent* 




Given A ABC with its altitudes AD^ BBp and €fF. 
To prove AD, BE, and CF concurrent. 

Outline op Pboop 

Through the vertices -4, 5, and C, of triangle ABC, draw 
lines II BCj AC, and ABy respectively. Then prove, by means 
of ZI7, that ADy BEj and CF are the ± bisectors, respectively, of 
the sides of the auxiliary A HKL. Then, by Prop. XLIII, Al'^ 
BE, and cy are concurrent. vVC.d. 



104 PLANE GEOMETRY 

Proposition XLV; Theobem 

263. Any two medians of a triangle intersect each 
other in a trisection point of each. 



Oiven AA^C with AD and CE any two of its medians* 

To prove that AD and CE intersect in a point O such that 
OD=s\AD and OBzs\ CE. 

OUTLINB OF PbOOV 

1. AD and CE will intersect at some point as O. § 194. 

2. Let S and 8 be the mid-points of AO and CO respectively. 

3. Quadrilateral BEDS is a O. 

4 .-. AR = liO= OD and CS = iSfO = OK 

5. That is,-OD = iAD and OE=s^ CE. Q.:fi.D. 

264. CJor. The three medians of a triangle are con' 
current. 



Def. The point of intersection of the medians of a 
triangle is called the median center of the triangle. It is also 
called the centroid of the triangle. This point is the center 
of mass or center of gravity of the triangle. 



:. 341. Draw a triangle whose altitudes will intersect on one ot 
its sides, and repeat the proof for Prop. XLIV. 

Ez. 342. Draw a triangle whose altitudes will intersect outside of 
the triangle, and repeat the proof for Prop. XLIV. 

Ez. 343. Prove Prop. XLV by prolonging OD ite own length and 
drawing lines to B and C from the end of the prolongation. 

Ez. 344. Construct a triangle, given two of its medians and the 
angle between them. 
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Proposition XLVI. Theorem 

If one acute angle of a right triangle is douhle 
the other, the hypotenuse is double the shorter side 




A C 

Given rt. A ABO with Z A double Z B. 
To prove ABz=2 AC, 

Argument Onlt 

1. Draw CEy making Z 1 &s Z ^1 
a Z^ = 60^ 

3. .•.Zl=60^ 

4. .•.Z.lKC7 = 60^ 

6. .-. AE = ^c = EO. 

6. In A EBC, Z 2 = 30* 

7. Z5 = 30^ 

o* •*• EB =s EC* 

•/• •*• EB = AE ST A€f* 

10. .'. -45 = 2 AC, Q.E.D. 

267. l^rop. XLVI is sometimes stated : In a thirty-siaety de- 
gree right triangle, the hypotenuse is dovble the shoHer side. 



Historical Note. Such a triangle (a 30°-60° right triangle) is 
spoken of by Plato as ** the most beautiful right-angled scalene triangle/' 



345. Prove Prop. XLVI by drawing CE = GA, 

:. 346. Prove Prop. XLVI by drawing lines through the ends of 
the hypotenuse parallel to the other two sides, thus formii^ a rectangle. 
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CONSTRUCTION OP TRIANGLES 

A triangle is determined, in general, when three parts are 

given, provided that at least one of the given parts is a line. 

The three sides and the three angles of a triangle are called 

its parts; but there are also many indirect parts; as the three 

medians, the three altitudes, the three bisectors, and the parts 

into which both the sides and the angles are divided bj these 

lines. 

A A 




270. The notation given in the annexed figures may be 
iised for brevity : 

A, B, c, the angles of the triangle ; in a right triangle, angle 
C is the right angle. 

a, b, c, the sides of the triangle ; in a right triangle, c is the 
hypotenuse. 

THa, wift, m^, the medians to a, b, and c respectively. 

Kf hf Ky til© altitudes to a, 6, and c respectively. 

^a> hi hi the bisectors of A, JB, and C respectively. 



the segments of a made by the altitude to a. 



e^ To, the segments of a made Hy the bisector of angle A. 

271. The student should review the chief cases of construc- 
tion of triangles already given: viz. a,B,c', A,b,C\ a, 5, c; 
right triangles ; a, & ; &, c ; b, B\ b,A\ c, A\ review also § 152i 



347. State in words the first eight cases given in § 271: 
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Proposition XLVII. Problem 

To construct a triangle having two of its side& 
equal respectively to two given lines, and the angle oppo' 
^te one of these lines equal to a given angle. 

Y 





Fia. 1. 

Given lines a and h, and Ab, 
To constmct A ABC. 

I. Ckmstmotlon 

1. Draw any line, as BX. 

2. At any point in BX, as B, construct Z XBT= to the given 
Z B. § 125. 

3. OnBFlay ofif BC7 = a. 

4. With O as center and with 5 as radius, describe an arc 
cutting BX at A. 

5. A ABO is the required A. 

IL The proof is left as an exercise for the student. 

III. DfaoTUMion 

(1) b may be greater than a; 

(2) b may equal a ; 

(3) b may be less than a. 

(1) If 6 > a, there will be one solution, i.e. one A and only 
one cau be constructed which shall contain the given parts. 
This case is shown in Fig. 1. 

(2) If 5 = a, the A will be isosceles. The construction will 
be the same as for case (1). 
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A 




(3) If 6 < a. Make the constmction as for case (1). If 5 > 
the JL from C to BX^ there will be two solutions^ since A ABC 
and DBCy Fig. 2, both contain the required parts. If h equals 
the J. from cto BX there .will be one solution. The A will be a 
rt. A. If 6 < the J. from C to BX, there will be no solution. 

In the cases thus far considered, the given Z was acute. 
The discussion of the cases in which the given Z is a rt. Z 
and in which it is an obtuse Z is left to the student. 

273; Question. Why is (1) the only case possible when the given 
angle is either right or obtuse ? 

274. The following exercises are given to 
illustrate analysis of problems and to show the 
use of auxiliary triangles in constructions. 



A 



M H B 



348. Construct a triangle, given a, hat f'^* Fio. 1. 

Analysis. Imagine the problem solved as in 
Fig. 1, and mark the given parts with heavy lines. 
The triangle AHM is determined and may be made 
the basis of the construction. 



349. Construct a triangle, given 5, ma, tiie* 
Analysis. From Fig. 2 it will be seen that tri- ^ 
angle AOC may be constructed. Its three sides are 
known, since AO = \ma and GO = J me. 

Bz. 350. Construct a triangle, given a, AafAe. 

Analysis. In Fig. 8, right triangle CHE is 
determined. The locus of vertex ^ is a line 
parallel to CB, so that the distance between q 
it and CB is equal to ha» Fig. 3. 
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351k Constract a triangle, given b ,e, ma^ 

Analtsis. Triangle ABK, Fig. 4, is deter- 
mined by three sides, &, c, and 2ma. Since 
ABKC is a parallelogram, AK bisects CB, C^ / ^n 

Ex. 352. Construct a triangle, given a, mat 
aftd the angle between ma and a. 

Analtsis. Triangle AMQ is determined, as 
shown in Fig. 6. 

A 

n c M 

id 





y\ V 



5 « iV 
Fig. 6. 

353. Constract a trapezoid, given its four sides. 
Analysis. Triangle BST^ Fig. 6, is determined. 

Ez. 354. Construct a parallelogram, given r* n 

the perimeter, one base angle, and the altitude. '^ ^^f I / 



CoNSTEucTiON. The two parallels, Cfl'and 



AE^ Fig. 7, may be drawn so that the distance A B E 

between them equals the altitude ; at any point ^<*' 7» 

B construct angle EBC equal to the given R M 

base angle; draw C-4, bisecting angle FOB; y/A \ 

measure AE equal to half the given perimeter ; yr \ \ 

complete parallelogram CHEB. ^ S N 



355. Construct a trapezoid, given the Fio. 8. 

two non-parallel sides and the difference between the bases. (See Fig. 8.) 

Construe* » \riangle, given t 

Ex. 356. A, ha, t^ Ex. 360. B, ha b. 

Ex. 357. ha, la, da, Ex. 361. ««, ta, ha, 

Hx. 358. ha, ma, ?•. Ex. 362. a, mj,, G. 

Ex. 359. o, tb, C, Ex. 363. o, h, B. 

Construct an isosceles trapezoid, given : 

:. 364. The two bases and the altitude. 

:. 365. One base, the altitude, and a diagonal. 
Ex. 366. A base, a diagonal, and the angle between thenu 
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DIRECTIONS FOR THE SOLUTION OF EXERCISES 

275. I. Make the ligures clear, neat, accurate, and general 
in character. 

II. Fix firmly in mind hypothesis and conclusion with ref- 
erence to the given figure. 

III. Recall fundamental propositions related to the propo- 
sition in question. 

IV. If you can find no theorem which helps you, ccyatradict 
the conclusion in every possible way (redtictio ad absurdum) 
and try to show the absurdity of the contradiction. 

V. Make frequent use of the method of dnalysiSf which con- 
sists in assuming the proposition proved, seeing what results 
follow until a known truth is reached, and then retracing the 
steps taken. 

VI. If it is requited to find a point which fulfills two 
conditions, it is often convenient to find the point by the 
Intersection of Loci. By finding the locus of a point which 
satisfies each condition separately, it is possible to find the 
points in which the two loci intersect; i.e. the points which 
satisfy both conditions at the same time. 

VII. See § 152 and exercises following § 274 for method of 
attacking problems of construction. 

The method just described under V is a shifting of an 
uncertain issue to a certain one. It is sometimes called the 
Method of Successive SubstitvUons, It may be illustrated thus : 

1. A is true if B is true, 3. But O is true. 

2. B is true if C is true. 4. .*. A is true. 

This is also called the Analytic Method of proof. The 
proofs of the theorems are put in what is called the SyntJietic 
form. But these were first thought through analytically, then 
rearranged in the form in which we find them. 
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HI8CBLLA1IE0US EXERCISES 

367. The perpendiculars drawn from the extremitieB of one 
Bide of a triangle to the median upon that side are equaL 

368. Constmct an angle of 76*^ ; of 97 ^^ 

369. Upon a given line find a point such that perpendiculars 
from it to the sides of an angle shall be equal. 

Zbc 370. Construct a triangle, given its perimeter and two of its 
angles. 

Zbc 371. Construct a parallelogram, given the base, one base angle, 
and the bisector of the base angle. 

Zbc 372. - Given two lines that would meet if sufficiently prolonged. 
Construct the bisector of their angle, without prolonging the lines. 

Zbc 373. Construct a triangle, having given one angle, one adjacent 
side, and the difference of the other two sides. Case 1 : The side oppo< 
site the given angle less than the other unknown side. Case 2 : The side 
opposite the given angle greater than the other unknown side. 

Zbc 374. The difference between two adjacent angles of a parallelo- 
gram is 00^ ; find all the angles. 

ZSz. 375. A straight railway passes 2 miles from a certain town. A 
place is described as 4 miles from the town and 1 mile from the railway. 
Represent the town by a point and find by construction how many places 
answer the description. 

Tix. 376. Describe a circle through two given points which lie out- 
side a given line, the center of the circle to be in that line. Show when 
no solution is possible. 

Zbc 377. Construct a right triangle, given the hypotenuse and the 
difference of the other two sides. 

Zbc 378. If two sides of a triangle are unequal, the median through 
their intersection makes the greater angle with the lesser side. 

Zbc 379. Two trapezoids are equal if their sides taken in order are 
equal, each to each. 

Zbc 380. Construct a right triangle, having given its perimeter and 
an acute angle. 

Zbc 381. Draw a line such that its segment intercepted between 
two given indefinite lines shall be equal and parallel to a given finite line. 

Zbc 382. One angle of a parallelogram is given in position and the 
point of intersection of the diagonals is given ; construct the parallelo- 
gram. 
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:. 383. Construct a triangle, ^yen two sides and the median to the 
third side. 



:, 384. If from any point within a triangle lines are drawn to the 
three vertices of the triangle, the sum of these lines is less than the sum of 
the sides of the triangle, and greater than half their sum. 

385. Repeat the proof 




of Prop. XIX for two cases at 
once, using Figs. 1 and 2. 

Ez. 386. If the angle at the 
vertex of an isosceles triangle 
is four times each base angle, 
the perpendicular to the base 
at one end of the base forms Fia. 1. Fia. 2. 

with one side of the triangle, and the prolongation of the other side 
through the vertex, an equilateral triangle. 

Ez. 387. The bisector of the angle (7 of a triangle ABC meets AB 
in i>, and DE is drawn parallel to AC meeting BC \xlE and the bisector 
of the exterior angle at (7 in i^. Prove DE = EF, 

Ez. 388. Define a locus. Find the locus of the mid-points of all 
the lines drawn from a given point to a given line not passing through 
the point. 

Ez. 389. Construct an isosceles trapezoid, given the bases and one 
angle. 

Ez. 390. Construct a square, given the sum of a diagonal and one 
side. 



391. The difference of the distances from any point in the base 
prolonged of an isosceles triangle to the equal sides of the triangle is 
constant. 



392. Find a point X equidistant from two intersecting lines 
and at a given distance from a given point. 

Ez. 393. When two lines are met. by a transversal, the difference of 
two corresponding angles is equal to the angle between the two lines. 



Construct a triangle, given : 
Ez. 394. A^ Aa, la' 
Ez. 395. A, ta, Sa* 
Ez. 39o. (Z, ha^ la» 

397. a, & + c, A, 



398. 

399. 
Ez. 400. 
Ez. 401. 



a, Too, B^ 

Wc? -^c» B, 

6, c, B + 0. 
A, B,b + c 
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THE CIRCLE 

276L Del A fdrole is a plane closed figure whose boundary 
is a curve such that all straight lines to it from a fixed point 
within are equal. 

277. Def. The curve which forms 
the boundary of a circle is called the 
ofroaxnferenoe. 

278b Bef. The fixed point within 
is called the center^ and a line joining 
the center to any point on the circum- 
ference is called a radius, as QR, 

279. From the above definitions and from the definition 
of equal figures, § 18, it follows that : 

(a) AU radii of the same circle are equal, 
(6) AU radii of equal circles are equal, 
(e) All circles having equal radii are equal 

280. Def. Any portion of 
a circumference is called an 
arc, as DF^ FC, etc. 

28L Bef. A chord is any 
straight line having its ex- 
tremities on the circumfer- 
ence, as DF. 

282. Def. A diameter is a 
chord which passes through 
the center, as BC. 

283. Since any diameter is twice a radius, it follows that 
AU diameters of a cirde are equal, 
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Proposition I. Theorem 

284. Every diameter of a circle bisects the drcumfer 

ence and the circle, 

M 




Given circle AMBN with center O, and AB^ any diameter. 

To prove : (a) that AB bisects circumference AMBN\ 
(b) that AB bisects circle AMBIT. 



Arouhent 

1. Turn figure AMB on .iB as an axis until 

it falls upon the plane of AKB, 

2. Arc AMB will coincide with arc ANB. 

3. ••. arc AMB = arc ANB ; i,e. AB bisects 

circumference AMBN. 

4. Also figure AMB will coincide with figure 

ANB. 

5. /.figure J[lfB = figure ANB; i.e. AB 

bisects circle AMBN, q.e.d. 



Bbasonb 

1. §54,14. 

2. §279,0. 

3. § 18. 

4. § 279, a. 

5. §18. 



Ez. 402. A semicircle is described upon each of the diagonals of a 
rectangle as diameters. Prove the semicircles equal. 

Ex. 403. Two diameters perpendicalar to each other divide a ciicum- 
ference into four equal arcs. Prove by superposition. 

Ex. 404. Construct a circle which shall pass through two given points. 



2z. 405. Construct a circle having a given radius r, and passing 
through two given points A and B. 
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285i Def. Asaoantof acir- 
cle* is a straight line which 
cuts the circumference in two jn^, 
points, but is not terminated 
by the circumference, as JfJV. 

286. Def. A straight line 
tondies a circle, and is a tan- 
gent to it if, however far 
prolonged, it meets the circum- 
f erence in but one x)oint. This 

point is called the point of tangency. HK is tangent to circle 
O at point r, and T is the point of tangency. 

287. Def. A sector of a circle is a plane closed figure whose 
boundary is composed of two radii and their intercepted arc, 
as sector 80S, 

288. Def. A segment of a circle 
is a plane closed figure whose 
boundary is composed of an arc 
and the chord joining its extremi- 
ties, as segment DCE, 

289. Def. A segment which is 
one half of a circle is called a semi- 
drole, as segment AMB, 

290. Def. An arc which is half 

of a circumference is called a semioirctimferenoe, as arc AMB. 

291. Def. An arc greater than a semicircumference is 
called a major axo, as arc DMS; an arc less than a semicir- 
cumference is called a minor aro, as arc DC£. 

292. Def. A central angle, or angle at the center, is an angle 
whose vertex is at the center of a circle and whose sides are 
radii. 




E. 406. The line joining the centers of two circles is 6, the radii are 
8 and 10, respectively. What are the relative positions of the two circles ? 

Bx. 407. A circle can have only one center. 
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Proposition II. Theorem 

In equal circles, or in the same circle, if two cen- 
traZ angles are equal, they intercept equal arcs on the cir- 
cumferenee; conversely, if two arcs are equal, the central 
angles thai intercept them are equal. 





I. Given equal circles ABM and CDN, and equal central A 
and Q, intercepting arcs AB and CD, respectively. 

To prove JlS = Sb. 



Abguhent 

1. Place circle ABM upon circle CDN so 

that center shall fall upon center Q, 
and OA shall be coUinear with QC. 

2. A will fall upon C. 

3. OB will become collinear with QD. 

4. .\ B will fall upon D. 

5. .-. AB will coincide with 6i>. 

6. .'. AB = CD. Q.E.D. 



Rbasons 
1. §54,14. 



2. §279,6. 

3. By hyp. 

4. §279,6. 

5. §279,6. 

6. §18. 



II. Conversely : 

Given equal circles ABM and CDN, and equal arcs AB and CD^ 
intercepted by ^ and Q, respectively. 
To prove /.O = Z.Q, 



iSUOK. U 
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Abouhent 

1 Place circle ABM upon circle CDN so 
that center shall fall upon center Q. 

2. Rotate circle ABM upon as a pivot 

until AB falls upon its equal Sb, A 
upon C, B upon i). 

3. OA will coincide with QC and 05 with QD. 

4. .\ Z.0 = /. Q, Q.E.D. 



Rbabokb 

1. §54,14, 

2. §54,14. 



3. §17. 

4. §18. 



Cor. /tI' eqiwl circles, or in the same circle, if 
two central angles are unequal, the grealer angle inter- 
cepts the greater arc; conversely, if two arcs are unequal, 
the central angle thai intercepts the greater arc is the 
grealer. (Hint. Lay off the smaller central angle upon the greater.) 

295. Def. A fourth part of a circumference is called ^ 
quadrant. 

From Prop. II it is evident 
that a right angle at the center 
intercepts a quadrant on the cir- 
cumference. Thus, two ± diam- 
eters AB and CD divide the 
circumference into four quadrants, 
ACy CB, BDj and DA. 

296. Def. A degree of arc, or an 
aro degree, is the arc intercepted 
by a central angle of one degree. 

297. A right angle contains ninety angle degrees (§ 71) ; 
therefore, since equal central angles intercept equal arcs on the 
circumference, a quadrant contains ninety arc degrees. 

Again, four right angles contain 360 angle degrees, and four 
right angles at the center of a circle intercept a complete cir- 
cumference ; therefore, a circumference contains 360 arc degrees. 
Hence, a semicircumference contains 180 arc degrees. 




:. 408. Divide a given circumference into eight equal arcs ; sixteen 
equal arcs. 
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409. Divide a given circumference into six equal arcs; three 
equal arcs ; twelve equJal arcs. 

Ex. 410. A diameter and a secant perpendicular to it divide a cir- 
cumference into two pairs of equal arcs. 

Ex. 411. Construct a circle which shall pass through two given points 
A and B and shall have its centeir in a given line c. 

Ex. 412. If a diameter and another chord are drawn from a point in 
a circumference, the arc intercepted by the angle between them will be 
bisected by a diameter drawn parallel to the chord. ^ 

Ex. 413. If a diameter and another chord are drawn from a point in 
a circumference, the diameter which bisects their intercepted arc will be 
parallel to the chord. 



Pboposition III.. Theobsh 

In equal circles, or in the same circle, if two 
chords are equal, they subtend equal arcs; conversely, 
if two arcs are equal, the 'chords tha/t subtend them are 
equal. 





I. Given equal circles and Q, with equal chords AB and CD 

To prove AB == CD, 



Abouhent 

1. Draw radii OA, OB, QC, QD. 

2. In A GAB and QCD, AB = CD. 

3. OA = QC and OB = QD. 

4. .'. A GAB = A QCD. 

5. .-. Z G = Z Q. 

6. •. AB=z CD. 



Q.E.D. 



Rbasovb 

1. §54,16. 

2. By hyp. 

3. §279,6. 

4. §116. 

5. §110. 

6. §293, L 
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II. Conversely: 

Given equal circles O and Q^ and equal arcs AB and CD. 

To prove chord AB =s chord CD. 



ARGUMBirr 

1. Draw radii OA^ OB, QC, QD. 

2. AB = CD. 

3. .\ Zboa = Zdqc. 

4. 0^ = QC and OB = QD. 

5. .-. A O^LB = A QCD. 

6. .'. chord AB = chord CD. 



Q.E.D. 



Bbasohb 

1. §64,16. 

2. By hyp.. 

3. § 293, XL 

4. §279,6. 
6. §107 

6. §110. 



414. If a circmnf erence is divided into any nnmber of equal arcs, 
the chords joining the points of division will be equaL 

415. A parallelogram inscribed in a circle is a rectangle 

416. If two of tbe opposite sides of an inscribed quadrilateral 
ure equal, its diagonals are equal. 

417. State and prove tbe converse of Ex. 416. 



299. I>6f . A polygon is inacrlbed 
In a drole if all its vertices are on 
the circumference. Thus, polygon 
ABCDE is an inscribed x)olygon. 

300l I>ef. If a polygon is in- 
scribed in a circle, the drole is said 
to be Qiroiinuiorlbed about the poly- 
gon. 




418. Inscribe an equilateral hexagon in a circle ; an equilateral 
triangle. 

419. The diagonals of an inscribed equilateral pentagon are equal. 

I. 420. If the extremities of any two intersecting diameters are 
ioioed, an inscribed rectangle will be formed. Under what conditions 
will tl e rectangle be a square ? 

ZSz. 421. State the theorems which may be used in proving arcs equal 
State the t^ieorems which may be used in proving chords equaL 



120 



PLANE GEOMETRY 



Pboposition IV. Theorem 

301. In equal circles, or in the same circle, if two chords 
are unequal, the grealer chord subtends thegrealer minor 
arc ; conversely, if two minor arcs are unequal, the chord 
that subtends the greater arc is thegrecuter* 




I. Given circle 0, with chord AB > chord CD. 
To prove AB > CD, 

Abqumbnt 

1. Draw radii OJ, 05, OC, OD. 

2. In A CAB and OCD, OA = DC, OB = CD. 

3. Chord AB > chord CD. 

4. .-. Zl > Z2. 

5. .*. AB > CD. Q.E.D. 

II. Conversely: 

Given circle 0, with AB > CD. 
To prove chord AB > chord CD. 



Bbasons 

1. §54,15. 

2. § 279, a. 

3. By hyp. 

4. §173. 

5. §294 



Abouhbnt 

1. Draw radii OA, OB, OC, OD. 

2. In A OAB and OCD, OA = OC, OB = OD. 

3. AB > CD. 

4. .-. Zl > Z 2. 

6. .'. chord AB > chord CD. q.e.d. 



Rbabons 

1. § 54, 15. 

2. §279, a. 

3. By hyp. 

4. §294. 

5. §172, 



. 422. Prove the converse of Prop. IV by the indirect method 
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Pboposition V, Theobem 

302. The diameter perpendicular to a chord bisects 
the chord and also its sitbtended arcs. 






BeasodS 


1. 


§64,16. 


2. 


§ 279, a. 


3. 


§94. 


4. 


§212. 


6. 


§212. 


6. 


§75. 


7. 


§ 293, 1. 



Given chord AB and diameter CD ± AB at E. 
To prove AE = EB, AC= CBj and AD = DB. 

Aroumbnt 

1. Draw radii OA and OB, 

2. In A OAB, OA = OB. 

3. .'.A OAB is an isosceles A. 

4. .•. OZ bisects AB, and AEs=eb. 

5. Also 02? bisects Z BOJl, and Zl = Z2. 

6. .•• Zaod = ZDOi?. 

7. /. JCss CB and ulD = DB, q.e.d. 

303. Cor. I. The perpendicular bisector of a chord 
parses through the center of the circle. 

304. Cor. n. The locus of the centers of all circles 
which pass through two given points is the perpendicu- 
lar bisector of the line which joins the points. 

305. Cor. m. The locus of the mid-points of all chords 
of a circle parallei to a given line is the diameter per- 
pendicular to the line. (For complete proof, see p. 298.) 

Bz. 423. If the diagonals of an inscribed quadrilateral are unequal, its 
opposite aides are unequal. 
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Ex. 424. Through a given point within a circle construct a chord 
which shall be bisected at the point. 

Ez. 425. Given a line fulfilling any two of the five following condi 
tions, prove that it fulfills the remaining three: 

1. A diameter. 

2. A perpendicular to a chord. 

3. A bisector of a chord. 

4. A bisector of the major arc of a chord. 
6. A bisector of the minor arc of a chord. 

Tix. 426. Any two chords of a circle are given in position and magni- 
tude ; find the center of the circle. 

Eac. 427. The line passing through the middle points of two parallel 
chords passes through the center of the circle. 

428. Given an arc of a circle, find the center of the circle. 



Proposition VI. 
306. To bisect a given arc. 

A 



Problem 




Given AB^ an arc of any circle. 
To bisect AB, 

The construction, proof, and discussion are left as an 
exercise for the student. 



:. 429. Construct an arc of 45*^ ; of 80**. Construct an arc of 80**, 
using a radius twice as long as the one previously used. Are these two 
30° arcs equal ? 

Ez. 430. Distinguish between finding the *' mid-point of an arc *' and 
the ** center of an arc." 
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Proposition VII. Theorem 

307. In ecfual circles, or in the same circle, if two chords 
are equal, they are equally distant from the center; con- 
versely, if two chords are equally distant from the center ,, 
they are eqvdd. 




I. Given circle O with chord AB = chord CD, and let OE and 
OF be the distances of AB and CD from center 0, respectively 

To prove OE s OF. 

Abouhent 

1. Draw radii OB and OC. 

2. E and F are the mid-points of AB and 

CDf respectively. 

3. /. in rt. A OEB and OCF, EB = CF^ 

4. OB = OC. 

6. .*. A OEB = A OCF. 

6. .'. OE = OF. Q.E.D. 



Reasons 

1. §54,15. 

2. I 302. 

3. §54, 8a. 

4. §279,0. 

5. §211. 

6. §110, 



XL Conversely: 

Given circle with OE, the distance of chord AB from centei 
O, equal to o/', the distance of chord CD from center O. 

To prove chord AB = chord CD, 
Hint. Prove A OEB = A OCF, 



:. 431. If perpendiculars from the center of a circle to the sides of 
»n inscribed polygon are equal, the polygon is equilateral 

Ex. 432. If through any point in a diameter two chords are drawn 
making equal angles with the diameter, the two chords are equal. 
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Pboposition YIII. Theobem 

306. In equal circles, or in the scuine circle, if two 
chords are uneqiMil, the greater chord is aJt the less dis'^ 
tance from the center. 




Given circle O with chord AB > chord CD, and let OF and 
OH be the distances of AB and CD from center O, respectively. 

To prove OF < OK 



Aboumbnt 

1. From A draw a chord AE^ equal to DC. 

2. From draw 0(7 ± ^-K. 

3. Draw FQ. 

4. AB > CD, 

5. .*. AB > AE. 

6. F and Q are the mid-points of AB and 

^^, respectively. 

7. .-. AF > ^(7. 

8. .-.Zl >Z2. 

9. Z.AFO — Z.OQA. 

10. .-. Z3 <Z4 . 

11. .'. 0F< OQ. 

12. OG^rr: OIT. 

13. .-. 0F< OH. Q.E.D. 



Reasons 

1. §54,16. 

2. § 155. 

3. §54,15. 

4. § By hyp. 

5. §309. 

6. §302. 

7. §54,8 6. 

8. §156. 

9. §64. 

10. §54,6. 

11. §164. 

12. §307, L 

13. §309. 



309. Note. The student should give the full statement of the sub- 
stitution made ; thus, reason 6 above should be : ** Substituting AE fox 
its equal CD." 
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PfiOFOSITIOK IX. ThBOBBM 

(Converse of Prop. VIII) 

310. In equal circles, or in the same circle, if two cTwrds 
are uneqiuaUy distant from the center, the chord at the 
lenis distance is the greater. 




GiiMo circle O with OF^ the distance of chord AB from center 
O, less than OHy the distance of chord CD from center O. 
To prove chord AB > chord CD. 
The proof is left as an exercise for the student. 
Hint. Begin with A OGP, 

an. Cor. I. A diameter is grea;ter than any other 
chord. 

312. Cor. n. The locus of the mid-j)oints of all chords 
of a circle eqwal to a^iven chord is the circumference hav- 
ing the same center a^ the given circle, and having for ra- 
dius the -perpendicular frcnrv the center to the given chard. 



:. 433. Prove Prop. IX by the Indirect method. 

Ex. 434. Through a given point within a circle constract the mini- 
mum chord. 

Ex. 435. If two chords are drawn from one extremity of a diameter, 
making unequal angles with it, the chords are unequal. 

Ex. 436. The perpendicular from the center of a circle to a side of 
an inscribed equilateral triangle is less than the perpendicular from the 
center of the circle to a side of an inscribed square. CSee § 808.) 
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Proposition X. Theorem 

313. A tangent to a circle is perpendicular to the radius 
drawn to the point oftangency. 




A M T B 

Given line ABy tangent to circle at r, and OT^ a radius drawn 
to the point of tangency. 
To prove AB A^ OT. 



Abgumbnt 

1. Let M be any point on AB other than r; 

then M is outside the circumference. 

2. Draw OJf, intersecting the circumference 

at 8. 

3. 08 < OM. 

4. 08=0T. 

5. .-. 0T< OM. 

6. .'. OT is the shortest line that can be 

drawn from O to AB. 

7. .'. OT±AB; i.e. ABJ^OT. q.e.d. 



Reasons 

1. § 286. 

2. §54,15. 

3. §64,12. 

4. § 279, a. 

5. § 309. 

6. Arg. 5. 

7. § 165. 



314. Cor. I. (Converse of Prop. X). A straight line 

perpendicular to a radius a^ its outer extreniity is tangent 

to the circle. 

Hint. Prove bythe indirect method. In the figure for Prop. X, 
suppose that AB \a not tangent to circle at point 7; then draw CD 
through 7, tangent to circle 0. Apply §63. 

315. Cor. n. A perpendicular to a tangent at the point 
oftangency passes through the center of the circle. 
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316. Cor. m. A line drawn from the center of a circle 
perpendiciilar to a tangent passes through the point of 
tangency. 

317. Def. A polygon is ciroum- 
Bciibed about a circle if each side 
of the polygon is tangent to the 
circle. In the same figure the 
circle is said to be inscribed in the 
polygon. 




:. 437. The perpendiculars to the 
sides of a circumscribed polygon at tlieir 
points of tangency pass through a com- 
mon point. 

Ex. 438. The line drawn from any vertex of a circumscribed polygon 
to the center of the circle bisects the angle at that vertex and also the 
angle between radii drawn to the adjacent points of tangency. 

Ex. 439. If two tangents are drawn from a point to a circle, the 
bisector of the angle between them passes through the center of the circle. 

Ex. 440. The bisectors of the angles of a circumscribed quadrilateral 
pass through a common point. 

Ex. 441. Tangents to a circle at the extremities of a diameter are 
parallel. 

Proposition XI. Pboblem 

318. To construct a tangent to a circle a^ any given 
point in the circumference. 

The construction, proof, and discussion are left as an exer- 
cise for the student. (See § 314.) 



Ex. 442. Construct a quadrilateral which shall be circumscribed about 
a circle. What kinds of quadrilaterals are circumscribable ? 

Ex. 443. Construct a parallelogram which shall be inscribed in a 
circle. What kinds of parallelograms are inscribable ? 

Ex. 444. Construct a line which shall be tangent to a given circle 
and parallel to a given line. 

Ex. 445. Construct a line which shall be tangent to a given circle 
and perpendicular to a given line. 
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319. Def. The length of a tangent is the length of Um 8eg< 
ment included between the point of tangency and the point 
from which the tangent is drawn; as TP in the following figure. 

Proposition XIL Theobbm 

320. If two tangents are drawn prom any given poin^ 
to a eirde, these tangents are eqiMxl. 



Given PT and PS, two tangents from point P to cirde 0» 

To prove PT= P8. 

The proof is left as an exercise for the student. 



446. The sum of two opposite sides of a cireumsorlbed quadrilat- 
eral is equal to the sum of the other two sides. 

~ Bz. 447. The median of a circumscribed trapezoid Is one fourth the 
perimeter of the trapezoid. 

Bz. 448. A parallelogram circumscribed about a oirde Is either a 
rhombus or a square. 

Ez. 449. The hypotenuse of a right triangle circumscribed about a 
circle is equal to the sum of the other two sides minus a diameter of the 
circle. 

Bx. 450. If a circle is inscribed in any triangle, and if three triangles 
are cut from the given triangle by drawing tangents to the circle, then 
the sum of the perimeters of the three triangles will equal the perimeter 
of the given triangle. 
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Pboposition XIIL Problem 

To inscribe a circle in a given triangle. 

B 




Given A ABC, 

To inscxlbe a circle in A .IB C 



L Conatructioii 

1. Construct AE and C2>, bisecting A CAB and BCA^ respec- 
tively, § 127. 

2. AE and CD will intersect at some point as O. § 194 

3. From O draw 0^± AC. § 149. 

4. With O as center and OF as radius constmot circle FQB, 

5. Circle FQH is inscribed in A ABC. 

IL The proof and discussion are left for the student. 

322. Def. A circle which is tangent to 
one side of a triangle and to the other two 
sides prolonged is said to be escribed to the 
triangle. 




Ex. 451. Problem. To escribe a circle to a 
given triangle. 

Ez. 452. (a) Prove that If the lines that bi- 
sect three angles of a quadrilateral meet at a com- 
mon point P, then the line that bisects the remaining angle of the quadri- 
lateral passes through P. (&) Tell why a circle can be inscribed in this 
particular quadrilateral. 

:. 453. In triangle ABG^ draw XT parallel to BG so that 

xr+5(7=B-5+ or. 

;. 454. Inscribe a circle in a given rhombus. 



130 PLANE GEOMETRY 
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Proposition XIV. Problem 
323. To circumscribe a circle about a given triangle* 




\ 



Given A ABC, 

To circumscribe a circle about A ABC, 

The construction^ proof^ and discussion are left as an exercise 

for the student. 

324. Cor. Three points not in the same straight line 
determine a circle. 



:. 455. Discuss the position of the center of a circle circumscribed 
about an acute triangle ; a right tnangle ; an obtuse triangle. 

:. 456. Circumscribe a circle about an isosceles trapezoid. 

:. 457. Given the base of an isosceles triangle and the radius of 
the circumscribed circle, to construct the triangle. 

Ex. 458. The inscribed and circumscribed circles of an equilateral 
triangle are concentric. 

Ex. 459. If two common external tangents or two common internal 
tangents are drawn to two circles, the segments of these tangents inter- 
cepted between the points of contact are equal. 

Ex. 460. The two segments of a secant which are between two con- 
centric circumferences are equal. 

Ex. 461. The perpendicular bisectors of the sides of an inscribed 
quadrilateral pass through a common point. 

Ex. 462. The bisector of an arc of a circle is determined by the center 
of the circle and another point equidistant from the extremities of the 
chord of the arc. 

Ex. 463. If two chords of a circle are equal, the lines which connect 
their mid-points with the center of the circle are equal. 
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TWO CIRCLES 

* 

Def. The line determined by the centers of two 
circles is called their line of centers or center-line. 

326. Def. Concentric circles are circles which have the 
same center* 

Pboposition XV. Theorem 

327. If two circwnvferences meet at a -point which is not 
an their line of centers, they also meet in one other point. 

M 

"^ N 




Given circumferences M and i^ meeting at P^ a point not on 
tlieir line of centers OQ. 

To prove that the circumferences meet at one other point, 

as B, 

Abouiobht 

1. Draw OP and QP. 

2. Eotate A OPQ about OQ as an axis nntil 

it falls in the position QRO. 

3. Oi? = OP =3 a radius of circle Jtfl 

4. .'. R is on circumference M» 

5. Also Qi? = QP = a radius of circle N. 

6. .•. R is on circumference N. 

7. .•• R is on both circumference M and 

circumference N\ te. circumferences 
M and JT meet at R. q.e.]>. 



Reasoits 

1. 164,15. 

2. §54,14 

8. By cons. 

4. §279,0. 

5. By cons. 

6. §279, a. 

7. Args. 4 and 6. 



32& Cor. I. If two circumferences intersect, their line 
of centers bisects their common chord at right angles. 
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K Cor. n. If two circumferences rrveet at one pomt 
only, that point is on their line of centers. 

Hint. If they meet at a point which is uot on their line of centers, 
they also meet in another point (§ 327). This contradicts the hypothesis. 

330. Def. Two circles are said to touch or be tangent to eacli 
other if they have one and only one point in common. They 
are tangent internally or externally according as one circle lies 
within or outside of the other. 









Tangent externally. Tangent internally. Concentrlo. 

33L From § 330, Cor. II may be stated as follows : 

If two circles are tangent to each other, their common point lies 
on their line of centers. 

332. Cor. m. If two circles are tangent to edch otherp 
they have a common tangent line at their point ofcon^KUst. 

Hint. Apply §814. 

333* Def. A line touching two circles is called an external 
common tangent if both circles lie on the same side of it ; the 
line is called an internal common tangent if the two circles lie 
on opposite sides of it 





Fia. 1. 



Fio.2. 



Thus a belt connecting two wheels as in Fig. 1 is an illus^ 
tration of external common tangents, while a belt arranged as 
in Fig. 2 illustrates internal common tan&:ents. 
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334. QueBtfons. In case two circles are tangent internally how 

many common tangents can be drawn? in case their circumferences 
intersect? in case they are tangent externally? in case they are 
wholly outside of each other ? in case one is wholly within the other ? 



:. 464. If two circles intersect, their line of centers bisects the 
an^es between the radii drawn to the points of intersection. 

Its. 465. H the radii of two intersecting circles are 5 inches and 
8 inches, what may be the length of the line joining their centers? 

XSz. 466. If two circles are tangent externally, tangents drawn to 
them from any point in their common internal tangent are equal. 

The, 467. Two circles are tangent to each other. Construct their com- 
mon tangent at their point of contact. 

Ez. 468. Construct a circle passing through a given point and tan- 
gent to a given circle at another given point. 

Its. 469. Find the locus of the centers of all circles tangent to a given 
eircle at a givenpoint. 

MEASUREMENT 

335. Def. To measure a quantity is to find how many times 
it contains another quantity of the same kind. The result of 
the measurement is a number and is called the numerical 
measure, or measure-number, of the quantity which is measured. 
The measure employed is called the unit of measure. 

Thus, the length or breadth of a room is measured by find- 
ing how many feet there are in it; Le. how many times it con- 
tains a foot as a measure. 

336. It can be shown that to every geometric magnitude 
there corresponds a definite number called its measure-number. 
The proof that to every straight line segment there belongs a 
measure-number is found in the Appendix, § 595. The method 
of proof there used shows that operations with measure-numbers 
follow the ordinary laws of algebra. 

337. Def. Two quantities are commensurable if there 
exists a measure that is contained an integral number of 
times in each. , Such a measure is called a common measure 
of the two quantities. 
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Thus, a yard and a foot are commensurable, each containing 
an inch a whole number of times; so, too, l^i inches and 
18| inches are commensurable, each containing a fourth of an 
inch a whole number of times. 



Questions. If two quantities have a common measure, haw 
many common measures have they ? Name some common measures of 
12^ inches and 18| inches. What is their greatest common measure? 
What is their least common measure ? 

339. Def. Two quantities are incommeiuiurable if there 
exists no measure that is contained an integral number of 
times in each. 

It will be shown later that a diagonal and a side of the same 
square cannot be measured by the same unit, without a re- 
mainder; and that the diagonal is equal to V2 times the 
numerical measure of the side. Now V2 can be expressed 
only approximately as a simple fraction or aa a decimal. It 
lies between 1.4 and 1.5, for (1.4)^ = 1.96, and (1.6)« = 2.26. 
Again, it lies between 1.41 and 1.42,* between 1.414 and 1.415, 
between 1.4142 and 1.4143, and so on.- By repeated trials 
values may be found approximating more and more closely 
to V2, but no decimal number can be obtained that, taken twice 
as a factor, will give exactly 2. 

340. When we speak of the ratio of one quantity to 
another, we have in mind their relative sizes. By this is meant 
not the difference between the two, but Jiow many times one con- 
tains the other or some aliquot part of it. In algebra the ratio 
of two numbers has been defined as the indicated quotient of 
the first divided by the second. Since to each geometric mag- 
nitude there corresponds a number called its measure-number 
(§ 336), therefore : 

341. Def. The ratio of two geometric magnitudes may be 

defined as the quotient of their measure-numbers, when the 
same measure is applied to each. 

* The student should multiply to get the suocesslTe approximations. 
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ThoB, if the length of a room is 36 feet and the width 27 f eet, 
the ratio of the length to the width is said to be the ratio of 
36 to 27; le. ff^ which is equal to f. The ratio of the width 
to the length is ^y which is equal to |. The term ratio is 
never applied to two magnitudes that are unlike. 

342. Def. If the two magnitudes compared are commen- 
surable^ the ratio is called a commensurable ratio and can 
always be expressed as a simple fraction. 

343. Def. If the two magnitudes compared are incommen- 
surable^ the ratio is called an incommensurable ratio and can 
be expressed only approximately as a simple fraction. Closer 
and closer approximations to an incommensurable ratio may 
be obtained by repeatedly using smaller and smaller units as 
measures of the two magnitudes to be compared and by finding 
the quotient of the numbers thus obtained. 

Two magnitudes, e.g. two line segments, taken at random are 
usually incommensxirabley commensurability being compara- 
tively rara 

344. ffifltoiloa3 Note. The discovery of tnoommensmrable magni- 
tudes is ascribed to Pythagoras, whose followers for a long time kept the 
discovery a secret. It is believed that Pythagoras was the fLvst to prove 
that the side and diagonal of a square are incommensurable. A more 
complete account of the work of Pythagoras will be found In 1 510, 



4f0. What is the greatest common measure of 48- inches and 
18 inches? WQl it divide 48 Inches -* 18 inches? 48 Inches- 2 x 18 
hashes? 



471. Draw any two line segments which have a common meas- 
ure. Find the sum of these lines and, by laying off the common measure, 
show that it is a measure of the sum of the lines. 



472. Given two lines, 5 inches and 4 inches long, respectively. 
Show by a diagram that any common measure of 5 inches and 4 inches is 
also a measure of 15 inches plus or minus 8 inches. 

Ez. 473. Find the greatest common diviso^of 728 and 844 by division 
and point out the similarity of the process to that used in Prop XVl 
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Proposition XVI. Problem 

345. To determine whether two given lines are commen- 
surable or not; and if they are commensurable, to find 
their common mea,8ure and their ra^bio. 

A F B 

C E G D 

I .1 III LJ 

Glv«n lines AB and CD. 

To detemiine: (a) whether AB and CD are commensurable 

and if so, 

(b) 'what is their common measure ; and 

(c) what is the ratio of AB to CD. 

I. Coiistruction 

1. Measure off AB on CD as many times as possible. Sup- 
pose it is contained once, with a remainder ED, 

2. Measure off ED on AB as many times as possible. Sup- 
pose it is contained twice, with a remainder FB. 

3. Measure off FB on ED as many times as possible. Sup- 
pose it is contained three times, with a remainder OD. 

4. Measure off GD on FB as many times as possible, and so on. 
6. It is evident that this process, will terminate only when 

a remainder is obtained which is a measure of the remainder 
immediately preceding. 

6. If this process terminates, then the two given lines are 
commensurable, and the last remainder is their greatest com- 
mon measure. 

7. For example, if OD is a measure of FB, then AB and CD 
are commensurable, OD is their greatest common measure, and 
the ratio of AB to CD can be found. 



II. Proof 



Aboumbnt 



1. Suppose FB = 2 Cff), 

2. JD = -Sa -h QD. 



Rbasovb 

1. See I, 7. 

2. §54,11. 
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3. .\ED = 5fB-{' GD=i7 0D. 

4. AB=z2ED-\' FB. 

5. .-. ab = 14:GD'\-2gd = 16 OD. 

6. CD=sAB + ED. 

7. .-. CD =16 QD + 7 QD==2S OD. 

8. .*. AB and CD are commensurable. 

9. Also, GD is a common measure of AB 

and CD. 
10. The ratio of AB to CD = the ratio of 

16 GD to 23 (?D = ^. Q.E.D. 



3. §309. 

4. §64,11. 

5. §309. 

6. §54,11. 

7. §309. 

8. §337. 

9. Args. 5 and 

7. 

10. §341. 



III. A full discussion of this problem will brf found in the 
Appendix, § 598. 



CONSTANTS AND VARIABLES. LIMITS 

346. Consider an isosceles triangle ABC, whose base is AC 
and whose altitude is LB. Keeping the base AC the same (con- 
stant), suppose the altitude to change (vary). 

If LB increases, what will be the 
effect upon the lengths of AB and CB ? 
what the effect upon the base angles ? 
upon the vertex angle ? Will the base 
angles always be equal to each other? 
What limiting value have they ? Is the 
base angle related to half the vertex 
angle or are the two independent ? 
What relation is there ? Is this relation 
constant or does it change ? 

Imagine the altitude of the triangle to diminish. Repeat the 
questions given above, considering the altitude as decreasing. 
What is now the limiting value for the altitude? what for the 
length of one of the equal sides ? for the base angles ? for the 
angle at the vertex ? 




c. 474. Consider an isosceles triangle with a constant altitude and 
a variable base. Repeat the questions given above. 
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:. 475. Coiisider an Isosceles triangle with constant base angles, 
but variable base. Tell what other constants and what other variables 
there wonld be in this case. 

Its. 476. If through any point in the base of an isosceles triangle 
lines are drawn parallel to the equal sides of the triangle, a parallelo- 
gram will be formed whose perimeter will be constant; t'.e. the perimeter 
will be independent of the position of the point. 



347. Def. A ma^itude is constant if it does not change 
throughout a discussion. 

34& Def. A magnitude is variable if it takes a series of 
different succdissiye values during a discussion. 

349l Def. If a variable approaches a constant in such a way 
that the difference between the variable and the constant may 
be made to become and remain smaller than any fixed number 
previously assigned, however small, the constant is called the 
limit of the variable. 

350. The variable is said to approach its limit as it becomes 
more aud more nearly equal to it. Thus, suppose a point to 
move from A toward B, by 

successive steps, under the ^^ ^ 9 F ? 

restriction that at each 

step it must go over one half the segment between it and B. At 
the first step it reaches C, whereupon there remains the segment 
CB to be traveled over ; at the next step it reaches 2>, and there 
remains an equal segment to be covered. Whatever the number 
of steps taken, there must always remain a segment equal to 
the segment last covered. But the segment between A and the 
moving point may be made to differ from AB by as little as we 
please, i.e, by less than any premonsly assigned value. For assign 
some value, say, half an inch. Then the point, continuing to 
move under its governing law, may approach B until there 
remains a segment less than half an inch. Whatever be the 
value assigned, the variable segment from A to the moving 
point may be made to differ from the constant segment AB by 
less than the assigned value. 
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Again, the nnmbers in (he series 4, 2, 1, ^, {j ^ eto., in which 
each term is one half of the preceding term, approach as a 
iimit as the number of terms in the series is increased. For if 
we assign any value, as YTihnff ^^ ^ evident that a term of the 
series may be found which is less than Tuhn^f ^^ ^ ^^ evident 
that no term of the series can become 0« 

351. In elementary geometry the variables that approach 
limits are usually such that they cannot attain their limits. 
There are, however, variables that do attain their limits. The 
limiting values of algebraic expressions are frequently of this 

kind; thus, the expression -- — - approaches 1 as a? approaches 

0, and has the limit 1 when x becomes zera 

352. Def. Two variables are said to be related when one 
depends upon the other so that, if the value of one variable is 
known, the value of the other can be obtaineA 

For example, the diagonal and the area of a square are re» 
lated variables, for there is a value for the area for any value 
which may be given to the diagonal, and vice veracu 

353. Questions. On the floor is a bushel of sand. If we keep adding 
to this pile forever, how large will it become f Does it depend upon the 
law governing oar additions ? If we add one quart each hour, how large 
will it become ? If we add one quart the first hour, a half quart the second 
hoar, a fourth quart the third hour, etc., each hour adding one half as 
much as the preceding hour, how large will the pile become ? 

354. Historical Nota Achilles and the Tortoise. One of the 
early Greek schools of mathematics, founded during the fifth century 
B.C., at Elea, Italy, and known as the Eleatic School, was famous for 
its investigations of problems involving infinite series. Zeno, one of the 
most prominent members, proposed this question: He *' argued that if 
Achilles ran ten times as fast as a tortoise, yet if the tortoise had (say) 
1000 yards start,, it could never be overtaken : for, when Achilles had 
gone the 1000 yards, the tortoise would still be 100 yards in front of him ; 
by the time he had covered these 100 yards, it would still be 10 yards In 
front of him ; and so on forever : thus Achilles would get nearer and 
nearer to the tortoise but never overtake it.'* Was Zeno right ? If not, 
can you find the fallacy in his argument ? 
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Pboposition XVII. Theorem 

355. If two variables are always equal, and if eojch ajh 
proaches a limit, then their limits are equal. 

Given two variables, V and F', which, are always equal and 
which approach as limits L and L% respectively. 

To prove L s L\ 



Abouhbnt 

1. Either X =ai', or irjfri'. 

2. Suppose that one limit is greater than 

the other, say i > Z»' ; then F, in ap- 
proaching i, may assume a value be- 
tween i' and L\ i,e. V may assume a 
value > L'. 

3. But F' cannot assume a value > L\ 

4. ,*. F may become > F'. 

5 But this is impossible, since F and f' 
are always equal. 

6. .*• LssLK Q.E.D. 



Kbasons 

1. §161,ck 

2. §349. 



3. § 349. 

4. Args. 2 and 3. 

5. By hyp. 

6. §161,5. 



356. Qaestion. In the above proof are V and V increasing or de- 
creasing variables ? The student may adapt the argument above to the 
case in which V and V are decreasing variables. 



477. Apply Prop. XVII 
to the accompanying figure, 
where variable V is represented 
by the line AB, variable F' by 
the line CD, limit L by line AE, 
and limit L' by line CF. 



B 



H 



E 



D 



357. Note. It will be seen that, in the application of Prop. XVH, 
there are three distinct things to be considered : 

(1 Two variables that are always equal; 

(2) The limits of these two variables ; 

(8) The equality of these limits themselves. 
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Pboposjtion XVIIL Theobeh 

358. An angle cub the center of a circle is measured 
by its intercepted arc. 




Given central Z.AOB and AB intercepted by it; let ACOE be 
any unit Z (e.gr. a degree), and let CZ, intercepted by the unit Z, 
be the unit arc. 

To prove the measure-number of Z.AOB, referred to AcOEy 
equal to the measure-number of JL-B, referred to CR 

L If Z^O-B and ZCO^ are commensurable. 

(a) Suppose that Z.COE is contained in Z.AOB an integral 
number of times. 



Argument 

1. Apply Z COE to Zaob as a measure. 

Suppose that Z.COE is contained in 
Z AOB r times. 

2. Then r is the measure-number of Z. AOB 

referred to ACOE ad a unit. 

3 Now the r equal central A which com- 
pose Z.AOB intercept r equal arcs on 
the circumference, each equal to CE, 

4. .•. T is the measure-number of AB re- 
ferred to QE as a unit. 

6. .•. the measure-number of Aaob^ re- 
ferred to Z.COE as a unit, equals the 
measure-number of AB, referred to 
CE as a unit. q.e.d. 



Rbjlsons 

1. §335. 

2. §336. 

3. §293,L 



4. §835. 

5. §54,1. 



142 



PLANE GEOMETRY 




L If Z AGS and Z COE are commensurable. 

(6) Suppose that Z COE is not contained in Z AOB an integra 

number of times. The proof is left as an exercise for the 

student. 

Hint. Some aliquot part of /.COE must be a measure of ZAOB 
(Why?) Try i ZCOE,\ ZCOE, etc 

n. If Zaob and Z COE are incommensurabla 




Aboumbnt 

1. Let Z 1 be a measure of Z COE. Ap- 

ply Zl to Z AOB as many times as 
possible. There will then be a re- 
mainder, ZFOBy less than Zl. 

2. ZaoF and Z COE are commensurable. 

3. •% the measure-number of Z AOF, re- 

ferred to Z COE as a imit, equals the 
measure-number of A^'y referred to 
^ as a unit 



BsASOirs 
1. §339. 



2. §337. 

3. §358^1 
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RsAsoim 

4 sass. 



ff. S294 

6. Arg8.4and6. 



Argumbnt 

i Now take a smaller measure of ZCOE. 
No fnatter how small a measure of 
Z, COE is taken, when it is applied as 
a measure to Z.AOBy the remainder, 
jLfob^ will be smaller .than theZ 
taken as a measure. 

6. Also fi will be smaller than the arc in- 
tercepted by the Z taken as a measure. 

8. .% the difference between Z.AOF and 
Z.AOB may be made. to become and 
remain less than any previously as- 
signed Z, however small; and like- 
wise the difference between S^ and 
JS, less than the arc intercepted by 
the assigned Z. 

7. ••• Z AOF approaches Z ^0^ as a limit, 
and i5* approaches AB as a limit. 

8. Hence the measure-number of Aaof 
approaches the measure-number of 
/Laob as a limit, and the measure- 
number of AF^ approaches the meas- 
ure-number of ^ as a limit. 

But the measure-number of Aaof is 
always equal to the measure-number 
of i?. 

.•, the measure-number of Z.AOB, re- 
ferred to Z.COE as a unit, equals the 
measure-number of JS, referred to 
CE as a unit. q.b.d. 

359. If a magnitude is variable and approaches a Umit, then^ 
%8 the magnitiale varies, the successive measure-numbers of the 
variable approach as their limit the measure-number of the limit 
of the magnitude, 

(This tbeorem will be found in the Appendix, § 697.) 



10. 



7. SS49. 
& §S59. 



9. Arg;& 



10. §355. 
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360* Cor. In equal circles, or in the same circle, two 
angles a/t the center have the same ratio as their inters 
cepted arcs. 

Hint. The measure-numbers of the angles are equal respectively to 
the measure-numbers of their intercepted arcs. Therefore the ratio of 
the angles is equal to the ratio of the arcs. 



:. 478. Construct a secant which shall cut off two thirds of a given 
circumference* 



:. 479. Is the ratio of two chords in the same circle equal to the 
ratio of the arcs which they subtend ? Illustrate your answer, using a 
semicircumference and a quadrant. 



The symbol oc will be used for is measured by. oc is 
the symbol of variation, and the macron (— ) means long or 
length. Hence oc suggests varies as the length of* 



From § 336 it follows directly that : 

(a) In eqv/oil circles, or in the same circle, equal angles are 
measured* by equal arcs; conversely, equal arcs measure equal 
angles. , ^ 

(6) The measure of the I \ of two angles is equal to 

{% V aijjereYice j 

j.^ f of the measures of the angles, 

(c) The measure of any multiple of an angle is equal to that 
same multiple of the measure of the angle. 

363. Def An angle is said to be inscribed la a circle if its 

vertex lies on the circumference and its sides are chords. 

364. Def. An angle is said to be inscribed in a segment of 
a circle if its vertex lies on the arc of the segment and its 
sides pass through the extremities of that arc. 

* It Is, of coarse, Inaccurate to speak of measaring one magnltade by another magnitude 
of a different kind ; but, In this case, It has become a convention so general that the 
student needs to become familiar with it. More accurately, in Prop. XVIII, the measure* 
number of an angle at the center, referred to any unit angle, is the same as the measure 
ntimber of its Intercepted arc when the unit arc is the arc intercepted by the unit angle. 
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Proposition XIX. Theorem ' 

365. An inscribed angle is rneasicred by one half its 
intercepted arc. 

B B B 





Fig. 2. 




Given inscribed Z ABC. 

To prove that Z ABC ^ \ AC. 

I. Let one side of Z ABC, as AB, pass through the center of 
the circle (Fig. 1). 



Argument 

1. Draw radius OC. 

2. 0B = 0C. 

3. .•.Z1 = Z2. 

4. Z1 + Z2 = Z3. 

5. .•.2Z1 = Z3. 

6. .•.Z1=^Z3. 

7. But Z 3 oc ic. 

8. .-. I Z 3-or Z 1 oc ^ ic; 

i.€. Z J-BC oc ^ ic7. 



Q.E.D. 



Reasons 

1. §54,15. 

2. §279, a. 

3. §111. 

4. §215. 

5. §309. 

6. §54, 8oL 

7. §358. 

8. §362, c 



II. Let center lie within Z ^5(7 (Fig. 2). 

III. Let center O lie outside of Z ABC (Fig. 3). 

The proofs of II and III are left as exercises for the student. 

Hint. In Fig. 2, what is the measure of Z 4 ? of Z 5 ? What, then, 
is the measure of Z ABC? In Fig. 3, what is the measure of Z XBC? 
of Z XBA ? What, then, is the measure of z ABO ? 
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Fia. 1. 



Fig. 2. 




366. Cor. I. All oingles inscribed in the same segment 
are equal, (See Fig. 1.) 

367. Cor. n. Anj/ angle inscribed in a semicircle is a 

right angle. (See Fig. 2.) 

368. Cor. m. The locus of the vertex of a right trU 
angl^ having a given hypotenuse as base is the circum- 
ference having the same hypotenuse as diameter. 

369. Cor. rv. Any angle inscribed in a segment less 
than a semicircle is an obtuse angle, (See Fig. 3.) 

370. Cor. V. Any angle inscribed in a segment greater 
than a semicircle is an Ojcute angle. (See Fig. 3.) 



Ex. 480. If an inscribed angle contains 24 angle degrees, how many 
arc degrees are there in the intercepted arc ? how many in the rest of 
the circumference ? 

Ex. 481. If an Inscribed an^e intercepts an aio of 70^, how many 
degrees are there in the angle ? 

Ez. 482. How many degrees are there in an angle Inscribed in a seg 
ment whose arc is 140** ? 



483. Construct any segment of a circle so that an angle hiscribed 
in it shall be an angle of : (o) 60° ; (6) 45° ; (c) 80°. 

Iiz. 484. Repeat Ex. 483, using a given line as chord of the segment. 
How many solutions are there to each case of Ex. 488 ? how many to 
each case of Ex. 484 ? 

Ex. 485. The opposite angles of an inscribed quadrilateral are sup 

piemen tary. 



Bz. 486. U the dlKroeter of a circle to one of the equal iddes of an 
toOBCelea trian^e, the circniiiiereDce will bisect the base of the triangle. 

EbE. 467. By meaoB of a circle constroct a right triangle, given, the 
bypoi«nufie and an ann. 

Bz. 488. B7 means of a circle constraot a right trirmgle, given the 
hypotenuse and an adjacent angle 

Sz. 489. Constmct a ri^t triangle, Itftving given the l^ixiteniue and 
the alUtndc npon the hypotenuae. 



371. HlatoTlcal IToto. Thalee (M(*-646 b.o.), Ibe founder of Uw 
eariieet Greek school of mattie- 
matlcB, la said to have discov. 
ered tliat all triangles having 
a diameter of a elude as base, 
ivitli their verticcfl on the clr- 
cnmfereDce, have their vertex 
angles right angles. Thales 
was one ot the Seven Wise 
Men. He had mnch business 
Bbrendneaa and sagacity, and 
waa renowned for his piacti- 
oal and political abiUty. He 
went to Bgypt In bis yontb, 
and while there studied geom- 
etry and astronomy. The 

■tory Is told that one day whUe Thalbs 

viewing Uie etars, he fell into 

a dltcb ; wberenpon an old woman a^, " How canst thon know what to 
doing in the beavens, when thou aeest not what Is at thy feet ? " 

According to Plutarch, Thales computed the height of the Pyramids of 
Egypt from mBaBuremenla of their sliadovrs. Plutarch gives a dialogue in 
which Tiialea is addressed tbns, "Placing yonr stick at the end of the 
diadow of the pyramid, yon made by the same rays two triangles, and 
•o proved that the height of the [^ramid was to the length of the stick 
aa the shadow of the pyramid to the shadow of the stick," This compn. 
tatinn was regarded by the Egyptians as quite remarkable, since they were 
not familiar with applications of abstract science. 

The geometry of the Greeks was in general ideal and speculative, the 
Greek mind being more attracted by beanty and by alietract lelationf 
than hj Q16 practical aflaln of eTeijdar life. 



148 



PLANE GEOMETRY 



Proposition XX. Pboblem 

372. To construct a perpendicidar to a given straight 
line at a given point in the line, 

(Second method. For another method, see § 148.) 



/ 



/ 
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Given line AB and P, a point in AB, 
To coDatruct a ± to AB at P. 

I. ConBtmction 

1. With O, any convenient point outside of AB, as center, 
and with OP as radius, construct a circumference cutting AB 
at P and Q. 

2. Draw diameter QM. 

3. Draw PM. 

4. Pifis±XBatP. 

II. The proof and discussion are left as an exercise for the 
student. 

The method of § 372 is useful when the point P is at or 
near the end of the line AB, 



Ex. 490. Constract a perpendicular to line AB at its extremity B^ 
without prolonging AB, 



:. 491. Through one of the points of intersection of two circumfer- 
ences a diameter of each circle is drawn. Prove that the line joining the 
ends of the diameters passes through the other point of intersection. 
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Pboposition XXI. Pbobleh 

373. To construct a tangent to a circle from sb point out* 
side* 



/ 



/ 



^•^ ^ 



X 



Given circle and point P outside the circle. 
To construot a tangent from P to circle 61 

L Copstruction 

1. Draw PO. 

2. With 0, the mid-point of PO^ as center, and with QO as 
radius, construct a circumference intersecting the circumference 
of circle O in points T and r. 

3. Draw PT and PF. 

4. PT and PFare tangents from P to circle Ot 

n. The proof and discussion are left as an exercise for the 
student. 

Hint. Draw Or and OF and apply § 867. 



:. 492. Circumscribe an isosceles triangle about a given circle, the 
base of the isosceles triangle being equal to a given line. What restric- 
tion is there on the length of the base ? 

Ez. 493. Circumscribe a right triangle about a given circle, one arm 
of the triangle being equal to a given line. What is the least length 
possible for the given line, as compared with the diameter of the circle ? 

Ez. 494. If a circumference M passes through the center of a circle 
B^ the tangents to ^ at the points of intersection of the circles intersect 
on circumference M, 

Ex. 495. Circumscribe an isosceles triangle about a circle, the altitude 
upon the base of the triangle being given. 
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496. Construct a common external tangent to two giTen clioleii 

T y X 

V 




'Given circles 3fri? and JVra. 

To conBtruct a common external tangent to QlicleB MTS and JfVA 

I* ConBtractlon 

1. Draw the line of centers OQ. 

2. Suppose radius OM > radius Q2V. Then, with O as eenter and 
with OL = OM— QiV as radius, construct circle LPK, 

3. Construct tangent QP from point Q to circle LPK, § 878» 

4. Draw OP and prolong it to meet circumference MTB at 7! 
6. Draw QVWOT, §188. 

6. Draw TV. 

7. TV is tangent to circles MTB and NVS* 

n. The proof and discussion are left as an exercise for the student 



. 497. Construct a second common external tangent to ciides MTB 

and NVS by same .^ 

^^^ ^^^ 5c ^^^ 



v%. 



method. How is the 
method modified if the 
two circles are equal ? 

Ex. 498. Construct a 
common internal tangent 
to two circles. 

Hint. Follow steps 
of Ex. 496 except step 2. 
Make OL = OM-\-QN'. 

Ez. 499. By moving 
Q toward in the preceding figure, show when there are four common 
tangents; when only three ; when only two ; when onlv one ; when none. 
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Pbofosition XXII. Problem 

374. WUhagiven line as chord, to construct a segment 
of a circle capable of containing a given angle. 




B 




-X- 



Given line AB and Z if. 

ToooDstmcty with AB as 
chord, a segment of a circle 
capable of containing Z if. 

I. Construction 

1. Construct an Z, as ZCDEy equal to the given Z.M. § 125. 

2. With JSr, any convenient point on DE^ as center and with 
AB as radius, describe an arc cutting DC at some point, as K. 

3. Draw HK. 

4. Circumscribe a circle about AKDR, § 323. 

6. Segment KDH is the segment capable of containing Z Jf. 

H. The proof and discussion are left to the student. 

375. Qnestions. Without moving AB, can you construct a A with 
AB as base and a vertex ^ = Z M? What is the sum of the base A ? 

376. Cor. The locus of the vertices of all triangles hav- 
ing a given hose and a given angle ai their vertices is the 
arc which forms, with the given base, a segment capable 
of containing the given angle. 



:. 500. On a given line constract a segment that shall contain an 
angle of 106*^ ; of 136*». 

Ex. 501. Find the locus of the vertices of all triangles having a com- 
mon base 2 ii^ches long and having their vertex angles equal to 60^. 

502. Construct a triangle, having given b, ^, and B- 
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Pbopositiok XXIIL Theorem 

377. An cavgle formed hy two chords which Intersect 
within a circle is Trveasured by one half the sum of the arc 
intercepted between its sides and the are intercepted be- 
tween the sides of its vertical angle* 




Given two chords AB and CD, intersecting at JL 
.Toprove thatZlQS |(i^ + io). 



Abovmbiit 

1. Draw AD. 

2. Zl=Z2 + Za 

a Z22si^. 

6. A Z2 + Z3SC ^(§b + ^. 
ft .•.ZlosJ(iB + i^. 



9«B.I>. 



BBAsom 

1. 154,16. 

2. §215. 
a §365. 
4 §365. 

5. §362,6. 

6. §309. 



503. One angle formed by two intersecting chords intercepts an 
arc of 40^. Its vertical angle intercepts an arc of 60^. How large is the 
tmgle? 

Ex. 504. If an angle of two intersecting chords is 40^ and its inter* 
cepted arc is 80^, how large is the opposite arc? 

Ex. 505. If two chords intersect at right angles within a circnmfer« 
ence, the sam of two opposite intercepted arcs is equal to a semicircum- 
ference. 

Ex. 506. If M is the center of a circle inscribed in triangle ABO and 
if AM is prolonged to meet the circumference of the circumscribed circle 
at Z>, prove that BD = DM = DO. 
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Proposition XXIV. Theorem 

378. An an^le formed by a tangent and a chord is 
measured hy one half its intercepted arc. 



E 




Given Zabc formed by tangent AB and chord BO. 
To prove that Z.ABC 9? J ^. 



Argumbnt 

1. Draw diameter BD, 

2. A ABB is a rt. Z. 

3. .*. Z.ABD 9? ^ a semicircumf erence ; i.e. 

Z ABB QC \ arc BOB. 

4. Z CBB <^\Qh, 

5. .', A ABB — Z CBJD oc \ (arc JBCZ) — 6B). 

6. .-. A ABC ^\ Sc, Q.E.D. 



Reasons 

1. §54,15. 

2. §313. 

3. §297. 

4. §365. 

5. §362,5. 

6. §309. 



Ex. 507. In the figure of § 378, if arc BC = 100°, find the number 
of degrees in angle ABC ; in angle CBD ; in angle CBE, 

Ez. 508. If tangents are drawn at the extremities of a chord which 
subtends an arc of 120°, what kind of triangle is formed ? 

Ex. 509. If a tangent is drawn to a circle at the extremity of a 
chord, the mid-point of the subtended arc is equidistant from the chord 
and the tangent. 

Ex. 510. Solve Prop. XXII by means of Prop. XXIV. 

Hint. Observe that in the figure for Prop. XXIV any angle inscribed 
in segment BDC would be equal to angle ABO, 
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Proposition XXV. Theobbm 

379. An angle formed by two secants intersecting ou^ 
side of a circumference, an angle fcfrmed by a secant and 
a tangent, and an angle formed by two tangents are each 
measured by one half the difference of the intercepted arcs. 

B 
B _ Dy\ A B 




Fig. 2. Fns. & 

I. An angle formed by two secants (Fig. 1). 

Given two secants BA and BG, forming ^1. 
To prove that Z 1 SS J (ia— ^). 

ASOUMBST 

1. Draw CD. 

2. Z1 + Z2 = Z3. 

3. .Z1 = Z3-Z2. 
4 Z3 oc 1.^, andZ2 oc|^ 
6. .-. Z3-Z2 0C 1(5^-^). 
6. .*. Z 1 « Kia — i5^. QJB.D. 

IL An angle formed by a secant and a tangent (Fig. 2). 
III, An angle formed by two tangents (Fig. 3). 
The proofs of II and III are left to the student. 

380. Note. In the preceding theorems the vertex of the angle 
may be : (1) within the circle ; (2) on the circumference ; (8) outside 
the circle. 



RBASom 

1. §54,15. 

2. §215. 

3. §54,3. 

4. §365. 
6. §362,6. 
6. §309. 



:. 511. Tell how to measure an angle having its vertex fai each ol 
the thr<»e possible positions with regard to the cu'cumf erence. 
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Proposition XXVL Theorem 
Parallel lines intercept equal arcs on a cireuTn- 



ference. 




Fia. 1. Fig. 2. 

I. If the two 11 lines are secants or chords (Fig. 1). 

Given II chords AB and CD, intercepting arcs AC and BD, 
To prove AC = BD, 



Abgument 

1. Draw CB. 

2. Z1 = Z2. 

3. Zloci.jJ^, andZ2QCjg2). 

4. .'.^AG^iSh. 

6. .% -ic = ^. 



Q.E.D. 



Rbasons 

1. §54,15. 

2. § 189. 

3. §366. 

4. § 362, a. 

5. § 54, 7 a. 



II. If one of the II lines is a secant and the other a tangent 
(Fig. 2). 

III. If the two II lines are tangents (Tig. 3). 

The proofs of II and III are left as exercises for the 
student. 



:. 512. In Fig. 1, Prop. XXV, if angle 1 equals 42° and arc DH: 
equals 40°, how many degrees are there in angle 3 ? in arc AC? 

Ex. 513. In Fig. 2, if arc DC equals 60° and angle 3 equals 100°, find 
the number of degrees in angle 1. 

:. 514. In Fig. 3, if angle 1 equals 65°, find angle 2 and angle 3. 

515. An angle formed by two tangents is measured by 180° 
minus the intercepted arc. 

Ex. 516. If two tangents to a circle meet at an angle of 40°, how 
many degrees of arc do they intercept ? 
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Ex. 517. Is the converse of Prop. XXVI true ? Prove your answer, 

Ex. 518. If two sides of an inscribed quadrilateral are parallel, the 
other two sides are equal. 

Ziz. 519. Is the converse of Ex. 618 true ? Prove your answer. 

Ziz. 520. If, through the point where the bisector of an inscribed 
angle cuts the circumference, a chord is drawn parallel to one side of the 
angle, this chord will equal the other side of the angle. 

Ex. 521. If through the points of intersection of two circumferences 
parallels are drawn terminating in the circumferences, these parallels will 
be equal. 

Ziz. 522. Prove that a trapezoid inscribed in a circle is isosceles. 

Ez. 523. If two sides of an inscribed hexagon are equal and parallel, 
and two other sides are parallel, the remaining sides are equal and parallel. 

- Ex. 524. If the sides AB and BC of an inscribed quadrilateral ABCD 
subtend arcs of 60*^ and 130°, respectively, and if angle AED, formed by 
the diagonals AG and BD intersecting at £, is 75°, how many degrees are 
there in arcs AD and DC? how many degrees in each angle of the quad- 
rilateral ? 

MISCELLANEOUS EXERCISES 

Ex. 525. Equal chords of a circle whose center is G intersect at E. 
Prove that CE bisects the angle formed by the chords. 

Ex. 526. A common tangent to two unequal circles intersects their 
line of centers at a point P ; from P a second tangent is drawn to one of 
the circles. Prove that it is also tangent to the other. 

Ex. 527. Through one of the points of intersection of two circum- 
ferences draw a chord of one that shall be bisected by the other 
circumference. 

Ex. 528. The angle ABG is any inscribed angle in a given segment 
of a circle i AGis prolonged to P, making CP equal to CB, Find the locus 
of P. 

Ex. 529. Given two points P and Q, and a straight line through Q. 
Find the locus of the foot of the perpendicular from Pto the given line, as 
the latter revolves around Q, 

Ex 330. If two circles touch each other and a line is drawn through 
the point of contact and terminated by the circumferences, the tangents 
at its ends are parallel. 

Ex. 531. If two circles touch each other and two lines are drawn 
through the point of contact terminated by the circumferences, the chords 
joining the ends of these lines are parallel. 
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:. 532. If one arm of a right triangle is the diameter of a circle, the 
tangent at the point where the circuuiference cuts the hypotenuse bisects 
the other arm. 



:. 533. Two fixed circles touch each other externally and a circle 
of variable radius touches both externally. Show that the difference of 
the distances from the center of the variable circle to the centers of the 
fixed circles is constant. 

Ziz. 534. If two circles are tangent externally, their common internal 
tangent bisects their common external tangent. 

Ex. 535. If two circles are tangent externally and if their common 
external tangent is drawn, lines drawn from the point of contact of the 
circles to the points of contact of the external tangent are perpendicular 
to each other. 

Ziz. 536. The two common external tangents to two circles meet their 
line of centers at a common point. Also the two common internal tan- 
gents meet the line of centers at a common point. 

T3x. 537. Two circles whose radii are 17 and 10 inches, respectively, 
are tangent externally. How long is tfle line joining their centers ? how 
long if the same circles are tangent internally ? 

Ex. 538. If a right angle at the center of a circle is trisected, is the 
intercepted arc also trisected ? Is the chord which subtends the arc tri- 
sected ? 



:. 539. Draw a line intersecting two given circumferences in such 
a way that the chords intercepted by the two circumferences shall equal 
two given lines. What restriction is there on the lengths of the given 
lines ? 



:. 540. Construct a triangle, given its base, the vertex angle, and 
the median to the base. Under what conditions will there be no solution ? 



[. 54!|.. In the same circle, or in equal circles, two inscribed triangles 
are equal, if two sides of one are equal respectively to two sides of the 
other. 



:. 542. If through the points of intersection of two circumferences 
two lines are drawn terminating in the circumferences, the chords which 
join their extremities are parallel. 

Ziz. 543. The tangents drawn through the vertices of an inscribed 
rectangle, which is not a square, fonn a rhombus. 

Eac. 544. The line joining the center of the square described upon the 
hypotenuse of a right triangle, to the vertex of the right angle, bisects the 
right angle. 
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Ez. 545. If upon the sides of any triangle equilateral triangles are 
drawn, and circles circumscribed about the three triangles, these circles 
will intersect at a common point. 

Ziz. 546. Through two given points draw two parallel lines at a given 
distance apart. 

Ez. 547. In a given circle inscribe a chord of given length which pro- 
longed shall be tangent to another given circle. 

Ex. $48. Find the locus of the middle point of a chord dravm from a 
given point in a given circumference. 

Ex. 549. The locus of the intersections of the altitudes of triangles 
having a given base and a given angle at the vertex is the arc which 
forms with the base a segment capable of containing an angle equal to 
the supplement of the given angle at the vertex. 

HijfT. Let ABC be one of the A and the 
intersection of the altitudes. In quadrilateral 
FOEC, Z.ECF is the supplement of A WOE. 
:, Z ECF is tlie supplement of Z BfiA, 

Ez. 550. In a circle, prove that any chord 
which bisects a radius at right angles subtends an 
angle of 120° at the center. 

Ez. 551. Construct an equilateral triangle, having given the radius 
of the inscribed circle. 




552. The two circles described upon two sides of a triangle as 
diameters intersect upon the third side. 

Ez. 553. All triangles 
circumscribed about the 
same circle and mutually 
equiangular are equal. 

Ez. 554. If two cir- 
cumferences meet on their 
line of centers, the circles 
are tangent to each other. 





Fig. 1. 



Fig. 2. 



Outline op Proof 
I. JW between O and §, Fig. 1. II. J»f not between and Q, Fig. 2. 

ov-^Fq>oq. OQ-h QP>op. 

0P= OM. .% OQ -f- QP> OM. 

.-. rQ> MO .-. QP>QM. 

.\ P is not ou circu.iiference S- t'. P is not on circumference 8- 
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:. 555. If two ciroomferences intersect, neither point of intersection 
is on their line of centers. 

Ez. 556. In any right triangle ABC^ right-angled at C, the radius 
of the inscribed circle equals i(a + 5 — c) and the radius of the escribed 
circle tangent to c equals J(a + 6 + c). 

Ex. 557. In the accom- ^ f^ ^^ B P 

panying figure a, &, c, are the 
Bides of triangle ABC. Prove : 

1. a = TP; 

2. AP= J(« + & + c); 
8. rB = iCo + c-&). ff 

:. 558. Trisect a quadrant ; a semicircumference ; a circumference. 

:. 559. Describe circles about the vertices of a given triangle as 
centers, so that each shall touch the other two. 

Ex. 560. Construct within a given circle three equal circles, so that 
each shall touch the other two and also the given circle. 

Construct a triangle, having given : 
Ex. 561. ha^ hey G. 

Ex. 562. Aj B, and i2, the radius of the circumscribed circle. 
Ex. 563. a, B, B. 

Ex. 564. C and the segments of c made by te. 
Ex. 565. C and the segments of c made by he. 
Ex. 566. Si the radius of the circumscribed circle, and the segments of 
c made by tc. 

Construct a right triangle ABC, right-angled at C, having given : 

Ex. 567. c, ^e* 

Ex. 568. c and one segment of c made by he. 

Ex. 569. The segments of c made by he. 

Ex. 570. The segments of c made by tc. 

Ex. 571. c and a line I, in which the vertex of C must lie. 

Ex. 572. c and the perpendicular from vertex (7 to a line I. 

Ex. 573. c and the distance from C to a point P. 

Construct a square, having given; 

Ex. 574. The perimeter. 

Ex. 575. A diagonal. 

Ex. 576. The sum of a diagonal and a side. 
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Construct a rectangle, having given : 
577. Two non-parallel sides. 

:. 578. A side and a diagonal. 

:. 579. The perimeter and a diagonal. 
Ez. 580. A diagonal and an angle formed by the diagonals. 
Ez 581. A side and an angle formed by the diagonals. 
Ziz. 582. The perimeter and an angle formed by the diagonals. 
Construct \ rhombus, having given: 
Ez. 583. A side and a diagonal. 

:. 584. The perimeter and a diagonal 
585. One angle and a diagonal 

:. 586. The two diagonals. 

:. 587. A side and the sum of the diagonals. 

:. 588. A side and the difference of the diagonals. 
Construct a parallelogram, having given : 
Ez. 589. Two non-parallel sides and an angle. 
Ez. 590. Two non-parallel sides and a diagonal. 
Ez. 591. One side and the two diagonals. 
Ez. 592. The diagonals and an angle formed by them. 
Construct an isosceles trapezoid, having given t 

:. 593. The bases and a diagonal. 
594. The longer base, the altitude, and one of t^e equal sides. 

:. 595. The shorter base, the altitude, and one of the equal sides 

:• 596. Two sides and their included angle. 
Construct a trapezoid, having given t' 
Ez. 597. The bases and the angles adjacent to one base. 
Ez. 598. The bases, the altitude, and an angle. 
Ez. 599. One base, the two diagonals, and their included angle. 
Ez. 600. The bases, a diagonal, and the angle between the diagonals 
Construct a circle which shall : 

Ez. 601. Touch a given circle at P and pass through a given point Q 
Ex. 602. Touch a given line I at P. 

Ez. 603. Touch three given lines two of which are parallel. 
Ez. 604. Touch a given line Z at P and also touch another line m. 
Ez 605. Have its center in. line Z, cut I at P, and touch a circle K 
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PROPORTION AND SIMILAR FIGURES 

Def. A proportion is the expression of the equality of 
two ratios. 

Example, If the ratio - is equal to the ratio -, then the equation 

b d 

- = - is a proportion. This proportion may also be written a : & = c : <? or 
b d 

a lb :: cidj and is read aistob ase is tod. 



Def. The four uumbers a,b,c,d are called the teima 
of the proportion. 

384. Def. The first term of a ratio is called its antecedent 
and the second term its consequent ; therefore : 

The first and third terms of a propoHion are called ante- 
cedents, and the second and fourth terms, consequents. 

385. Def. The second and third terms of a proportion are 
called its means, and the first and fourth terms, its extremes. 

386. Def. If the two means of a proportion are equal, this 
common mean is called the mean proportional between the two 
extremes, and the last term of the proportion is called the third 
proportional to the first and second terms taken in order; thus, 
in the proportion axb=biCy & is the mean proportional between 
a and c, and o is the third proportional to a and 6. 

387. Def. The fourth proportional to three given numbers 
is the fourth term of a proportion the first three terms of 
which are the three given numbers taken in order; thus, if 
a: 5 = c: d, c2 is called the fourth proportional to a, 5, and c. 

161 



162 PLAxNE GEOMETRY 

Pboposition' I. Theobeu 

388. If four numbers are in propartiofn, the produd 
of the extremes is equal to the product of the m^eans. 

Given a:b = oidL 



To prove od = ia 

Abouiouit 

6"? 

2. bd=bd. 

3. .*• ad = be* q«b.d. 



1. 



BlAflOHS 

L By hyp.* 

2. By idea. 

3. §54^70. 

Note. The student should observe that the process used here 
Ss merely the algebraic ^^ clearing of fractions,^' and that as fractional 
equations in algebra are usually simplified by this process, so, also, pro- 
portions may be simplified by placing the product of the means equal to 
the product of the extremes. 

390. Cor. Z The mean proportional' be^een two num- 
bers is equal to the square root of their product. 

39L Cor. H. If two proportions have any three terms 
of one equal respectively to the three corresponding term^s 
of the other, then the remaining term of the first is equal 
to the remaining term of the second. 



:. 606. Given the equation mir^dic\ solve (1) for d, (2) ler r. 

(3) for w, (4) for c. 

Ex. 607. Find the fourth proportional to 4, 6, and 10 ; to 4, 10, and 6, 
to 10, 6, and 4. 

Us. 608. Find the mean proportional betv^een and 144 ; betweer 
U4and0. 

Ex. 609. Find the third proportional to | and } ; to } and |. 



392. Questions. What rearrangement of numbers can be made 
hi Ex. 607 without affecting the required term ? in Ex. 606:? in Ex. 609 ? 

:. 610. Find the third proportional to a* — 5* and a — 5. 
611. Find the fourth proportional to a* — 6*, a — 6, and a + 6 

* See S882 for the three ways of writing a proportion. 
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fix. 612, If In any proportion the antecedents are equal, then the 

consequents are equal and conversely. 

Ex. 613. If a t & s : (7, prove that maikb = met kd. 

Ex. 614, lilikszbim, prove that lr:kr = bci me, 

Ex. 615. If OS : y = ft : c, prove that diczy = bdic. 

Ex. 616. If«t|fss&:c, i8da;:y = &:c(2a trae proportioof 

PbOPOSITION It. THEOBBtf 

(Converse of Prop. I) 

383 If the product of two nurribers is equal to the prod' 
uct of two other numbers, either pair may he made the 
means and the other pair the exftremes of a proportion. 

Oiven ad^bc 

To prove a : 5 s= e : d 



ABonxBarr 

8. .••2=s2; Le. o:ft = c:A Q.S.D. 

o a 



BBJUk>N8 

1. By hyp. 

2. By iden. 

8. §54, So. 



The proof that a and d may be made the means and b and <s 
the extremes is left as an exercise for the student. 



b. Note. The pupil should observe that the divisor in Arg. 2 
above must be chosen so as to give the desired quotient in the first mem- 

A k 

ber of the equation : thus, if hi = */, and we v^lsh to prove that'^= ^ we 



must divide hy fl ; then 47=^, i.e. * =* 

•^ fl fl f I 



fix. €17. Given |)< = cr. Prove p:r = c:t; also, c:p = I :r. 

€18. From the equation rs s= Zm, derive the following eight pro- 



portions: .If t 

^ r:} = fii:«, «:Zs=fi»:r, «:r=«:m, mxfs^iil 

Bx. €19. Form a proportion from 7 x 4 = 3 x a ; from ft =s gh. How 
oan the proportions obtained be verified ? 
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Ez. 620. Form a proportion from (a + c) (a r-h)ssd$, 

Ez. 621. Form a proportion ftom m^ — 2 mn -{-n^szab. 

Ex. 622. Form a proportion from c^-\-2cd + cPs=a + b* 

Ziz. 623. Form a proportion from (a + 5)(a— &) =4a^ 
making x (1) an extreme ; (2) a mean. 

£z. 624. If 7a; + 8y:12 = 2a;+y:3, find the ratio a;: y. 



Proposition III. Theorem 

395. If four nunibers , are in proportion, tJiey are in 
proportion by inversion; thcut is, the second term is to the 
first as the fourth is to the third. 

Oiven aib^cid. 
To prove & : a s= d : a 

Rbasoi7S 

1. By hyp. 

2. §388. 
Q.B.D. 3. §393. 





ABOnMBKT 


1 


aib^cid. 


2 


,% ad = be. 


a 


\ bia = dic 



Proposition IV. Theorem 

396. If four numhers are in proportion, they are in 
proportion by alternation; that is, the first term is to 
the third a^ the second is to the fourth. 

Given aib^cid. 
To prove aic^^bid. 



1. 

2. 


Aboumbnt 

a:6 = c:(i 
.*. ad^bc. 
.% aic^bid. 


QJB.IX 


tlBASONS 

1. By hyp. 

2. §388. 

3. §393. 



Tf-g 625. If x : V = 2^ • i) what is the value of the ratio .r : y ? 
Ez. 626. Transform a : .is = 4 : 8 so that x shall occupy in turn every 
place in the proportion. 
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397, Many transformations may be easily brought about by 
the following method : 

(1) Keduce the conclusion to an equation in its simplest 
form (§ 388), then from this derive the hypothesis. 

(2) Begin with the hypothesis and reverse the steps of (J ). 
This method is illustrated in the analysis of Prop. V. 

Proposition V. Theorem 

396. If four numbers are in proportion, they are in 
proportion by composition; that is, the sum of the first 
two terms is to the first {or second) term/ as the sum- 
of the last two terms is to the third (or fourtK) term. 

Given aih=.c:d. 

To prove : (a) a-^hia=^c-\-dic\ 

I. Analysis 

(1) The conclusions required above, when reduced to equa* 
tions in their simplest forms, are as follows: 

(a) (6) 

1. oc +ad = ac-f &c, 1. 6c + 6d = ad + ML 

2. Whence od = he, 2. Whence hc^ad, 
S. .'.a:b = c:d. S. ,: a:b = c:d, 

(2) Now begin with the hypothesis and reverse the steps. 



II. Proof 

(a) Aboument 

1. a:5 = o:(2. 

2. .^ ad = hc. 

3. ttc = ac. 

4 ,\ac+ad=ac+bc\ 

La a(c + d) = c{a + b). 

5* .\a -^b:a^c-\-d: c, q.e.d. 



Reasons 

1. By hyp. 

2. §388. 

3. By iden. 

4. §54,2. 



5. §393. 

(b) The proof of (6) is left as an exercise for the student 



IGG 
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Ex. 627. If ? = ?, find ^i^; ^^±JL, 
y 5 z y 



Proposition VI. Theorem 

). If four numbers are in proportion, they are 
in proportion by division; that is, the difference of the 
first two terms is to the first {or second) term as the differ- 
ence of the last two terms is to the third (or fourth) term. 

Given a : & = c : (2. 
To prove : (a) a ^ h : a = c -— d: c\ 
(b) a — b:b = c — did. 

I. The analysis is left as an exercise for the student 



II. Proof 

(a) Aboument 

1. a:b = cid. 

2. ••. ad = be. 

3. ac = dc. 

4. .*. ac ^ ad = ac-~ be, 
i.e. a(c — d) = c(a — b). 

5. .*. a — & ; a = c — d : c. q.e.d. 



Keasons 

1. By hyp. 

2. §385. 

3. By iden. 
4 §54,3. 

6. §393. 



(6) The proof of (b) is left as an exercise for the student. 



Ex. 628. K? = |,find^^^; ^:^. 

y 3 X y 



\ Proposition VII. Theorem 

400. If four numbers are in proportion, they are 
in proportion by com,po8itian and division; thai is, the 
sum, of the first two terms is to their difference cw the sum 
of the last two terms is to their difference 

Given a:b = c: d. 

To prove a -^ b: a — b = c -^ d:c^ d^ 



BOOR UI 



lOl 



1 

2. 

3. And 



• • 



Abqument 

a:& = c:(2. 
. g + 5 __ c + (i 
a "" e ' 

a c 

a — 6 c — d* 



• • 



Le, o + 6:a — & = e + d:o — A q.b.d. 



SSASOflft 

L By hyp. 
2. S398. 

8. S399. 

4. itH,S€L 



Pboposition VIII. Theorem 

40L In a series of equal ratios the sum of any nurnber 
of antecedents is to the sum of the corresponding conse^ 
quents as any antecedent is to its consequent. 

Oiven a:b =b e:d =e:f=g:h. 

To prove a + e + e-^gib -^€1+ f+hta mih* 

L Analysis 

Simplifying the conclusion above, we hare: 

ab + bc + be +bg = ab + ad + af+aJL 

The terms required for the first member of this equation, 
and their equivalents for the second member, may be obtained 
from the hypothesis. 

11. Proof 
Aboument 

1. ab=^db. 

2. be = acL 

3. be = af. 

4. bg = dk, 

5. .*. ab + bc + be + bg = ab -|-ad -f-a/-f ah ; 
i.e. b(a +c + e -\- g) = a (b -{- d -{-f+h). 
.% a+c + e + gr:64-(l4-/+^5=a:&. 



C, 



Q.E.D. 



Reasons 

1. By iden- 

2. §388. 

3. §388. 

4. §388. 

5. §54^2. 



6. §393. 
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629. With the hypothesis of Prop. VIII, prove 

. 630. If 5» = ? = * = 2, prove !»zii+*rvg = -B. 
r t g q r-t + g-^q q 

:. 631. If ^4^ = T» fi^d ?. Hint. Use Prop. VL 

Ziz. 632. If a : 5 = c : d, show that b^azb + arsd-^eid-^c 

Ex. 633. Given the proportion a : & = 11 : 6. Write the proportions 
that result from taking the terms (1) by inversion ; (2) by alternation ; 
(3) by composition ; (4) by division ; (6) by composition and division. 



Proposition IX. Theorem 

402. The products of the corresponding terms of any 
number of proportions form a proportion. 

Given a:& = c:(7, e:f=g:7^ iij ^kiL 
To prove aeiihjj = oghidhL 



8. 



Abgumbnt 


' 


Bbasohs 


h d* 




1. Byhypi 


/ A' 






aei cgJc ^ 




2. §54,7a 


i.e. aei :b^ := cgJezdhl. 


Q.E.D. 


• 



403. Cor. If four nurnbers are in proportion, equi- 
multiples of the first two and equimultiples of the last 
two are also in proportion. 

Hint. Given aib^xiy. 

To prove amibm^sinxtu^ 



Ex. 634. It r 1 8 = m lU \& fr : qs ■= qm :ft^ Prove your answer. 
Ex. 635. If a : 2) = 3 : 4 and x : j^ = 8 : 9, find the value of ax ; by 
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^Qz. 636. If four numbers are in proportion, equimultiples ot the 
antecedents and equimultiples of the consequents are also in proportion. 



:. 637. If r : « = £ : m, prove 3« + 2m:4« = 8r + 2£:4r. 
Ex. 638. Jtwix = yiz,]pTcoYeax + bgtcX'\'dz = aw-\-bytcu>-\-dy, 

Ex: 639. If - = - and 5 = ^,provethat^:!! = ^:^,and state the 

r V 8 to n 8 I V) 

theorem thus derived. 



Proposition X. Theorem 

404, If four numbers are in proportion, like powers of 
these numbers are in proportion, and so also are like roots. 

Given axb^cid. 

To prove: (a) a*" : 5^ = (f : r^. 

(6) S/a:V6 = Vo:^ 

Aboumbnt 
a e 



1. 
2. 



••• 






b d' 

— ; i.e. ol^il^=^ifi^. 
0^ 



8. A\QO'j^==^-^\i.e»-\/a:-\/bss'jyei'\/d, 

Q.B.D* 



ttBAgOm 

1. By hyp. 

2. §54^ia 

3. §54,ia 



. 640. If ^ 

8 



. 641. If ^ 
n 



« %/» « 8« 9 

fi = r , proye that Vt+M =£+11 = *- + 4m 
q 8 n + 2g q + ^8 « + 4n 



405. Def. A continued proportion is a series of equal ratios 

in which the consequent of any ratio is the same number as 

the antecedent of the following ratio ; thus, 

a : 6 = c : (f = e : /= g\h\a merely a series of equal ratios, while 

a:6 = 6:c = c:d = c?:eis not only a series of equal ratios but 

a continued proportion as welL 
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:• 642. In the continued proportion d:6 = &:e=se:dsd:e, prove 



*^' «-^. «-^. and 2-21 

Sx. 643. Ifa^:y8 = 8:27, find?. 

9 

644. If Vm : 1 = v^ : 16, find ^. 

n 



40& Def. The segments of a line are the parts into which 
it is divided. The line AB is divided internally at C if this 
point is between the extremities of the line. The segments 
into which it is divided are AC and CB, 

D AC B 
I 1 1 1 

AB is divided eztemaUy at D if this point is on the prolonga- 
tion of the line. The segments are AD and DB. 

It should be noted that in either case the point of division is 
one end of each segment, 

407. Def. Two straight lines are divided proportionally if 
the ratio of one line to either of. its segments is equal to the 
ratio of the other line to its corresponding segment. 

408. In Prop. XT, II, the following theorems (Appendix. 
§§ 586 and 591) will be assumed : 

(a) The quotient of a variable by a constant is a variable. 

(b) The limit of the quotient of a variable by a constant is the 
limit of the variable divided by the constant 

Thus, if a; is a variable and 7c sl constant: 

(1) - is a variable. 
k 

(2) If the limit of x is y, then the limit of - is 2. 

iC K 



:. 645. In the figure of § 409, name the segments into which AB 
is divided hy D ; the segments into which AD is divided by B. 



' 
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Pboposition XI. Theorem 

409. M/i straight line parallel to one side of a triangle 
divides the other two sides proportionally. 




Fig. 1. 



Oiven A ABC with line DE II BC. 



- AB AG 

To prove — = — . 

AD AE 



L If AB and AD are commensurable (Fig. 1). 



Abqumbnt 

1. Let AF be a common measure of AB 

and ADy and suppose that AF is con- 
tained in AB r. times and ia AD % 
times. 

2. Then:^«?^. 

AJD 8 

3. Through the several points of division 

on AB, as F, G, etc., draw lines || BC. 

4. These lines are || DE and to each other. 
6. .•. AG is divided into r equal parts and 

AE into 8 equal parts. 
AG r 

AE 8 

AB _AG 
AD J^* 






7 . ££- 



4.i:.D. 



RxASom 
1. §336. 



2. §841 

3. §179. 

4. §180. 

5. §244. 

6. fS41. 

7. §04,1. 
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II. If .i^ and AD are incommeusurable (Fig. 2). 




KC 



4. 



Aboumbnt 

I Let m be a measure of AD. Apply m 
as a measure to AB as many times 
as possible. There will then be a 
remainder, HB, less than m. 

2. AH and AD are commensurable. 

3. Draw HE \\ BC. 

AH AK 
* ^D Ae' 

6. Now take a smaller measure of AD. 
No matter how small a measure of 
AD is taken, when it is applied as 
a measure to ABj the remainder, HB, 
will be smaller than the measure 
taken. 

6. .•. the difference between AH and AB 

may be made to become and remain 
less than any previously assigned 
line, however small. 

7. .*. AH approaches AB as a limit. 

8. 



— approaches — as a limit. 

AD ^^ AD 



9. Likewise the difference between AK 
and AC may be made to become and 
remain less than any previously as- 
signed line, however small. 



1 



Rkasoms 
1. §339. 



2. §337. 

3. §179. 

4. §409,L 

5. §335. 



6. Aig. 6. 



7. §349. 

8. § 408, & 

9. Arg. 6. 
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ASGUMBNT 

10. .'. AK approaches ulC as a limit. 

11. . 



AK AG 

— approaches — as a limit. 

AE AE 



12. But — is always equal to — , 

AD '^ ^ AE 



13. 



AB 
AD 



AG 
AE* 



Q.E.D. 



Bbasoito 

10. §349. 

11. §408,6. 

12. Arg.4. 

13. §355. 



410. Cor. ^ straigTib line parallel to one side of a tri- 
angle divides the other two sides into segments which are 
proportional. Thus, in the figures for Prop. XI, ADiDB 

Hint. Prove by using division. 




Ex. 646. Using Fig. 2 of Prop. XI, prove 

(1) ABiAC^ADiAE'y (2) ABiAC^DBiSO. 

Ex. 647. In the diagram at the right, m, n, 
and r are parallel to each other. Prove that a : h 
= c : d ; also that a : c := & : d. 

Ez. 648. If two sides of a triangle are 12 
Inches and 18 inches, and if a line is drawn paral- 
lel to the third side and cuts off 3 inches from the 
vertex on the 12-inch side, into what segments will it cut the 18-inch side ? 

Ex. 649. If two lines are cut by any number of parallels, the two 
lines are divided into segments which are proportional : (a) if the two 
lines are parallel ; (Jbi) if the two lines are oblique. 

Ex. 650. If through the point of intersection of the medians of a 
triangle a line is drawn parallel to any side of the triangle, this line 
divides the other two sides in the ratio of 2 to 1. 

Ex. 651. A line can be divided at but one point into segments which 
have a given ratio (measured from one end). 

Ex. 652. A line parallel to the bases of a trapezoid divides the other 
two sides and also the two diagonals proportionally. 



653. Apply the proof of Prop. XI to the case in which the par- 
allel to the base cuts the sides prolonged : (a) through the ends of the 
base ; (&) through the vertex. 
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Proposition XIT. Problem 

411. To construct the fourth proportional to three £iven 

lines. _ ^ 

T 




R 

Given lines a, 6, and c. 

To construct the fourth proportional to a, &, and c 

I. Constmction 

1. From any pointy as Rj draw two indefinite lines R8 and 
RT. 

2. On RS lay off i?Jf = a and Jfi =s 6. 

3. On i?r lay off «F = c 

4. Draw MF. 

5. Through L construct LQ II ifT. S 188. 

6. jP(? is the fourth proportional to a, 6, and a 

II. The proof and discussion are left as an exercise for the 
student- 

412. Question. Could the segments a, &, and e be laid off in any 
other order ? 

413. Cor. I. To construct the third proportional to two 

given lines. 

414. Cor n. To divide a given line into segments pro- 
portional to two or more given lines. 



. 654. Divide a given line into segments in the ratio of 8 to 5. 
. 65*^. Divide a s:iven line into segments pronortional to 2, 3, and 4. 
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. 656. Constract two lines, given their sum and their ratio. 

. 657. Construct two lines, given their difference and their ratio 

. 658. If a, &, and c are three given lines, construct x so that: 



ac 



(a) xsa=sb:c; (b) « = ^ 





Pboposition XIIL Theobeh 
(Converse of Prop. XI) 
415. If a straight line divides two sides of a triangle 



jiroparUanaUy, 




Given A ABC. and DE so drawn that — 

AD 
To prove DE W BC, 

Aroume^t 

1. DE and BO are either II or not II. 

2. Suppose that DE is not II 5(7, but that 

some other line through D. as DF, is II 

Ba 

AB _AO 
AD AF 

AB __ AG 
AD AE 

5. .% AF^ AE. 

6. This is impossibla 

7. •. DE II BC. Q.E.D. 



3. Then^ = ^, 



4. But ££ = £li, 



AG 
AE 

Beasoitb 

1. §161,0. 

2. §179. 



3. §409. 

4 By hyp. 

5. §391. 

6. §54,12. 

7. § 161, K 



416. Cor. If a straight line divides two sides of a trV 
angle into segments which are proportional, it is parallel 
to the third side. Thus, if ADiDB = ae: ec, de is 11 IjC. 
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:. 659. In the diagram at the right, if AB 
= 16, -4(7=12, AD = 10, and A& = 8, prove 
DE parallel to BG, 

Ex. 660. If AB:±= 60, DB = 16, ull^s 28, 
and EG = 12, is DE parallel to BG ? Prove. 

Ex. 661. If 2>^ II BG, AB = 26, DB = 5, 

and -40 = 20, find ^^. 

Bz. 662. If DE II BG, AB^ 80, AZ> = 26, and EO^^faA AQ. 

SIMILAR POLYGONS 

417. Def. If the angles of one polygon, taken in order, are 
equal respectively to those of another, taken in order, the poly- 
gons are said to be mutually equiangular. The pairs of equal 
angles in the two polygons, taken in order, are called homolo- 
gous angles of the two polygons. 

418. Def. If the sides of one polygon, taken in order as 
antecedents, form a series of equal ratios with the sides of 
another polygon, taken in order as consequents, the polygons 
are said to have their sides proportional. Thus, in the accom- 
panying figure, if a:/ = 6:m = c:n = (f:o = e:|>, the two 
polygons have their sides proportional. The lines forming any 
ratio are called homologous lines of the two polygons, and the 
ratio of two such lines is called the ratio of similitude of the 
polygons. 





419. Def. Two polygons are similar if they are mutually 
equiangular and if their sides are proportional. 
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Proposition XIY. Theobbh 

420. Two triangles which are mutually equiangular 
are similar. 

B 

E 




2. 
3. 



A K C . D 

Given A ABO Rud DEF with Z^ = 

Zg=Z.f. 

To prove A ABO ^ A DEF. 

Abgumbnt 

I. Place A DEF on A ABO so that Z D shall 
coincide with Z^ Ay DE falling on AB 
and DF on AC. Represent A DEF in 
its new position by A AHK, 

Zb^Ze^A ahk. 

.•• HK II BO. 
AB _A0 

" ah" ak' 

AB __A0^ 
DE ~" Df' 

6. By placing A DEF on A ABO so that 
/Le shall coincide with Z-B, it may 
be shown that 

AB _BO 
DE ~" EF' 
AB _BC__AO 
" DE" EF DF* 
.\ A ABO*^A DEF. Q.B.I>. 




5. 






7. 

a 



SBASOini 
1. f54,14 



2. By hyp. 
a § 184 

4 S 409. 

5. §309. 

6. By steps sim- 

ilar to 1-5. 



7. S£4»l. 

a §419. 



42L Cor. I. Jf two triangles have two angles of one 
p^oiuzZ respectively to two angles of the other, the triangles 
are simHor- 
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422. Cor. n. Two right triangles are similar if an 
ficute angle of one is equal to an acute angle of the other. 

423. Cor. in. If a line is drawn parallel to any side of 
cb triangle, this line, udth the other two sides, forms a 
triangle which is similar to the given triangle. 



Ez. 663. Upon a given line a« base constract a triangle similar to a 
given triangle. 



:. 664. Draw a triangle A^C, Estimate tlie lengths of its sides. 
Draw a second triangle DEF similar to ABC and 
having DE equal to two thirds of AB* Compute 
DFdA\&EF. 



:. 665. Any two altitudes of a triangle are to 
each other Inversely as the sides to which they are 
drawn. 



Ez. 666. At a ceiw 
tain hour of the day a 
tree, Bd casts a shadow, 
CA, At the same time 
a vertical pole, ED^ 
casts a shadow, DF. 
What measurements are 
necessary to determine 
the height of the tree ? 






D A 



667. If CA Is found to be 64 feet ; DF^ 16 feet ; ED, 10 feet 
virhat is the height of the tree ? 

Ez. 668. To find the distance across 
a river from ^ to B, a point G was located 
so that BG was perpendicular to AB at 
B. CD was then measured off 100 feet 
in length and perpendicular to BG at C. 
The line of sight from 2> to J. intersected 
BG at E, By measurement GE was 
found to be 90 feet and EB 210 feet. 
VN'hat was the distance across the river? 
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669. Two isosceles triangles are similar if the vertex angle of one 
equals the vertex angle of the other, or if a base angle of one equals a 
base angle of the other. 

424. It follows from the definition of similar polygons^ 
§ 419, and from Prop. XIV that.: 

(1) Homologous angles of similar triangles are equat 

(2) Homologous sides of similar triangles are proportional, 

(3) Homologous sides of similar triangles are the sides opposite 
eqwd angles. 

425. Note. In case, therefore, it is desired to prove four lines pro- 
portional, try to find a pair of triangles each having two of the given 
lines as sides. If, then, these triangles can be proved sunilar, their 
homologous sides will be proportional. By marking with colored crayon 
the lines required in the proportion, the triangles can readily be found 
If it is desired to prove the product of two lines equal to the product ot 
two other lines, prove the four lines proportional by the method just sug- 
gested, then put the product of the extremes equal to the product of the 
means.* 

426. Def. The length of a secant from an external point to 
a circle is the length of the segment included between the 
point and the second point of intersection of the secant and 
the circumferenca 




:. 670. If two chords intersect within a circle, es- 
tablish a proportionality among the segments of the chords. 
Place the product of the extremes equal to the product of 
the means, and state your result as a theorem 

Ex. 671. If two secants are drawn from any given point to a circle, 
what are the segments of the secants? Does the theorem of Ex. 6^0 
still hold with regard to themT 

Ex. 672. Rotate one of the secants of Ex. CTl about 
the point of intersection of the two until the rotating 
secant becomes a tangent. What are the segments of the 
secant which has become a tangent? Does the theorem of 
Ex 070 still hold ? Prove. 

* By the product of two Snes to mewt A» pvodvot of their measnre-nnmbera This 
vil) be dtscnssed again In Book IV. 
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Pboposition" XV. Theorem 

427. Two triangles which have their sides proportional 

are simUar. 

E 





I) E JLiJ? 

Given A DEF and ABC such that — = — =s 



To prove A DEF '^ A ABO. 



AB 



EF _^DF 
BQ^ AQ 



AsaUMBNT 

1. On BE lay off Bn=s, ab^ and on DP Iblj 

2. Draw HK. 

BE_DF^ 
AB AO* 
BE_DF 
*' BbT BK 
/. HK II EF, 
6. .\ADEF^ABHK. 

It remains to prove A DHK sa A AB€L 
BE^EF 
BH HK 



O VJS _ VJT 

4 
5. 



7. 



8, 



Tj . BE EF i^ BE FF 
i5Ub — = — ; %s» — 8=5 — ' 

AB BC BH BO 

9. .\BK=BC. 

10 Now BH= AB and />jr =3 -4(7. 

11. ,\ABHK=AABG. 

12. But A Z)^^'^ A Dflir. 

13. .•. A BEF ^ A ABO. 



Q.B.D. 



Rbasohs 
L §54,14 

2. §54,15. 
8. By hyp. 

4 §809. 

6. §415, 

6. §423. 

7. §424,2. 

8. By hyp. 

9. r391. 

10. Arg. 1. 

11. §116. 

12. Arg. 6. 

13. §309. 



:. 673 If the sides of two triangles are 9, 12, 15, and 0, 8, IQ 
respectively, are the triangles similar ? Explain. 
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:. 674. Construct a triangle that shall have a given perimeter and 
shall be similar to a given triangle. 

Ez. 675. Construct a trapezoid, given the two bases and the two 
diagonals. Hmt. How do the diagonals of a trapezoid divide each other ? 



Proposition XVI. Theorem 

If two triangles have an angle of one equal to 
an angle of the other i and the including sides propor- 
tional, the triungles are similar. 





Given A ABC and DBF with Z ^ = Z D and —=^^ 



To prove A ABC ^ A DBF. 

Abgument 

1. Place A DBF on A ABC so that Z D shall 
coincide with Z A, DB falling on AB, 
and DF on AC. Represent A DBF 
in its new position by A AHK. 

2 AB _AC 

DB~' Df' 
AB _AC 
" AH~ AK 
.-. HK II BC. 
,\ A ABC ^ A AHK. 

6. But A AHK is A DBF transferred to a 
different position. 

7. .'. A ABC ^ A DBF. Q.E.D. 



DB 



AC 

■I i 

DF 



3. 

4. 

5. 



Keasons 
1. §54,14 



2. By hyp. 

3. §309. 

4. §415. 

5. §423. 

6. Arg. 1. 

7. §309. 



:. 676. Two triangles are similar if two sides and the median drawn 
to one of these sides in one triangle are proportional to two sides and the 
corresDonding median in the other triangle. 
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:. 677. Intriangles-4BCand 2)5(7, Fig. 1, AB z= AG and BD = BC. 
Prove triangle ABC similar lo triangle DBG. 

Ex. 678. In Fig. 2, AB i AG = AE i AD. Prove triangle ABG simi- 
lar to triangle ADE. 

Ex. 679. If in triangle ABC, Fig. 3, CA = 5(7, and if 2> is a poinl 
such that CA : AB = AB : AD, prove AB = BD, 

Ez. 680. Construct a triangle similar to a given triangle and having 
the sum of two sides equal to a given line. 



Proposition XVII. Theorem 

K Two triangles that have their sides parallel ea/ih 
to each, or perpendicular each to ea^h, are sinvilar. 

C 




Fig. 1. 




Given A ABG and A^B^Cf, with AB^ BG, and CA 11 (Fig. J) 
or ± (Fig. 2) respectively to A^b\ B^cf, and (fA\ 

To prove AABC^^Aa's'^. 



Arqumbnt 

1. AB, BGy and CA are II or ± respectively 

to A'b\ B^C*, and &a\ 

2. . . AAyB, and C are equal respectively or 

are sup. respectively to A a\ b\ and C*. 



Beasohb 

1. By hyp. 

2. §§198,201 
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5. 
6 



Abgumbnt 

Three suppositions may be made^ there- 
fore, 4^ follows : 

(1) ZA + ZA'=2TtA,ZB+^B^ 

= 2 rt. 4 Z C + ^ C = 2 rt A 

(2) ZA=ZA\ZB + ZB' = 2rtA, 

Za + ZC* = 2 rt. A 

(3) Z ^ = Z ^', Z 5 = Z 5'; hence, 

also, Ac—Acf. 

According to (1) and (2) the sum of the 
A of the two A is more than four rt. A 

But this is impossible. 

.*. (3) is the only supposition admissible; 
Le. the two A are mutually equi- 
angular. 



1. \ AABG^AA^B^Cf. 



Q.E.I>. 



Bbasons 
3. §161,0. 



4. §54,2. 

5. §204. 

6. 161, ft. 



7. §420- 



430. Question. Can one pair of angles in Prop. XVII be sapple- 
mentary and the other two pairs equal ? 

SUMMARY OP CONDITIONS FOE SIMILARITY OF TRIANGLES 

43L I. Two triangles are similar if they are mutually equi- 
angular. 

(a) Two triangles are similar if two angles of one are equal 
respectively to two angles of the other. 

{h) Two right triangles are similar if an acute angle of one 
is equal to an acute angle of the other. 

(c) If a line is drawn parallel to any side of a triangle, 
:his line, with the other two sides, forms a triangle which is 
similar to the given triangle. 

n. Two triangles are similar if their sides are proportional. 

III. Two triangles are similar if they have an angle of one 
squal to an angle of the other, and the including sides pro- 
portional 

IV. Two triangles are similar if their sides are parallel each 
bo each, or perpendicular each to each. 
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681. Inscribe a triangle in a circle and circumscribe aboat the 
circle a triangle similar to the inscribed triangle. 

Ex. 682. Circumscribe a triangle about a circle and inscribe in the 
circle a similar triangle. 

Ez. 683. The lines joining the mid-points of the sides of a triangle 
form a second triangle similar to the given triangle. 

Ez. 684. ABC is a triangle inscribed in a circle. A line is drawn 
from .^ to P, any point of BC, and a chord is drawn from B to a point Q 
in arc BO ao that angle ABQ equals angle APC. Prove AB x AC = 
AQ X AP. 

Proposition XVIII. Theorem 

432. Tfie bisector of an angle of a triangle divides the 
opposite side into segments which are proportionaZ to the 
other two sides. 




Given A ABC with BP the bisector of /, ABO. 
To prove AP:PC= ABiBC. 





Argument 








REA80M8 


1. 


Through draw CE PB, 
prolonged at E. 


meeting 


AB 


1. 


§179. 


2. 


InAAECy AP:PC=AB : 


BE. 




2. 


§410. 


3. 


NowZ3 = Zl. 






3. 


§190. 


4. 


AndZ4 = Z2. 






4. 


§189. 


5. 


ButZl=Z2. 






5. 


By hyp. 


6. 


.•.Z3 = Z4. 






6. 


§64,x. 


7. 


.\ BC= BE. 






7. 


§162. 


8. 


A AP : PC=zAB: 


BO. Q. 


E.D. 


8, 


§309. 
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:. 685. The sides of a triangle are 8, 12, and 15. Find the seg- 
ments of side 8 made by the bisector of the opposite angle. 

Ex. 686. In the triangle of Ex. 685, find the segments of sides 12 and 
15 made by the bisectors of the angles opposite. 



Proposition XIX. Theorem 

The bisector of an exterior angle of a triangle di- 
vides the opposite side ejotemally into segments which are 
proportional to the other two sides. 




Given A ABC, with BP the bisector of exterior Z CBF. 
To prove AP i P<J = AB \ BC. 



Argument 

1. Through C draw CE II PB, meeting AB 

at Z. 

2. Then in A ABP, AP : PC= AB : BE. 

3. Now Z3 = Z1. 

4. And Z4 = Z2. 

5. But Z1=Z2. 

6. .\Z3 = Z4. 

7. .-. BC = BE. 

8. A AP: PC=AB : BC. 

Q.E.D. I 



Reasons 

1. §179. 

2. §409. 

3. §190. 

4. §189. 

5. By hyp. 

6. §54,1. 

7. §162. 

8. §309. 



:. 687. Compare the lettering of the figures for Props. XVIII and 
XIX, and also the steps in the argument. Could one argument serve for 
the two cases ? 

Ez. 688. The sides of a triangle are 9, 12, and 16. Find the segments 
of side made by the bisector of the exterior angle at the opposite vertex. 
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434i Def. A line is divided harmonically if it is divided 
internally and externally into segments whose ratios are numeri- 
cally equal ; thus, if line AC is divided internally at P and ex- 
ternally at Q so that the ratio of , , , ^^ 

AP to PC is numerically equal to -^ PC Q 

the ratio of AQ to QC, AC is said to be divided harmonically.' 



689. The bisectors of the interior and exterior angles at any 
vertex of a triangle divide the opposite side harmonically. 

Ex. 690. Divide a given straight line harmonically in the ratio of 
8 to 6 ; in the ratio of a to 6, where a and b are given straight lines. 



Proposition XX. Theorem 

In two siinUar triangles any two homologous altir' 
tudes have the same ra^io as any two homologous sides. 

A 





B F 



Given two similar A ABC and DEF^ with two corresponding 
altitudes AH and DK. 

_ AH AB BC CA 

To prove — = — = — = — . 

DK DE EF FD 



Aboument 

1. In rt. A ABE and DEK, Ab = Z.E. 

2. .% A ABE ^ A DEK. 

o . ^g,oppositeZ B _ AByOY)positeABHA 
' -DJT, opposite Zj^ D^, opposite Z^iTi)* 

BE EF FD 



5 . ^ff_^B _BC __CA 
DK^ DE ~~ EF *'0* 



Q.E.D 



Bbasons 

1. §424,L 

2. §422. 

3. §424,2. 

4. §424,2. 
6. §54,1, 
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Proposition XXI. Theorem 

436. If three or more straight lines drawn through a 
common point intersect two parallels, the corresponding 
segments of the parallels are propofrtional. 





Given lines P-4, PB, PC, PL drawn through a common point P 
and intersecting the II lines AD and -4'/)' at points A, B, c, D and 
A'y B\ &, D'y respectively. 



To prove 



AB _ BC _ CD 



A^B' B'C' 

Abgumbnt 

1. AD tl A^D\ 

2. .-. A APB ^ A A^PB\ 
AB PB 



3. 



A'B' 



PB' 



4. Likewise A J5PC '^ A b'PC'. 

BC PB 



5. And 



6. 



B'C' PB' 
AB BC 
B'&' 



fnf 



A'B 



7. Likewise it can Be proved that 
BC CD 



8. 



B'C* &D'' 

AB _ BC __ CD 
A'B''' B'&^ C'D' 



Q.E.D. 



Reasons 

1. By hyp. 

2. § 423. 

3. § 424, 2. 

4. Args. 1-2. 

5. §424,2. 

6. § 54, 1. 

7. By steps sim- 

ilar to 1-6. 

8. §54,1. 



:. 691. If three or more non-parallel straight lines intercept pro- 
portional segments on two parallels, they pass through a common point. 
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Ez. 692.' A man is riding in an automobile at the uniform rate of 30 
miles an hour on one side of a road, while on a footpath on the other side 
a man is walking in the opposite direction. If the distance between the 
footpath and the auto track is 44 feet, and a tree 4 feet from the footpath 
continually hides the chauffeur from the pedestrian, does the pedestrian 
walk at a uniform rate ? If so, at what rate does he walk ? 

Ez. 693. Two sides of a triangle are 8 and 11, and the altitude upon 
the third side is 6. A similar triangle has the side homologous to 8 equal 
to 12. Compute as many parts of the second triangle as you can. 

Ex. 694. In two similar triangles, any two homologous bisectois are 
in the same ratio as any two homologous sides. 

Ez. 695. In two similar triangles, any two homologous medians are 
in the same ratio as any two homologous sides. 



437. Drawing to Scale. Measure the top of your desk. 
Make a drawing on paper in which each line is ^^j as long as 
the corresponding line of your desk. Check your work by 
measuring the diagonal of your drawing, and the corresponding 
line of your desk. This is called drawing to scale. Map draw- 
ing is a common illustration of this principle. The scale of 
the drawing may be represented : (1) by saying, " Scale, ^ '' or 
" Scale, 1 inch to 12 inches " ; (2) by actually drawing the scale 
as indicated. 



6 



12 



c 



"sr 



D 

m 



. 696. Using the scale above, draw lines on paper to represent 



24 inches ; 3 feet 3 inches. 

Ex. 697. On the black- 
board draw, to the scale 
above, a circle whose diame- 
ter is 28 feet. 

Ez. 698. The figure 
represents a farm drawn to 
the scale indicated. Find 
the cost of putting a fence 
around the farm, if the fenc- 
ing costs 1.25 per rod. 



B 






SCALE OF RODS 



40 



80 
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Proposition XXII. Theorem 

438. If two -polygons are composed of the same number 
of triangles, similar ea/^h to eojch and similarly placed, 
the polygons are similar. 




E J 

Given polygons ABODE and FGHIJ with A ABC <^ A FGH, 
A ACD ^ A FHIy A ADE ^ A FIJ, 

To prove polygon ABODE ^ polygon FQHIJ. 



Aroument 

1. In A ABO and FGH, Zb =Zo. 

2. AlsoZl = Z2. 

3. In A AOD and FHI, Z 3 = Z4. 

4. .•.Z1 + Z3 = Z2 + Z4. 

5. .-. Z BOD = Z am. 

6. Likewise Z CD-K = Z ir/J", Z.E = Zj, 

and Z Z^B = Z jy(y. 

7. ••. polygons ABODE and FOHIJ are 

mutually equiangular. 

8. InA^BCandi^Gfl:— = — = — . 

^ ^Gf G^H IZF 

9. InA^GDandJBT, ^=^ = :^. 

HP 51 IF 

10. AndinA^^and^/J, — = — =— . 

IF IJ JF 

' *' FO QH~ m^ IJ jf' 
12. .•. polygon ABODE ^^ polygon FOHIJ. 

. Q.E.D. 



Eeasons 

1. §424,1. 

2. §424,1. 

3. §424,1. 

4. §54,2. 

5. § 309. 

6. By steps sim- 

ilar to 1-5. 

7. By proof. 

8. §424,2. 

9. §424,2. 

10. §424,2. 

11. §54,1. 

12. §419. 
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439. Cor. Any two similar polygons may be divided 
into the same number of triangles similar each to each 
and similarly plojced. 

Proposition XXIII. Problem 

440. Upon a line hom/ologous to a side of a given poly- 
gon, to construct a polygon sim^ilar to the given polygon, 

C R 




E Q 

Given polygon AD and line MQ homol. to side AE. 
To conBtmot, on MQ, a polygon '^ polygon AD, 



I. CoDBtruction 

!• Draw all possible diagonals from A, as AC and AD. . 

2. At M, beginning with MQ as a side^ construct A 7, S, and 
9 equal respectively to A 1, 2, and 3. § 125. 

3. At Q, with MQ as a side, construct Z 10 equal to Z 4, and 
prolong side QP until it meets ML at P. § 125. 

4. At P, with PM as a side, construct Zll equal to Z5, and 
prolong side PO until it meets MR at O. § 125. 

5. At O, with OM as a side, construct Z12 equal to Z6, and 
prolong side Olf until it meets MF at J\r. § 126. 

6. MP is the polygon required. 



II. Proof 

Argument 

1. A ADE ^ A MPQ, A ACD ^ A MOP, and 
A ^£C <^ A J/i^O. 

2. .*. polygon MP '^ polygon ^ID. q.e.d 



Rbasons 

1. §421. 

2. §438. 
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IIL The discussion is left as an exercise for the student. 



Pboposition XXIV. Theorem 

44L The perimeters of two similar polygons are to eaxih 
other as any two howA)logoius sides. 

d 





Given ^ polygons P and Q, with sides a^ h^ e^ d^ e^ and / 

homol. respectively to sides A;; Z, m, n, ^ «iid|i» 

_ perimeter of P a 
To prove *^ — : — = -. 

perimeter of Q k 



Abgumbnt 

1 ? = -=— =-=?==X. 
* h I m n o p 



2. 



^ k + l +m + n + o-\-p k 

3. Thatis,E2SS2te^^a 
perimeter of Q k 



Q.E.D. 



Rkasons 
1 1419. 

2. I^L 

3. §809. 



:. 699. The perimeters of two similar polygons are 152 and 188 
a side of the first is 8. Find the homologous side of the second. 

Ex. 700. The perimeters of two similar polygons are to each other as 
any two homologous diagonals. 

Ex. 701. The perimeters of two similar triangles are to each other 
as any two homologous medians. 

Ex. 702. If perpendiculars are drawn to the hypotenuse of aright 
triangle at its extremities^ and if the other ^wo sides of the triangle are 
prolonged to meet these perpendiculars, the figure thus formed contains 
five triangles each of which is similar to any one of the others. 
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Proposition XXV. Theorem 

442. In a right triangle, if the altitude upon the 
hypotenuse is drawn: 

I. The triangles thus formed are similar to the given 
triangle and to each other 

II. The altitude is a mean proportional between the 
segments of the hypotenuse. 

III. Either side is a mean proportional between the 
whole hypotenuse and the segment of th^ hypotenuse 
adjaeent to that side, 

C 




Given rt. A ABC and the altitude CD upon the hypotenuse. 

To prove : 

I. A BCD ^ A ABC, A ADC r^ A ABC, and A BCD ^ A ADC 
II. BD:CD=CD: DA, 
III. AB:BC=BC:DB saidLAB:AC=AC:AD. 



I. Argument 

1 In rt. A BCD and ABC, /.B 

2. .-. A BCD ^ A ABC. 

3. In rt. A ADC and ABC, ZA 
4t. .'. A ADC r^ A ABC. 

5. .-. Z 1 = Z B. 

6. .-. A BCD ^ A ADC. 







BEASoirg 


/Lb. 


1. 


By iden. 




2. 


§422. 


Z.A. 


3. 


By iden. 




4. 


§422. 




6. 


§ 424, 1. 


Q.E.D. 


6. 


§422. 



n. The proof of II is left as an exercise for the student. 

Hint. Mark (with colored chalk, if convenient) the lines required in 
the proportion. Decide which triangles will furnish these lines, and use 
the fact that homologous sides of similar triangles are proportional. 
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III. The proof of III is left as an exercise for the student. 
Hint. Use the same method as for II. 

443. Cor. I. In a right triangle, if the altitude upon 
the hypotenuse is drawn: 

I. The square of the altitude is equal to the product of 
the segments of the hypotenuse. Thus, C& = BB • DA, (See 
§ 442, II.) 

II. The square of either side is equal to the product 
of the whole hypotenuse and the segment of the hypote- 
nuse Ojdjaeent to that side. Thus, 'b^ = AB • 2>jb, and 2^= 
AB . AB, (See § 442, III.) 

444. Cor. n. If from any point in the circumference 
of a circle a perpendicular to a 

diameter is drawn, and if chords 
are drawn from the point to the 
ends of the diam^eter : 

I. The perpendicular is a mean 
proportional between the segments 
of the diameter, 

II. Either chord is a mean proportional between the 
whole diameter and the segment of the diam£ter adjojcent 
to the chord. 

Hint. A APB is a rt. A. Apply Prop. XXV, II and IIL 




:. 703. In a right triangle, the squares of the two sides are pro* 
portional to the segments of the hypotenuse made by the altitude upon it. 

Hint. Apply § 443, H. 

ZLs. 704. The sides of a right triangle are 0, 12, and 15. 

(1) Compute the segments of the hypotenuse made by the altitude 
upon it. 

(2) Compute the length of the altitude. 

Zbc. 705. If the two arms of a right triangle are 6 and 8, compute the 
length of the perpendicular from the vertex of the right angle to the 
hypotenuse. 
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Proposition XXVI. Problem 

445. To constnuct a mean proparHonal between two 
given lines. 



I 

Vl 



/ 



I- 



I 

^0 




^ m C n 
Given two lines, m and n. 
To conBtruct a line I so that m:l^l:n. 



\ 

I 
I 

D B 



I. CoiiBtruotion 

1. On any indefinite str. line, a.s AB^ lay ofP AC^m and 
CD=:n. 

2. With O, the mid-point of -42), as center and with a radius 
equal to OD, describe a semicircumf erence. 

3. At C construct (7J& ± -4i>, meeting the semi circumference 
at jr. §148. 

4. CE is the required line I. 

II. The proof and discussion are left as an exercise for the 
student. 



:. 706. By means of § 444, II, construct a mean proportions^ be- 
tween two given hnes by a method different from that given in Prop. 
XXVI. 

. 707. Use the method of Prop. XXVI to constract a line equal 



to v3a6, a and 6 being given lines; 

Analysis. Let x = the required line. 

Then x = y/Zab, 

.'. x* = 3 ab. 
,\Sa:x = x:h. 

Ex. 708. Construct a line equal to aVS, where a is a given line. 

Ez. 709. Using a line one inch long as a unit, construct a line equsd 
to VS ; VS ; V6. Choosing your own unit, construct a line equal to 
3V2, 2V3, 5V6. 
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Pboposition XXVII. Theorem 

» 446. In any right triangls the square of the hypotenuse 
is equal to the sum of the squares of the other two sides. 

C 




B CD 

Given rt. A ABC, with its rt. Z at C7. 
To prove a* + &* = c*. 





Asonmira 






Rb.V80V« 


1. 


From O draw CD J. AB fonning 
ments I and d. 


s«?- 


1. 


§155. 


2. 


a* = C'l. 




2. 


§ 413, II. 


3. 


b' = c-d. 




3. 


§ 443, IL 


4. 


.'. a* + 6» = c(Z + d). 




4 


§54,2. 


6. 


,',a* + ll^=C-C = (f. Q.B.O. 


6. 


§309. 



447. Cor. I. The square of either side of a rigM tri- 
angle is equal to the square of the hypotenuse minus thp 
square of the other side. 

448. Cor. n. The diagonal of a square 
is equal to its side multiplied hy the 
square root of two. 

Outline of Fboof 



2. .-. (i = «V2. 



Q.E.D. 




449. Historical Note. The property of the right triangle stated 
in Prop. XXVII was known at a very early date, the ancient Egyptians, 
2000 B.C., having made a right triangle by stretching around three pegs a 
cord measured off into 3, 4, and 6 units. See Note, Book IV, ^ 510. 
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:. 710. By means of § 448, construct a line equal to v^ inches. 
711. If a side of a square is 6 inches, find its diagonal 

:. 712. The hypotenuse of a right triangle is 15 and one arm is 9.^ 
Find the other arm and the segments of the hypotenuse made by the 
perpendicular from the vertex of the right angle. 

TiX. 713. Find the altitude of an equilateral triangle whose side Is 6 
inches. 

Ex. 714. Find a side of an equilateral triangle whose altitude is 
8 inches. 

Ez. 715. Divide a line Into segments which shall be in the ratio 
of 1 to VS. 

Ex. 716. The radius of a circle is 10 inches. Find the length of a 
chord 6 inches from the center ; 4 inches from the center. 

Ex. 717. The radius of a circle is 20 inches. How far from the cen- 
ter is a chord whose length is 32 inches ? whose length is 28 inches ? 

Ex. 718. In a circle a chord 24 inches long is 5 inches from the center. 
How far from the center is a chord whose length Is 12 inches ? 



450. Def. The projection of a point upon a line is the foot 
of the perpendicular from the point to the line. 

451. Def. The projection of a line segment upon a line is 
the segment of the second line included between the projections 
of the extremities of the first line upon the second. 

Thus, G is the projection of A upon 3fiV, D is the projection 
of B upon MI^, and CD is the projection of AB upon i/K 

R B B 



ID 



C ITn M C D N M \y^ ^ 

A 

:. 719. In the figures above, under what condition will the projec- 
tion of AB on MIT be a maximum ? a minimum ? Y^ill the projection 
CD ever be equal to AB2 greater than AB^ "Will the projection ever 
be a point ? 

Ex. 720. In a right isosceles triangle the hypotenuse of which is 10 
inches, find the length of the projection of either arm upon the hypotenuse. 

Ex. 721. Find the projection of one side of an equilateral triangle 
upon another if each side is 6 inches. • 
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:. 722. Draw the projections of the shortest side of a triangle upon 
each of the other sides : (1) in an acute triangle ; (2) in a right triangle ; 
(3) in an obtuse triangle. Draw the projections of the longest side in 
each case. 

Ez. 723. Two sides of a triangle are 8 and 12 Inches and their 
Included angle is 60°. Find the projection of the shorter upon the longer. 

Ez. 724. In Ex. 723, find the projection of the shorter side upon the 
longer if the included angle is 30° ; 45°. 

Ez. 725. Parallel lines that have equal projections on the same line 
are equal. 

Proposition XXVIII. Problem 

452. In any triangle to find the value of the square of 
the side opposite an acute angle in terms of the other turn 
sides and of the projection of either of these sides upon the 
other ^ 





Fig. 1. 



Fig. 2. 



Given ABAXy with Zx acute; and j), the projection of b 
upon a. 

To find the value of a^ in terms of a, 6, and p. 



Abgument 

r2 



1. In rt. ABAD, a:^ = AD-{- BW. 

2. But 15^ = 6* -2?l 

3. Andi>J5 = a-jp(Fig.l)orjp-a(Fig\2). 

4. .•. SB^ = a^ — 2qp +jp2. 

5. .'. aj^ = &^ — ^- + a^ — 2 op + jP 7 
i.e. aj^ = a* + 2>^ — 2 op. q.e.f. 

453. Question. Why is it not necessary to include here the figure 
and discussion lor a right triangle ? 



Reasons 

1. §446. 

2. §447. 

3. § 54, 11. 

4. §64,13. 

5. §309. 
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454. Prop. XXYIII may be stated in the form of a 
theorem as follows : 

In any triangle, the square of the aide opposite an acute angle 
is equal to the sum of the squares of the other two sides dimin- 
ished by twice the product of one of these sides and the projec- 
tion of the other side upon it. 



Ez. 726. If the sides of a triangle are 7, 8, and 10, is the angle 
opposite 10 obtuse, right, or acute ? Why ? 

Ez. 727. Apply the statement of Prop. XXYIII to the square of an 
arm of a right triangle. 

Ez. 728. Find x (in the figure for Prop. XXVIII) in terms of a and 
b and the projection of a upon h. 



:. 729. If the sides of a triangle are 13, 14, and 15, find the pro- 
jection of the first side upon the second. 



:. 730. If two sides of a triangle are 4 and 12 and the projection of 
the first side upon the second is 2, find the third side of the triangle. 



Pboposition XXIX. Theorem 

In cofvy obtibse triangl'e, the square of the side oppo* 
site the obtuse angle is equal to the sum of the squares of 
the other two sides increased by twice the prod;uct of one 
of these sides and the prqjection of the other side upon it. 




Given A BAX with Zx obtuse, and p, the projection of 8 
apon a. 

To prove iB* = a* + 6* + 2 qp. 
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Aroumbnt 

L inrt. A BAD, a? =AP + Dff. 

2. But Ab^ = h^-p' 

3. And Z>fi = a4-p. 

4. .*. ^* = a* + 2ap+l)'. 

5 .*. a? =i}? - X? -\' a* -\'2ap +^\ 

i.e, of=ia^ + h^ + 2ap. q.e.d. 



Bbabons 

L §446. 

2. §447. 

3. §64,11. 
4 §54,13. 
5. §309. 



45a From Props. XXVIII and XXIX, we may derive the 
following formulas for computing the projection of one side 
of a triangle upon another ; thus if a, &, and e represent the 
sides of a triangle : 

From Prop. XXVIII, |> = ?^±^JZ^. (1) 

2a 

From Prop. XXIX, -|>=?^+iLli (2) 

It is seen that the second members of these two equations 
are identical and that the first members differ only in sign. 
Hence, formula (1) may always be used for computing the 
length of a projection. It need only be remembered that if j> 
is positive in any calculation, it indicates that the angle oppo- 
site c is acute; while if p is negative, the angle opposite c 
is obtuse. It can likewise be shown (see Prop. XXVII) t'hat 
if j9 =3 0, the angle opposite c is a right angle. 



:. 731. Write the formula for the projection of a upon h. 

122. In triangle ABC^ a = 15, 6 = 20, c = 25 ; find the projec- 
tion of h upon c Is angle A acute, right, or obtuse ? 

Bz. 733. In the triangle of Ex. 732, find the projection of a upon h. 
Is angle G acute, right, or obtuse ? 

Xbe. 734. The sides of a triangle are 8, 14, and 20. Is the angle 
opposite the side 20 acute, right, or obtuse ? 

Xbe. 735 If two sides of a triangle are 10 and 12, and their included 
angle is 120% what is the value of the third side ? 

Xbe. 736. If two sides of a triangle are 12 and 16, and their included 
angle is 45% find did third sida 
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737. If in triangle ABC^ angle C = 120°, prove that 
Aff^ = B& + A^ + AC' BC. 

c. 738. If a line is drawn from the vertex (7 of an isosceles tri* 
angle ABC, meeting base AB prolonged at Z>, prove that 

CS^ -Cff = AD'BD, 



Proposition XXX. Theorem 

457. In any triangle, the sum of the squares of any two 
sides is equal to twice the square of half the third side 
increased by twice the square of the median upon that 
side. ^ 




Given A ABC with m^j the median to side a. 
To prove 6^ + c* = 2/^|Y+2ma*. 



Argument 

1. Suppose 6 > c ; then Z. ADC is obtuse 

and Z BDA is acute. 

2. Let p be the projection of m. upon a. 

3. Then f rom A JDCr, 



4. And from A ABD, 



a 



a 






Q.E.D. 



BsAsoire 

1. §173. 

2. §451. 

3. §456. 



4. §454. 



5. §54,2, 
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458l Cor. The difference of the squares of two sides 
of any triangle is equal to twice the product of the third 
side and the prqjection of the median upon the third side. 

Hint. Subtract the equation in Arg. 4 from that in Arg. 3 (§ 457) 
member from member. 



:. 739. Write the formula involving the median to & ; to e. 

:. 740. Apply Prop. XXX to a triangle right-angled at ^ ; at £ ; 
at a 

459. It will be seen that the formula of Prop. XXX con- 
tains the three sides of a triangle and a median to one of these 
sides. Hence, if the three sides of a triangle are given, the 
median to any one of them can be found ; also, if two sides 
and any median are given, the third side can be found. 



:. 741. If the sides of a triangle ABC are 5, 7, and 8, find the 
lengths of the three medians. 

£z. 742. Tf the sides of a triangle are 12, 16, and 20, find the median 
to side 20. How does it compare .in length with the side to which it is 
drawn ? Why ? 

:. 743. In triangle ABC^ a = 16, 6 = 22, and OTc = 17. Find c. 

:. 744. In a right triangle, right-angled at C7, mo = 8} ; what is c ? 
Find one pair of values for a and h that will satisfy the conditions of the 
problem. 

Ex. 745. The sum of the squares of the four sides of any parallel- 
ogram is equal to the sum of the squares of its diagonals. 

£z. 746. The sum of the squares of the four sides of any quadrilateral 
is equal to the sum of the squares of its diagonals increased by four times 
the square of the line joining their mid-points. 

:. 747. Construct a triangle ABC^ given 6, c, and »»«. 

:. 748. Construct a triangle ABC^ given a, &, and the projection 
of & upon a. 

Bz. 749. Compute the side of a rhombus whose diagonals are 12 
and 16. 

Ex. 750. If the square of the longest side of a triangle is greater 
than the sum of the squares of the other two sides, is the triangle obtuse, 
right, or acute ? Why ? 
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Proposition XXXI. Theorem 

460. If through a -point within a circle two chords are 
drawn, the product of the two segments of one of these 
chords is equal to the product of the two segments of the 
other. 




Given P, a point within circle 0, and AB and CD^ any two 
chords drawn through P. 

To prove P-4 • FB = PC7 • PD. 

The proof is left as an exercise for the student. 

Hint. Prove A AFG ~ A FDB. 



751. In the figure for Prop. XXXI, if P^ = 6, PP = 12, and 
TD = 6, find PC. 

Ex. 752. In the same figure, if PC = 10, FD = 8, and AB = 21, find 
TA and BB. 

Ex. 753. In the same figure, if TC-^, DG = 22^ and ^P = 20, 
find AP and PP. 

Ex. 754. In the same figure, if PA = w, PC = n, and PD = r, find 
PP. 

Ex. 755. If two chords intersecting within a circle are of lengths 8 
and 10, and the second bisects the first, what are the segments of the 
second ? 

Ex. 756. By means of Prop. XXXI construct a mean proportional 
between two given lines. 

Ex. 757. If two chords intersect within a circle and the segments of 
one chord are a and b inches, while the second chord measures d inches, 
construct the segments of the second chord. 

Hnrr. Find the locus of the mid-xx)ints of chords equal to d* 
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:. 758. If two lines AB and CJ) intersect at E so that AE- EB 
= CE • EDi then a circumference can be passed through the four points 
4, B, C, D. 

Proposition XXXII, T^oeobem 

461. If a tangent and a secant are draumv from any 
given point to a circle, the tangent is a mean proper^ 
tionaZ between the whole secant and its external segment. 




Given tangent PT and secant PB drawn from the point P 
to the circle O, 



-, PB PT 

To prove — = — < 

PT PC 



Argument 

1 Draw CT and BT, 

2. In A PBT and CTP, Zp = Ap. 

a Z2 = Z2'. 

4. .\ A PBT r^ A CTP, 

PB, opposite Z 3 in A PBT 



6. 



PT, opposite Z 3' in A CTP 
_ PT, opposite Z 2 in A PBT 
~" PC, opposite Z 2' in A CTP Q- 



Bbabons 

1. §54,16. 

2. By iden. 

3. § 362, a. 

4. §421. 

5. §424,2. 



K.D. 



462. Cor. I. If a tangent and a secant are drawn from, 
any given point to a circle'^ the square of tlie tangent is 
equal to the product of the wltole secant and its external 
^ei^ment. 
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463. Cor. n. If two or mare secants are drawn from 
any given point to a circle, the product of any secant and 
its external segment is constant. 

Given secants PDy PH, PF, 
drawn from point P to circle O, '*" 
and let their external segments 
be denoted by P-4, PB, PC, 
respectively. 

To prove 
PD*PAzsPE*PBwsPF*Pa 



Abqumbnt 

1. From P draw a tangent to circle O, as 

PT. 

2. PT^=zPD.PAi Pr'rsPF . PB; Pr* = 

PF . pa 

3. •. PD»PAwaPE*PBssPF» PC. Q.E.D. 




2. §462L 
a 154,1 



E. 759. If a tangent and a secant drawn from the same poli^t to 9 
circle measure 6 and 18 inches, respectiyely, how long is' the dxtema] 
segment of the secant ? 

Bz. 760. Two secants are drawn to a circle from an oatslde point. II 
their external segments are 12 and 0, and the internal segment of the first 
secant is 8, what is the length of the second secant? 

£z. 761. The tangents to two intersecting circles from any point in 
their common chord (prolonged) are equaL 

£z. 762. If two circumferences intersect, their common chord (pro- 
longed) bisects their common tangents. 



464. Def. A line is said to be divided in extreme and mean 
ratio if it is divided into two parts such that one part is a 
mean proportional between the whole line and the other part 

Thus, AB is divided in extreme . P » 

and mean ratio Sit Pit AB:APz= ' 

APiPB. This diviflioA is known as the golden aeotioii. 
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Proposition XXXIIL FroBLSM 

465l To divide a line intemallj/ in extreme and mean 
ratia 




A P B 

Giveii line AB. 

To find, in AB, a point P such tliat ABxAPzsAPx PR 



I. Construction 

1. From B draw BO ± AB and ^\AB. § 148. 

2. With O as center and with BO as radius describe a cir* 
cumference. 

3. From A draw a secant through 0, cutting the circumfer- 
ence at O and D. 

4. With A as center and with AC as radius draw 6Pf cutting 
AB at P. 

6. ABlAPtsxAPlPB. 



11. Vtodt 

ARaUMBNT 

1. AB is tangent to circle O. 

2. .-. ADiAB^ABiAO. 

4. .\AD—CDlAB^AB'-AP:AP. 
6. .•. ulP:^5 = P5:^P. 
6. .\ABiAP=^AP:PB. 



Q.E.D. 



Bbasoits 

L §314. 

2. §461. 

3. §399. 

4. §309. 

5. §309. 

6. §395. 



IIL The discussion is le^t as an exercise for the student 
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Bx. 763. Divide a line AB esMrnallj In extreme and mean ratia 

HtHT. In the flguie for Prop. XXXIIl prolong BA to P, making 
PA = AI>. lYtea^to^e AB:PA = PA:PB. 

Bz. 764. If l^e line I is divided Internall; in extreme and mean ratio, 
and if 8 is the greater segment, find ttie value of s in terms of I. 

Hint. l:» = »:l-s. 

Bx. 765. A line 10 inches long is divided intemall; in extreme and 
mean ratio. Pind the lenglbs of the ivo segments. 

Hz. 766. A line 8 inches long la divided externally In extreme and 
mean ratio, find the length of the longer segment 

mSCELLAREOUS EXERCISES 

Ex. 767. Bxplain hon the accompanying 
flgnre can he used to find the distance from 
.J to £ on opposite sides of a hil). OE = {BO, 
CD = \A0. ED Is found by meaaurement to 
be 126 feet What Is the distance AB ? 

Ex. 768. A little boy wished to obtain the 
height of a tree in his yard. He set np a ver- 
tical pole 6 fe>-t high and watched until the 
shadow of the pole measured exactly 6 feet. He 
then measured quickly the length of the tree's shadow and called this the 
height of the tree. Was hl^ answer correct ? Draw figures and explain. 
Use this method for measuring the height of your school building and flag 

!»'•■ „ 

Bz. 769. If light from a tree, 
as AB, is allowed to pass through a 
small aperture 0, in a window shutter 
If, and strike a white screen or wall, 

an inverted image of the tree, as CD., ^ 

is formed on the screen. If the dis- 
tance OE = 30 feet, OF = 8 feet, and 
the length of the tree .dB= -15 feet, find _ 

the length of the Image CD. Under 
what condition will the length of the Image equal the length of the tree f 

This exercise illustrates the principle of the photographer's camera. 

Ex. 770. By means of Prop. XXXII construct a mean proportional 
between two given lines. 

Bx. 771. In a certain circle a chord 6V6 inches from tbe center Is 20 
inches in length. Find the length of a chord 8 inches from ibe center. 




BOOK m 207 

:. 772. Compute the length of i (1) the common external tangent, 
(2) the common internal tangent, to two circles whose radii are 8 and 
6, respectively, and the distance between whose centers is 20, 

£z. 773. If the hypotenuse of an isosceles right triangle is 10 Inches, 
what is the length of each arm ? 

Bz. 774. If from a point a tangent and a secant are drawn and the 
segments of the secant are 4 and 12, how long is the tangent f 

. 775. Given the equation *" "^ ** = — ; solve for x. 

x + e c 

:. 776. Find a mean proportional between o^-f 2 06 + 0* and 

a^ - 2 a6 + 5*. 

Ex. 777. The mean proportional between two unequal lines is lesB 

than half their sum. 

Ex. 778. The diagonals of a trapezoid divide each 
other into segments which are proportionaL 

Ex. 779. ABC is an isosceles triangle inscribed in 
a circle. Chord BD is drawn from the vertex B, cutting A^ 
the base in any point, as E, Prove BD ; AB=AB : BE. 

Ex. 780. In a triangle ABG the side ^^ is 805 feet. If a line 
parallel to BC divides AC in the ratio of 2 to 3, what are the lengths of the 
segments into which it divides AB ? 

Ex. 781. Construct, in one figure, four lines whose lengths shall be 

that of a given unit multiplied by V2, VS, 2, V6, respectively, 

Ex. 782. Two sides of a triangle are 12 and 18 inches, and the perpen- 
dicular upon the first from the opposite vertex is inches. What is the 
length of the altitude upon the second side ? 

Ex. 783. If a : & = c : (7, show that 

Also translate this fact into a verbal statement. 

Ex. 784. If a constant is added to or subtracted from each term of 
a proportion, will the resulting numbers be in proportion ? Give proof. 

Ex.785. Ifr:s = <:g, is3r + -:«=7(;2g? Prove your answer, 

2 




:. 786. One segment of a chord drawn through a point 7 units from 
the center of a circle is 4 units long. If the diameter of the circle is 16 
units, what is the length of the other segment ? 

Ex. 787. The non-parallel sides of a trapezoid and the line joining 
the mid-points of the parallel sides, if prolonged, are concurrent. 
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;. 788. Constract a circle which shall pass through two giren 
poipits and be tangent to a given straight line. 

Ex. 789. The sides of a triangle are 10, 12, 15. Compute the lengths 
of the two segments into which the least side is divided by the bisector 
of the opposite angle. q 

Ex. 790. AB is a chord of a circle, and CE is any A^^^^^B 
chord drawn through the middle point G of arc AB^ cut- 
ting chord AB at D. Prove CE: CA=^CA: CD, 

Ex. 791. Construct a right triangle, given its perime- 
ter and an acute angle. 




:. 792. The base of an isosceles triangle is a, and the perpendicular 
let fall from an extremity of the base to the opposite side is b. Find the 
lengths of the equal sides. 

Ex. 793. AD and BE are two altitudes of triangle CAB. Prove that 
AD:BE=CA: BC. 

Ex. 794. If two circles touch each other, their common external 
tangent is a mean proportional between their diameters. 

Ex. 795. If two circles are tangent internally, all chords of tho greater 
circle drawn from the point of contact are divided proportionally by the 
circumference of the smaller circle. 

Ex. 796. If three circles intersect each other, their common chords 
pass through a common point. 

Ex. 797. The square of the bisector of an angle of a triangle is equal 
to the product of the sides of this angle diminished by the product of the 
segments of the third side made by the bisector. 

Oiven t^ABC vnth ;, the bisector of ZJ?, dividing 
side 6 into the two segments 8 and r. 

To prove t^ = ac — rs. 



1. 
2. 
3. 



Outline op Proof 

Prove that a : < = t+mic 
Then ac =z t^ + tm = 1^ -{- rs. 



I, 798. In any triangle the product of two 
sides is equal to the product of the altitude upon the 
third side and the diameter of the circumscribed 
circle. 

Hint. Prove A ABD '^ A EBC, Then prove 





i 
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AREAS OF P0LT60NS 



466L A surface may be measnred by finding how many times 
it contains a unit of surface. The unit of surface most fre- 
quently chosen is a square whose side is of unit length. If the 
unit length is an inch, the unit of surface is a square whose 
side is an inch. Such a imit is called a square inch. If the 
unit length is a foot, the unit of surface is a square whose 
side is a foot, and the unit is called a square foot. 

467. Bef. The result of the measurement is a number, which 
is called the measure-number, or numerical measure, or area of 
the surface. 

B C 




D 
Fio. t Rectangle uiC» 15 CT. 



468. Thus, if the square U is contained in the rectangle 

JLBCD (Fig. 1) 15 times, then the measure-number or area of 

rectangle ABCD, in terms of IT, is 15. If the given square is 

uot contained in the given rectangle an integral nimiber of 
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H 



Fro. 2. Eectangle EO - 



timed widiout a remainder (see Fig. 2), then by taking a aquara 
which ia an aliquot part of U, as one fourth of U, and applying 



M 








' 



E 

Fio. 3. Bectangle Ea = t U*" 111 f^+- 

it 33 a measure to the rectangle (see Pig. 3) a number will 
be obtained which, divided by four,* will give another (and 



m 



Fig. 4. Rectangle JO- wr'+=lHf+- 
ndually closer) approximate area of the given rectangle. By 
proceeding In this way (see Fig. 4), closer and closer approxi 
mations of the true area may be obtained. 
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4G9. if the sides of the given rectangle and of the unit 
square are commensurable, a square may be found which is an 
aliquot part of U, and which is contained in the rectangle also 
an integral number of times. 

470. If the sides of the given rectangle and of the unit 
square are incommensurable, then closer and closer approxima- 
tions to the area may be obtained, but no square which is an 
aliquot part of U will be also an aliquot part of the rectangle 
(by definition of incommensurable magnitudes). There is, how- 
ever, a definite limit which is approached more and more closely 
by the approximations obtained by using smaller and smaller 
subdivisions of the unit square, as these subdivisions approach 
zero as a limit* 

471. Bef. The measure-number, or area, of a rectangle which 
is incommensurable with the chosen unit square is the limit 
which successive approximate measure-numbers of the rec- 
tangle approach as the subdivisions of the unit square approach 
zero a-s a limit. 

For brevity the expression, the area of a figure, is used to 
mean the measure-number of the surface of the figure with 
respect to a chosen unit. 

472. Def. The ratio of any two surfaces is the ratio of their 
measure-numbers (based on the same unit). 

473. Bef. XSquivalent figures are figures which have the 
same area. 

The student should note that : 

Equal figures have the same shape and size; such figures can 
be made to coincide. 
Similar figures have the same shape. 
Equivdlejit figures have the same size. 



. 799. Draw two equivalent figures that are not equal. 

* For none of these approximationB can exceed a certain fixed number, for example 
(A-(>l)(2»«fl), where the measure applied Is contained In the altitude h times with a re- 
mainder less than the measure, and in the base b times with a remainder less than the 
veaaare. 
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800. Draw two equal figures on the blackboard or cut them 
out of paper, and show that equal figures may be added to them in such 
a way that the resulting figures are not equal. Are they the same size f 

£z. 801. Draw figures to show that axioms 2, 7, and 8, when applied 
to equal figures, do not give results which satisfy the test for equal figures. 



1 


^ t ^ 


*- I XI 
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Fio.l. 



Fig. 2. 



-..:. 802. Fig. 1 above represents a card containing 64 small squares, 
cut into four pieces, I, II, III, and IV. Fig. 2 represents these four 
pieces placed together in different positions forming, as it would seem, a 
rectangle containing 65 of these small squares. By your knowledge of 
similar triangles, try to explain the fallacy in the construction. 

474. Historical Note. Geometry is supposed to have had its origin 
in land surveying, and the earliest traditions state that it had its beginning 
in Egypt and Babylon. The records of Babylon were made on clay 
tablets, and give methods for finding the approximate areas of several 
rectilinear figures, and also of the circle. The Egyptian records were 
made on papyrus. Herodotus states that the fact that the inundations of 
the Nile caused changes in the amount of taxable land, rendered it neces- 
sary to devise accurate land measurements. 

This work was done by the Egyptian priests, and the earliest manu- 
script extant is that of Ahmes, who lived about 1700 b.o. This manu- 
script, known as the Rhind papyrus, is preserved in the British Museum. 
It is called ^^ Directions for knowing all dark things,^' and is thought to 
be a copy of an older manuscript, dating about 3400 b.c. In addition to 
problems in arithmetic it contains a discussion of areas. Problems on 
pyramids follow, which show some knowledge of the properties of similar 
figures and of trigonometi^, and which give dimensions, agreeing closely 
with those of the great pyramids of Egypt. \ 

The geometry of the Egyptians was concrete and practical, unlike that 
of the Greeks, which was logical and deductive, even from its beginning. 



BOOK IV 



213 



Proposition I. Theorem 

475. The area of a rectangle is equal to the product of 
its base and its altitude. (See § 476.) 

B C 



I 




A D 

Given rectangle ABODy with base AD and altitude AB^ and let 
U be the chosen unit of surface, whose side is u. 

To prove the area of ABCD = AD • AB. 

I. If AD and AB are each commensurable with w. 
(a) Suppose that u is contained in AB and AB each an in- 
tegral number of times. 



Argumbnt 

1. Lay off u upon AD and AB^ respectively. 

Suppose that u is contained in ^Z> r 
times, and in AB s times. . 

2. At the points of division on AD and on AB 

erect Js to AD and AB, respectively. 

3. Then rectangle ABCD is divided into 

unit squares. 

4. There are r of these unit squares in a 

row on ADy and s rows of these 
squares in rectangle ABCD. 
6. .-. the area of ABCD = r • 5. 

6. But r and s are the measure-numbers 

oi AD and AB, respectively, referred 
to the linear unit u. 

7. .*. the area of ABCD = AD • AB. q.b^d. 



Reasons 
1. §336. 



2. §63. 

3. § 466. 

4. Arg. 1. 



5. §467. 

6. Arg. 1. 



7. §309. 
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(b) If u is not a measure of AD and AB, respectively, but 
if some aliquot part of u is such a measure. 

The proof is left to the student. 





A QD u 

II. If ^i> and AB are each incommensurable with u. 



Akoument 

1. Let m be a measure of u. Apply m as 

a measure to AD and AB sls many 
times as possible. There will be a 
remainder, as QD, on AD, and a re- 
mainder, as PBf on AB, each less 
than m. 

2. Through Q draw Qlf ± AZ>, and through 

P draw PJf ± ^P. 

3. Now ^ Q and -4P are each commensu- 

rable with the measure m, and hence 
commensurable with u. 

4. .-. the area of rectangle APMQ= A Q • AP. 

5. Now take a smaller measure of u. No 

matter how small a measure of u is 
taken, when it is applied as a measure 
to AD and AB, the remainders, QD and 
PB, will be smaller than the measure 
taken. 

6. .-. the difference between AQ and AD 

may be made to become and remain 
less than any previously assigned 
segment, however small. 



Reasons 
1. §339. 



2. §63. 

3. §337. 



4. §475,L 

5. §336. 



6. Arg. 5. 
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Aroumbnt 

7. Likewise the difference between AP 

and AB may be made to become and 
remain less than any previously as- 
signed segment, however small. 

8. .'. ^0 approaches AD as a limit, and AP 

approaches AB as a limit. 

9. .\ AQ*AP approaches AD-AB as a 

limit. 

10. Again, the difference between APMQ 

and A BCD may be made to become 
and remain less than any previously 
assigned area, however small. 

11. .•. APMQ approaches ABCD as a limit. 

12. But the area of APMQ is always equal 

to AQ' AP. 

13. . . the area of ABCD = AD^AB, 

Q.E.D. 



Reasons 

7. Arg. 5. 



8. § 349. 

9. §477. 
10. Arg. 6. 



11. § 349. 

12. Arg. 4. 

13. §355. 



III. If AD is commensurable with u but AB incommensn 
rable with u. The proof is left as an exercise for the student 

476. Note. By the product of two lines is meant the product of 
the measure-numbers of the lines. The proof that to every straight line 
segment there belongs a measure-number is given in § 595. 

477. If each of any finite number of variables approaches a 
finite limit, not zero, then the limit of their product is equal to 
the product of their limits, (See § 593.) 

478. CJor. L The area of a square is equal to the square 
of its side, 

479. Cor. n. Amj two rectangles are to each other as 
the products of their bases and their altitudes. 

Outline of Proof. Denote . the two rectangles by R and 
B\ their bases by b and b\ and their altitudes by h and h\ re- 
spectively. Then p = b •h and B^ = b*' h*. .*. — = — ' 



b' 'hf 
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480. Cor. m. (a) Two rectangles having equal ha^es are 
to each other a^s their aZtiticdes, and (b) two rectangles 
having ecpjual cUtitudes are to each other as their hoses. 

OUTLINB OP PbOOF 

Ez. 803. Draw a rectangle whose base is 7 units and whose altitude 
is 4 units and show how many unit squares it contains. 



:. 804. Find the area of a rectangle whose base is 12 Inches and 
whose altitude is 5 inches. 



;. 805. Find the area of a rectangle whose diagonal is 10 inches, 
and one of whose sides is 6 inches. 



;. 806. If the area of a rectangle is 60 square feet, and the base, 
5 inches, what is the altitude ? 

Ez. 807. If the base and altitude of a rectangle are 2\ inches and 1} 
inches, respectively, find the area of the rectangle. 

808. Find the area of a square whose diagonal is 8 V2 inches. 



:. 809. Find the successive approximations to the area of a rec- 
tangle if its sides are \/lO and V 5, respectively, using 3 times 2 for the 
first approximation, taking the square roots to tenths for the next, to 
hundredths for the next, etc. 



:. 810. Compare two rectangles if a diagonal and a side of otie are 
d and s, respectively, while a diagonal and side of the other are d' and fl^ 

Ex. 811. Construct a rectangle whose area shall be three times that 
of a given rectangle. 

Ek. 812. Construct a rectangle which shall be to a given rectangle in 
the ratio of two given lines, m and n. 



:. 813. Compare two rectangles whose altitudes are equal, but 
whose bases are 15 inches and 3 inches, respectively. 



:. 814. From a given rectangle cut off a rectangle whose area is 
two thirds that of the given one. . 



:. 815. If the base and altitude of a certain rectangle are 12 inches 
and 8 inches, respectively, and the base and altitude of a second rectangle 
are 6 inches and 4 inches, respectively, compare their areas. 
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Proposition IL Theorem 

481. TJte area of a parallelogram equals the producft oj 
its hose and its altitude. 

R h C 




Given O ARCD^ with base h and altitude A. 
To prove area of ARCDy ssb'h. 

Argument 

1. Draw the rectangle ERCF, having b as 

base and h as altitude. 

2. In rt. A DCF and are, dc = AR. 

3. Also CF =: RE. 

4. .% A DCF = A ARE. 

5. Now figure ARCF = figure ARCF. 

6. .•• area of ARCD = area of ERCF. 

7. But area of ERCF =sb-h. 

8. .% area of ARCD = b'h. q.e.d. 



BBA80N8 

1. §223. 

2. §232. 

3. §232. 

4. §211. 

5. By iden* 

6. §64,3. 

7. §476. 

8. §54,1. 

Cor. I. Parallelograms having equal hases and 
equal altitudes are equivalent. 

483. Cor. XL Any two parallelograms are to each other 
05 the products of their bases and their altitudes. 

Hint. Give a proof similar to that of § 479. 

484. Cor. m. (a) Two parallelograms having equal 
bases are to each other 05 their altitudes, and (b) two par^ 
allelograms having equal altitudes are to each othsr as 
their bases. (Hint. Give a proof similar to that of § 480.) 
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Proposition III. Theorem 

485. The area of a triangle equals one half the produd 
ofitM base and its altitude. 




A b C 

Given A ABC, with base b and altitude II 
To prove area of A ABC = ^ 6 • A. 

Arouhbnt 

1. Through A draw a line 11 CB, and 

through B draw a line II CA. Let 
these lines intersect at X 

2. Then AXBC is a O. 

3. ' /. A ABC = 1 O AXBC. 

4. But area of JXi3C = 6 . 7i. 
6. /. area of A -45(7 = ^ 6 • A. q.e.d. 

486. Cor. I. Triangles Jiavvng equal basses and equal 

altitudes are equivalent. 

487. Cor. n. Any two triangles are to each other as the 
products of their bases and their altitudes. 

Outline op Proof 

Denote the two A by r and 2', their bases by h and 6', and 
their altitudes by h and 7i', respectively. Then r = ^ 6 • A and 





RBABOim 


1. 


§179. 


2. 


§220. 


3. 


§236. 


4. 


§481. 


5. 


§54, 8a 






488. Cor. m. (a) Tm;c> triangles having equal bases are 
io eax^h other as their altitudes, and (h) two triangles 
having equal altitudes are to each as their basefu 
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Outline op Proof 

489. Cor. IV. A triangle is equivalent to one half of 
a parallelogram having the same base and altitude. 



:. 816. Draw four equivalent parallelograms on the same base. 

817. Find the area of a parallelogram having two sides 8 inches 
and 12 inches, respectively, and the included angle dO°, Find the area 
if the incladed angle is 45^. 

Ex. 818. Find the ratio of two rhombnses whose perimeters are 24 
inches and 16 inches, respectively, and whose smaller base angles are 30°. 

Xiz. 819. Find the area of an equilateral triangle having a side equal 
to 6 inches. 

•R-g, 82#. Find the area of an equilateral triangle whose altitude is 
8 inches. 

Xiz. 821. Construct three or more equivalent triangles on the same base. 

Ez. 822. Find the locus of the vertices of all triangles equivalent to 
a given triangle %nd standing on the same base. 

Xiz. 823. Construct a triangle equivalent to a given triangle and hav- 
ing one of its sides equal to a given line. 

Ez. 824. Construct a triangle equivalent to a given triangle and hav- 
ing one of its angles equal to a given angle. 

Ex. 825. Construct a triangle equivalent to a given triangle and hav- 
ing two of its sides equal, respectively, to two given lines. 

Ez. 826. Divide a triangle into three equivalent triangles by drawing 
lines through one of its vertices. 

Ex. 827. Construct a triangle equivalent to J of a given triangle ; 
I of a given triangle. 

Ex. 828. Construct a triangle equivalent to a given square. 

Ex. 829. The area of a rhombus is equal to one half the product of 
its diagonals. 

Ex. 830. If from any point in a diagonal of a parallelogram lines are 
drawn to the opposite vertices, two pairs of equivalent triangles are formed. 

Ex. 831. Two lines joining the mid-point of the diagonal of a quadri- 
lateral to the opposite vertices divide the figure into two equivalent parts. 

Ex. 832. Find the area of a triangle if two of its sides are 6 inches 
and 9 inches, respectively, and the included angle is 00°. 
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Proposition IV. Problem 

490. To derive a formula for the area of a triangle in 
terms of its sides. 

A 





C a B D C 

Given A ABC, with sides a, 6, and c. 

To derive a formula for the area of A ABC in terms of a, b^ 

an'd c. 

Argument ttsASONs 

1. Let h^ denote jbhe altitude upon a, p the pro- 1. § 485. 

jection of b upon a, and T the area of 
A ABC. 

ThenT=|aA.= |A.. 

2. V=5^-^ = (6-|.^)(6_p). 

3. Butp = «^i^ (Fig. 1), or _«li^!^ 

(Fig. 2). 

2a * 2a 

_ (a + 5 +c)(a+ 5— c)(c4-a— 6)(c— a+^) 

4a* 



5 . ;i ^^/ (<^+&+c)(a4-6-c)(c4-a-6)(c~a+ft) 

'" " ^ 4a2 

6. Kow let a 4- 6 -I- c = 2 s. 

Then a-|-6 — c = 2s — 2c = 2(s — c); 
a-6H-c = 2s-26 = 2(s-6); 
6 + c-a = 2s-2a = 2(s-a). 



2. § 447. 

3. § 456. 



4. § 309. 



5. § 54, la 

6. § 54, 3. 
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Ahguhekt 



7. Then h.^JEIISEM^EMH^ 

2 

s= Vs(s — a)(3 — 5)(« — c). 



Q.E.F. 



Bbasovs 
7. § 309. 



& §309. 



833. Find the area of a triangle whose sides are 7, 10, and 18. 

:. 834. If the sides of a triangle are a, &, and c, write the formula 
for the altitude upon b ; upon c (See Prop. IV, Arg. 7.) 

Ez. 835. In triangle ABC, a s 8, 5 = 12, e = 16 ; find the area of 
triangle ABG ; the altitude upon b ; the altitude upon e. 



Peoposition V. Theorem 

491. The area of a triangle is egioal to one half the 
product of its perimeter and the radius of the inscribed 
circle. 




Given A ABCf with area T^ sides a, h^ and e, and radius of 
inscribed circle n 
To prove rsaJ(a + 6+«)r. 

OuTLiNB OF Proof 

1. Area of AOBO^^a*r\ area of A0CMs|-6.r; area 
of A0^J5=s|^(?»n 2. ••. r = ^Ca + 6 + c)r. q.e.d. 

492. Cor. The area of any polygon circumscribed 
about a cirele is equal to one half its perimeter multir 
plied by the radius of the inscribed circle. 
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:. 836. If the area of a triangle is ^VS square inches and its sidea 
are 3, 5, and 7 inches, liud the radius of the inscribed circle. 

Ex. 837. Derive a formula for the radius of a circle inscribed in a 
triangle in terms of the sides of the triangle. 

OuTLiNB OF Solution 



2, ..,^^J^V^(«-«)(^-^>)(^-c). 

8 8 ^' ' • 

838. Derive a formula for the radius of a circle circumscribed 
about a triangle, in terms of the sides of the triangle. . 

Outline of Solution (See figure for Ex. 798.) 

1. dh = ac; i.e. d or 2 i? = — . 

h 

2.1? ac _ abc ^ „ „ 

. .•./* = = — QJB.F. 

2 A 4Vs(«-a) (a -6) (« - c) . 

Xiz. 839. If the sides of a triangle are 9, 10, and 11, find the radius 
of the inscribed circle ; the radius of the circumscribed circle. 

Ex. 840. The sides of a triangle are 3 a, 4 a, and 5 a. Find the 
radius of the inscribed circle ; the radius of the circumscribed circle. 
What kind of a triangle is if? Verify your answer by comparing the 
radius of the circumscribed circle with the longest side. 

Ez. 841. Derive formulas for the bisectors of the angles of a triangle 
in terms of the sides of the triangle. 

» 

Outline of Solution (See figure for Ex. 797.) 
1. tb^ = ac — r8. 2. But a :c=r:«. 3. ,\ a-\- c:a=b:r. 

4. .-. r = -^. 5. Likewise s = -^ . 6. .'.tt,^ = ac- ^^^ 



a-\-c a-\-c {a-{-cy 

ac(a + 6 + c)(a-6+€)^4ac8(.-&)^ ^. . ^_j_^-___^ 
(«-Hc)2 (a + c)2 a + c ^ ^ 

8. Likewise U = v6cs(« — a) and tc = Vab8(8 — c) • 

6 + c a + 6 Q.B.F. 

Find r, B, T, ha, Wa, and ta, having given : 
Ex. 842. a = 11, ft = 9, c = 16. Wliat kind of an angle is C? 
Ex. 843. a = 13, 6 = 15, c = 20. What kind of an angle is C? 
Ex. 844. a = :i4, 6 = 10, c = 26. Wliat kind of an angle is C ? 



BOOK rv 



223 



TRANSFORMATION OF FIGURES 

493. Def. To transform a figiu*e means to find another 
figure which is equivalent to it. 

Proposition VI. Pboblbm 

494. To construct a triangle equivalent to a given 
polygon. 




Given polygon ABCDEF, 

To construct a A =o= polygon ABCDEF, 

(a) Construct a polygon =o= ABCDEF, but having one side less. 

I. Construction 

1. Join any two alternate vertices, as C and A. 

2. Construct BG II CA, meeting FA prolonged at O. § 188. 

3. Draw CG. 

4. Polygon GCDEF =o polygon ABCDEF and has one side less. 



II. Proof 
Aboument 

1. A, AGC and ABC have the same base 

CA, and the same altitude, the ± be- 
tween the lis CA and BG, 

2. .-. AAGC^A ABC. 

3. But polygon A CDEF = polygon A CDEF. 

4. .-. polygon GCDEF =o= polygon ABCDEF. 

Q.E.D. 



Reasons 
1. §235. 



2. §486. 

3. By iden. 

4. §54,2. 



224 



PLANE GEOMETRY 




(&) In like manner, reduce the number of sides of the new 
polygon QCDEF until A DHK is obtained. 

The construction, proof, and discussion are left as an exercise 
for the student. 



:. 845. Transform a scalene triangle into an isosceles triangle. 

Ex. 846. Transform a trapezoid into a right triangle. 

Ex. 847. Transform a parallelogram into a trapezoid. 

Ez. 848. Transform a pentagon into an isosceles triangle. 

Ex. 849. Construct a triangle equivalent to | of a given trapezium. 

Ex. 850. Transform f of a given pentagon into a triangle. 

Ex. 851. Construct a rhomboid and a rhombus which are equivalent, 
and which have a common diagonal. 



Proposition VII. Theobem 

The area of a trapezoid equals the product of its 
altitude and one half the sum of its bases. 




b' 



^k 



^^' 



.^-' 




A b D 

Given trapezoid AFED, with altitude h and bases b and b\ 
To prove area of AFHD = ^ (6 -f ft')^. 
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ABOUHBirr 

1. Draw the diagonal AE. 

2. The altitude of A JED, considering b 

as base^ is equal to the altitude of 
AAFEf considering V as base, each 
^being equal to the altitude of the 
trapezoid, h. 

3. /. area of A AED = ^ 6 • A. 

4. Area of A AFE = J 6' . ^, 

5. /. area of trapezoid AFED = ^(b + b^h. 

Q.E.D. 



BBA80N8 

1. §54,16. 

2. §236. 



3. §485. 

4. §486. 

5. §64>2. 



496. Cor. ITie area of a trapezoid eqiiaZs the product of 
its altitude and its median. 

497. Question. The ancient Egyptians, in attempting to find the 
area of a field in the shape of a trapezoid, multiplied one half the sum of 
the parallel sides by one of the other sides. For what figure would this 
method be correct ? 



:. 852. Find the area of a trapezoid whose bases are 7 inches and 
inches, respectively, and whose altitude is 5 inches. 



853. Find the area of a trapezoid whose median is 10 inches and 
whose altitude is 6 inches. 



854. Through a given point in one side of a given parallelogram 
draw a line which shall divide the parallelogram into two equivalent parti^ 
Will these parts be equal ? 

Ex. 855. Through a given point within a parallelogram draw a line 
which shall divide the parallelogram into two equivalent parts. Will 
these parts be e^ual ? 

Xiz. 856. If the mid-point of one of the non-parallel sides of a trape- 
zoid is joined to the extremities of the other of the non-parallel sides, the 
area of the triangle formed is equal to one half the area of the trapezoid. 



:. 857. Find the area of a trapezoid whose bases are h and h* and 
whose other sides are each equal to a. 



:. 858. If the sides of any quadrilateral are bisected and the points 
of bisection joined, the included figure will be a parallelogram equal in 
area to half the original figure. 
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Proposition VIII. Theorem 

498L Two triangles which have an angle of one equal 
to an angle of the other are to each other as the products 
of the sides including the equal angles. 

B 

E 




I G C 

Given A ABC and DEF, with ZAssZd. 
A ABG AG • AB 




To prove 



A DEF DF • DE 



ABOUMEirr 

1 Let h be the altitude of A ABC upon 
side AC, and V the altitude of A DEF 
upon side DF, Then, 

AABC _ AC'h _AC h 

ADEF" DF -h^'^DF* A'* 

2. In rt. A^5(7and D-ffZ,Z-4 = ZJ), 

/. A ABQ ^ A DEK, 
h AB 
V DE 
_ AABC AG AB_ AC'AB 
DF DE 



3. 
4 

5. 



A DEF 



DF 'DE 



Q.E.D. 



Reasons 

1. §487. 



2. By hyp. 

3. § 422. 

4. §424,2. 

5. 1309. 



Ez. 859. Draw two triangles npon the blackboard, so that an angle 
of one shall equal an angle of the other. Give a rough estimate in inch( f 
of the sides including the equal angles in the two triangles, and compute 
the numerical ratio of the triangles. 

Ex. 860. If two triangles have an angle of one supplementary to an 
angle of the other, the triangles are to each other as the products of tbu 
sides including the supplementary angles. 
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Proposition IX. Problem 

499. To construct a square equivalent to a given tri^ 
tngle. Q 




I 
I 




I 



" li. E 



i6 

Given A ABCj with base h and altitude A. 
To constniot a square =o A ABO. 

I. Analysis 

1. Let X =: the side of the required square; then a? s area 
of required square. 

2. • ^ 6 . fe = area of the given A ABG. 

3. ••. 0/** =s ^ 6 • A. 

4. .\\hix^x:'h. 

5. .*. the side of the required square will be a mean pro- 
portional betweeir \ b and h. 



II. Construction 

1. Construct a mean proportional between ^ b and h. 
it a;. §445. 

2. On X, as base, construct a square, & 

3. £f is the required square. 



Call 



in. Proof 

Argumbnt 

1. ^bxxssxih. 

2. .•.«* = ! bh. 

3. But a^ = area of 8, 

4. And ^b 'h = area of A ABC, 
6. .•• 5 =0= A ABC. 



Q.E.D. 



Rbasons 

1. By cons. 

2. §388. 

3. §478. 

4. §485. 

5. § 54, 1. 
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lY. The discussion is left as an exercise for the student 



500. Question. Could x be constructed as a mean proportional be 
tween b and J A ? 

SOL Problem. To construct a square equivalent to a 
given paralleLogram. 



:. 861. Construct a square equivalent to a given rectangle. 

:. 862. Construct a square equivalent to a given trapezoid. 

:. 863. Upon a given base construct a triangle equivalent to a 
given parallelogram. 

Xiz. 864. Construct a rectangle having a given base and equivalent 

to a given square. , ^ 

502. Props. VI, VIII, and IX form the basis of a large 
rla^s of important constructions. 

(a) Prop. VI enables us to construct a triangle equivalent 
to any polygon. It is then an easy matter to construct a 
trapezoid, an isosceles trapezoid, a parallelogram, a rectangle, 
or a rhombus equivalent to the triangle and hence equivalent 
to the given polygon. 

(&) Prop. VIII gives us a method for constructing an equi- 
lateral triangle equivalent to any given triangle. (See Ex. 865.) 
Hence Prop. VIII, with Prop. VI, enables us to construct an 
equilateral triangle equivalent to any given polygon. 

(c) Likewise Prop. IX, with Prop. VI, enables us to con- 
struct a square equivalent to any given polygon or to any 
fractional part or to any multiple of any given polygon. 



865. (a) Transform triangle ABO into triangle DBC^ retaining 
base EG and making angle DBC=QO\ 

(6) Transform triangle DBC into triangle EBF^ retaining angle 
DBG = 60° and making sides EB and 5^ equal. (Each will be a mean 
proportional between*D5 and BC.) 

(c) What kind of a triangle is EBF*^ 

Ez. 866. Transform a parallelogram Into an equilateral triangle. 

Ex. 867. Construct an equilateral triangle equivalent to | of a ^ven 
trapezium. 
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Constract each of the following figures eqtdyalent to f of a 
given irregular pentagon : (1) a triangle; (2) an isosceles triangle ; (3) a 
right triangle ; (4) an equilateral triangle ; (5^ a trapezium ; (6) a trape- 
zoid; (7) an isosceles trapezoid; (8) a parailslogram; (0) a rhombus; 
(10) a rectangle ; (11) a square. 

ihe. 869. Transform a trapezoid into a right triangle having the 
hypotenuse equal to a given line. What restrictions are there upon the 
given Ime ? 



:. 870. Construct a triangle equivalent to a given trapezoid, and 
having a given line as base and a given angle adjacent to the base. 



PROPOSITIOK X, ThEOBBM 

503. Two similar triangles are to eaoh other as ths 
squares ofcofvy two Jwmologous sides. 





Given two similar A ABO and A!tf(f^ with h and V two 

homol. sides. 
«. A ABO &• 



RBASONft 

1. By hyp. 

2. §424,1 

3. §498. * 





--' AJ.'B'Cf~V 




ABOUMSn 


i 


A ABC'^AA'b'c'. 


2. 


.'./1A = Z A'. 


3. 


AA'B'cf b''<f b* d 


4 


|=r 


& 


. A ABC h h V 
" Aa'b'C h' V 6'«' 



= T7 • T7 = TS« Q.E.D. 



4 §424,2. 



5. §309. 
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504. Cor. Two similar triojbgJyes are to each other as the 
sqv,ares of any two homologous altitudes, (See § 435.) 



871. Two similar triangles are to each other as the squares of 
two homologous medians. 

Ez. 872. Construct a triangle similar to a given triangle and having 
an area four times as great. 

Ex. 873. Construct a triangle similar to a given triangle and having . 
an area twice as great. 

ihe. 874. Divide a given triangle into two equivalent parts by a line 
parallel to the base. 

875. Prove Prop. X by using § 487. 

876. Draw a line parallel to the base of a triangle and cutting off 
a triangle that shall be equivalent to one third of the given triangle. 

Ez. 877. In two similar triangles a pair of homologous sides are 10 
feet and 6 feet, respectively. Find the homologous side of a similar tri- 
angle equivalent to their difference. 

Ez. 878. Construct an equilateral triangle whose area shall be three 
fourths that of a given square. 



Proposition XI. Theorem 

505. Two similar polygons are to eojch other as t/ie 
squares of any two hom^ologous sides. 





Given two similar polygons P and P' in which a and a', b 
and b\ etc.. are pairs of homol. sides. 

m Pa 

To prove ^, = -,^ 
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ASODMBNT 

1. Draw all possible diagonals from any 

two homol. vertices, as V and F*. 

2. Then the polygons will be divided into 

the same number of A '^^ each to 
each and similarly placed, as A I and 
A I', A II and A II', etc. 



3. Then 



4. 



5. 

6. 

7. 

8. 

9. 
10. 



AI 
AT 

All 

Air 

A III 



a* 



But 



A III' 6!^ 

2- — £ — — 

a'"e'~d' 



a' 



e^ 



A I A II A III 



.'2 



>'2 



AT Air Aiir* 

AI+A n+AIII ^AI ^g' 
Ar + All'-hAllI' AT op'^' 



a' 
a 



»2' 



Q.E.D. 



Reasons 

1. §54,15. 

2. §439. 



3. §503. 



4. § 503. 



5. §503. 



6. §419. 



7. §54,13. 

8. §54,1. 



9. §401. 



10 § 309. 



506. Cor. Two similar polygons are to each other as the 
squares of any two homologouus diagonals. 



:. 879. If one square is double another, what is the ratio of their 
sides ? 

Ez. 880. Divide a given hexagon into two equivalent parts so that 
one part shall be a hexagon similar to the given hexagon. 

ihe. 881. The areas of two similar rhombuses are to each other as 
the squares of their homologous diagonals. 

Ez. 882. One side of a polygon is 8 and its area is 120. The homol- 
ogous side of a similar polygon is 12 ; find its area. 
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Pboposition XII. Theobem 

507. The sqiMire described on the hypotenuse of a 
right triangle is equivalent to the suvfh of the squares 
described on the other two sideso 




Given rt. A ABC, rightrangled at O, and the squares described 
on its three sides. 
To prove square AD so* square BF + square OB, 

Abgument 

1. From C draw CM± AB, cutting ABatL 

and KB at M. 

2. Draw CK and BE. 

3. AACGy BCA, and FCB are all rt. A 

4. .'. ACF and OCB are str. lines. 

5. InA CAKajidHAB,CA — BA,AK^AB. 

6. Z CAB = Z CAB. 

7. Z.BAK^ZHAa 

8. .'. Z OAK = Z HAB. 

9. .\ACAK=AHAB, 

10. A Cuijrand rectangle AM have the same 
base AK and the same altitude^ the 
X between the Us AK and C7if. 



Bbasors 


1. §155. 


2. § 54, 15. 


a By hyp. 


4. § 76. 


5 §233. 


6. By idea. 


7. §64. 


8. §54,2 


9. § 107. 


10. §23S. 


1 
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Aboumbnt 

11. .'. A OAK =0= ^ rectangle AM, 

12. Likewise A HAB and square CH have 

the same base HA and the same alti- 
tude, the ± between lis HA and QB. 

13. .'.A HAB =0= ^ square ca 

14. But A OAK = A HAB. 

15. .•. ^ rectangle AM^\ square CH. 

16. .'. rectangle AM^o^ square CH. 

17. Likewise, by drawing CD and -4^, it 

may be proved that rectangle LD =o= 
square BF. 

18. .•. rectangle uiJif+ rectangle i-D=c= square 

CH + square BF. 

19. .'. square AD=o square Cff+ square BF. 

Q.E.D. 



Rbasons 

11. §489. 

12. § 236. 



13. §489. 
14: Arg. 9. 

15. § 54, 1. 

16. § 54, 7 a. 

17. By steps simi- 

lar to 5-16. 

18. § 54, 2. 

19. §309. 



508. Cor. I. The square described on either side of a 
right triangle is equivalent to the square described on 
the hypotenuse minus the square described on the other 
side. 

509. Cor. n. If similar -polygons are described on the 
three sides of a right triangle as homologous sides, the 
polygon describeyd on the hypotenuse is equivalent to 
the sum of the polygons described on the other two sides. 

Given rt. A ABCy right-angled at C, and let P, Q, and i? be '^ 
polygons described on a, 6, and c, respectively, as homol. sides. 
To prove J? =c= P + Q. 

Argumbnt Onlt 



1 ^_a' 

A. . — " — _. 

R (^ 

*>• . . — = 5 = — = X. 



n Q b^ 

4. .'. i?=c=P+Q. 



Q.E.D. 



:. 883. The square on the hypotenuse of an isosceles right triangle 
is equivalent to four times the triangle. 
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Ptteaoobas 



510. Hlatorical Nots. Prop. XIT isosoally Imownas tberTtbago 
rean Proposition, because It was discovered by I^tbagoias. Ihe prooi 
giTCD bere ia tbat of Euclid (about 800 B.O.). 

Pythagocaa (669-500 b.c), 
one of tbe most famous mathe- 
maticians of antiquity, was 
bom at S:imas. He spent his 
early years of mahbood study- 
ing under Thalca and traveled 
in Asia Minor and Kgypt and 
probably also in Babylon and 
India. lie returned to Samns 
nbere be established a school 
that was not a great success. 
Later he went to Croiona in 
Southern Italy and there 
gained many adherents. lie 
formed, with bis closest fol- 
lowers, a secret society, the 
members of which possessed 
all things in common. They 

used as their badge the five-pointed star or pentagram which they knen 
how to construct and which they considered symbolical of healtb. Tbey 
ate simple food and practiced severe discipline, having obedience, temper- 
ance, and purity as their ideals. The brotherhood regarded their leader 
with reverent esteem and attributed to him their most important dis- 
coveries, many of which were kept secret, 

Pythagoras knew something of incommensurable numbers and proved 
that the diagonal and tbe side of a square ace Incommensurable. 

Tbe first man who propounded a theory of incommensurablea la said to 
have suffered sbipwreck on account of the sacrilege, since such numbers 
were thought to be symbolical of tbe Deity, 

Pythagoras, having incurred the hatred of 
Ills political opponents, was murdered by 
them, but hia sciiool was reestablished after 
bis death and It flourished for over a hundred 

Bx. 884. Use the adjoining figure to 
prove the Pythagorean theorem. 

' Ex. 8S5. Construct atriangleequivtJent 
to the sum of two given triaudea. t 
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ILc. 886. The figare represents a farm drawn to the scale indicated. 
Make accurate measure- 
ments and calculate ap- 
proximately the number 
of acres in the farm. 



887. A farm 
XYZW, in the form of a 
trapezium, has the follow- 
ing dimensions: XF=60 
rods, rz = 70 rods, ZW 
= 90 rods, Tr-r = 100 rods, 
and XZ = CO rods. Draw 
a plot of the farm to the 
scale 1 inch = 40 rods, and 
calculate the area of the 
farm in acres. 




SCALE OF n038 



CZ3 



20 



'^ & 



^C 



511. Def. By the rectangle of two lines is 
meant the rectangle having these two lines 
as adjacent sides. 



883. The square described on the sum of 
two lines is equivalent to the sum of the squares 
described on the lines plus twice their rectangle. 



889. Tlie square described on the 
difference of two lines is equivalent to the 
sum of the squares described on the lines 
diminished by twice their rectangle. 

IliNT. Let AD and CB be the given lines. 



a* 


ah 


ah 


h' 



a 



B 



:. 890. The rectangle whose sides are the 
sum and difference respectively of two lines is 
equivalent to the difference of the squares described 
on the lines. 

Hint. Let AB and BC be the given lines. 



B C 



:. 891. Write the three aljebraic formulas corresponding to the 
last three exercises. 
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Pboposition XIII. Pbobleai 

To canstmcb a square equivalervb to the swm of 
two given squares. 







Q 


-^ 


R 


p 




p 

m 




p 

Given 
To com 


squ. 
strtb 


ares P and Q. 
Bt a square =0^ 


^ C 

the suin 


r 

lOf P 


and 9, 



I. Constniction 

1. Construct the rt. A ABC, having for its sides p and q, 
the sides of the given squares. 

2. On r, the hypotenuse of the A^ construct the square B* 

3. J? is the required square. 

II. The proof and discussion are left to the student. 



:. 892. Construct a square equivalent to the sum of three or more 
given squares. 

:. 893. Constnict a square equivalent to the difference of two squares. 

:. 894. Construct a square equivalent to the sum of a given square 
and a given triangle. 

ILc. 895. Construct a polygon similar to two given similar polygons 
and equivalent to their sum. (See § 509.) 

ihe. 896. Construct a polygon similar to two given similar polygons 
and equivalent to their difference. 

ihe. 897. Construct an equilateral triangle equivalent to the sum of 
two given equilateral triangles. 

Ez. 898. Construct an equilatei*al triangle equivalent to the differ- 
ence of two given equilateral triangles. 
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Pboposition XIV. Peoblem 

513. To construct a polygorv similar to one of two 
given polygons and equivalent to the other. 






8 

Given polygons P and Q, with $ a side of P. 
To oonstruot a polygon ^ P and =o Q. 

I. Analysis 

1. Imagine the problem solved and let B be the required 
polygon with side x homol. to s, a side of P. 

2. Then P i R = !? ia?\ i.e. P : Q = «* : ic*, since Q =c= i?. (1) 

3. Now to avoid comparing polygons which are not similar, 
we may reduce P and Q to :c= squares. Let the sides of these 
squares be m and w, respectively ; then m* =c= P and n' «o» Q. 

4 ••• m* : n* s= «* : a;*, from (1). 

8. •*• m ; n = a : a;. 

6. That iS| a? is the fourth proportional to m, n, and & 

IL The construction, proof, and discussion are left as an 
exercise for the student. 

514. Historical Note. This problem was first solved by Pythagoras 
about 560 b.g. 



:. 899. Constnict a triangle similar to a given triangle and equiva> 
lent to a given parallelogram. 

:. 900. Construct a square equivalent to a given pentagon. 

:. 901. Construct a triangle, given its angles and its area (equal to 
that of a given parallelogram). Hint. See Prop. XIV. 

ZSx. 902. Divide a triangle into two equivalent parts by a line drawn 
perpendicular to the base. Hint, Draw a median to the base, then apply 
Prop. XIV. 
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Ex. 903. Fig. 1 represents maps of Utah and Colorado diawn to 
the scale indicated. By 
carefully measuring the 
maps: (1) Calculate the 
perimeter of each state. 
(2) Calculate the area of 
each state. (3) Check 
your results for (2) by 
comparing with the areas 
given for these states in 
your geography. 




H 



COLOR 




rio 100 



SCALE OF MILES 
coo 900 100 



Fia. 1. 



rn 



Scronton • 

PENNSYLVANIA 

, Pitt6burg 

Harriiiburg* 

Philadelphia 



FiQ. 2. 



Ex. 904. Fig. 2 repre- 
sents a map of Pennsylva- 
nia. A straight line from 
the southwest comer to the northeast comer is ^00 miles long. 

(1) Determine the scale to which the map 
is drawn. 

(2) Calculate the distance from Pittsburg to 
Harrisb'irg ; from Harrisbur-j to Philadelphia ; 
from Philadelphia to Scran ton ; from Scranton 
to Ilarrisburg. 

(3) Calculate approximately the area of the 
state in square miles. 



Ex. 905. Let C represent a can- 
dle; A Q, screen 1 foot square and 
1 yard from C; B a screen 2 feet 
square and 2 yards from (7; Z> a 
screen 3 feet square and 3 yards 
from C. If screen A were removed, 
the quantity of light it received would 
fall on 2?. "Wliat would happen if B 
were removed? On which screen, 
then, would the light be the least 
intense ? From tho figure, determine 
the law of intensity of light 



soo 
■ I 




Fia. 3. 



906. Divide a triangle into two equivalent parts by a line drawn 
{rom a given point in one of its sides. 

Hint. Let M be the given point in AC of A ABC, Then, if AM > 
MC, lAB ' AO^jy ^ 4M: if MG > AM, i GA - GB - CM ' CX 

where MS is the required Imc. 
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907. A represents a station. Cars approach tlie station on 
track BA and leave the station on track AG. Construct an arc of a circle 
VE^ with givtn radius r, connecting the two 
Intersecting car lines, and so that each car 
line is tangent to the arc. ^ 

This same principle is involved in designing 
a building between two streets forming at their A<!^ 
point of intersection a small acute angle, as 
the Flatiron Building in New York City. 

Ex. 908. Find the area of a rhombus if 
its diagonals are in the ratio of 5 to 7 and their 
sum is 10. ^^^- *• 

MISCELLANEOUS EXERCISES 

Ex. 909. Show that if a and h are two sides of a triangle, the area is 
J ah when the hicluded angle is 30° or 150°; \ ahy/H when the included 
angle is 46° or 135°; J a6V3 when the included angle is G0° or 120°. 

Ez. 910. The sum of the perpendiculars from any point within a 
regular convex polygon upon the sides is constant. 

Hint. Join the point with the vertices of the polygon, and consider 
the sum of the areas of the triangles. 

Ex. 911. The sum of the squares on the segments of two perpendicular 
chords in a circle is equivalent to the square on the diameter. 

Ex. 912. The hypotenuse of a right triangle is 20, and the projection 
of one arm upon the hypotenuse is 4. What is its area? 

Ex. 913. A quadrilateral is equivalent to a triangle if its diagonals 
and the angle included between them are respectively equal to two sides 
and the included angle of the triangle. 

Ex. 914. Transform a given triangle into another triangle containing 
two given angles. 

Ex. 915. Prove geometrically the algebraic formula (a + 6) (c + ^) = 
ac -\- he -{■ ad ■\- hd, 

Ex. 916. If in any triangle an angle is equal to two thirds of a straight 
angle (§ 69), then the square on the side opposite is equivalent to the sum 
of the squares on the other two sides and the rectangle contained by them. 

Ex. 917. The two medians RKsmd SH of the triangle liST inter- 
sect at P. Prove that the triangle BPJS is equivalent to the quadrilateral 
HPKT. 

Ex. 918. Find the area of a triangle if two of its sides are 6 inches 
and 7 inches and the included ang;le is 30°. 
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919. By two different methods find the area of an equilateral 
triangle whose side is 10 inches, 

Ex. 920. The area of an equilateral trian^^e is 86"^ ; find a side and 
an altitude. 

Ex. 921. By using the formula of Prop. IV, Arg. 8, derive the 
formula for the area of an equilateral triangle whose side is a. 

Ex. 922. What does the formula for 2" in Prop. lY become if angle 
C is a right angle ? 

Ex. 923. Given an equilateral triangle ABO^ inscribed in a circle 
whose center is O. At the vertex C erect a perpendicular U) BC cutting 
the circumference at D, Draw the radii OD and 0(7. Prove that the 
triangle ODG is equilateral. 

Ex. 924. Assuming that the areas of two triangles which have an 
angle of the one equal to an angle of the other are to each other as the 
products of the sides including the equal angles, prove that the bisector 
of an angle of a triangle divides the opposite side into segments propor- 
tional to the adjacent sides. 

Ex. 925. A rhombus and a square have equal perimeters, and the 
altitude of the rhombus is three fourths its side ; compare the areas of the 

two figures. 



:. 926. The length of a chord is 10 feet, and the greatest perpen- 
dicular from the subtending arc to the chord is 2 feet 7^ inches. Find 
the radius of the circle. 

Ex. 927. In any right triangle a line from the vertex of the right angle 
perpendicular to the hypotenuse divides the given triangle into two tri- 
angles similar to each other and similar to the given triangle. 

Ex. 928. The bases of a trapezoid are 16 feet and 10 feet, respec- 
tively, and each of the non-parallel sides is 5 feet. Find the area of the 
trapezoid. Also find the area of a similar trapezoid, if each of its non- 
parallel sides is 3 feet. 

Ex. 929. A triangle having a base of 8 inches is cut by a line paral- 
lel to the base and 6 inches from it. If the base of the smaller triangle 
thus formed is 5 inches, find the area of the larger triangle. 

Ex. 930. If the ratio of similitude of two similar triangles is 7 to 1, 
how often is the less contained in the greater? Hint. See §§ 418, 508. 

:. 931. Construct a square equivalent to one third of a given square. 

932. If the side of one equilateral triangle is equal to the alti- 
tude of another, what is the ratio of their areas ? 

c. 933. Divide a right triangle into two isosceles triangles. 
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EXERCISES OF GREATER DIFFICULTY 

:. 934. Constract a rectangle equivalent to a given square and hay> 
ing the sum of its base and altitude equal to a given line. 




/i\ 



J^P— ■■>■■— —♦^^•——fi T iM» — *^ — •'^•■ w 



\t« 



B 







:. 935. Construct a rectangle equivalent to a given triangle and 
haying its perimeter equal to a given line. 

936. Construct two lines, having given their sum and their 



product. 



:. 937. Construct a rectangle equivalent to a given square and hav- 
ing the difference of its base and altitude equal to a given line. 







«M«***^^ 



:. 938. Construct a rectangle equivalent to a given rhombus, the 
difference of the base and altitude of the rectangle being equal to a given 
line. 

ILc. 939. Construct two lines, having given their difference and their 
product. 

Ex. 940. Construct a triangle, given its three altitudes. Hint. Con- 
struct first an auxiliary triangle, with sides x, ^, and z^ such that ha : h^— 
y : X and he : ha= x : z. (See £x. 665.) 

Ez. 941. Through the vertices of an equilateral triangle draw three 
lines which shall form an equilateral triangle whose side is equal to a 
given line. 
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Ex. 942. The feet of the perpendiculars dropped upon the sides of s 
triangle from any point in the circumference of the circumscribed circle 
ar^ colUnear. 

Outline op Proof. The circle haying 
^iP as diameter will pass through Jf and Q. 
•. Zl=Zl'andZ2 = Z2'. Similarly 

Z3 = Z3', 

and JLTKM^Z.PBM, 

.'.jLAPB^zqPK. 

.\Z.APq==Z.BPK. 

.'. /:AMq = Z.BMK, 

.*. Qif and MKioxm one str. line. 




:. 943. Given the base, the angle at the vertex, and the sum of the 
other two sides of a triangle; construct the triangle. 



Analysis. Imagine the problem solved and draw 
A ABC, Prolong AB^ making BE = BC, since the line 
c + a is given. Since /.E^\^ABC^ AAEC can be 
constructed. 



944. The hypotenuse of a right triangle is given 
in magnitude and position ; find the locus of the center 
of the inscribed circle. 




945. Prove Prop. VIII, Book TV, by using the following figure, 
in which A'D^E* is placed in the position ADE. 





:. 946. Prove Prop. VIII, Book IV, using two triangles such that 
one will not fall wholly within the other. 

Ex. 947. If two triangles have an angle of one supplementary to an 
angle of the other, the triangles are tq each other as the products of the 
sides including: the supplementary angles. (Prove by method similar to 
that of Ex. 945.) 
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Ez. 948. Given base, difference of sides, and difference of base 
angles ; coustruct the triangle. 

Analysis. In the accompanying figure suppose 
c and EA^ (& — a), to be given. A consideration 
of the figure will show that Z2 = Zl-f-Zui. 
Add Z 1 to both members of the equation ; then 
Zl +Z2 = 2Z1 + ZA ButZl + Z2 = Z-B. 

.-. AB = 2Z1 +Z^. .-. Z1 = K-^^- ^^)' 

'iTie A BE A may now be constructed. The rest of the construction is left 

for the student 




:. 949. Given base, vertex angle, and difference of udes, constmct 
the triangle. 

Analysis. AE-AB^BC. Z.AEG^W B 

+ J Z 5. . •. A AEC can be constructed. 



:. 950. If upon the sides of any triangle 
equilateral triangles are constructed, the lines 
joining the centers of the equilateral triangles 
form an equilateral triangle. 

Hint. Circumscribe circles about the three ^ 
equilateral A. Join 0, the common point of 

intersection of the three circles, to A^ B, and C, the vertices of the given i^. 
Prove each Z at the supplement of the Z opposite in an equilateral A, 
and also the supplement of the Z opposite in the A to be proved equi" 
lateral 




. 951. To inscribe a square in a semicircle. 
Analysis. Imagine the problem solved and A BCD 



the required square. Prove OA = 



AB 



J)TSLYrEF±EO 




meeting OB prolonged at J^. FE : EO = BA : AG. 
.% EF=2 OE. 



Ez. 952. To inscribe a square in a given 
triangle, 

OuTLiNB OP Solution. Imagine the prob- 
lem solved and A BCD the required square. 
Draw /S'FIIi?rand construct square KSFH. jj 
Draw BF^ thus determining point C. The 

cons, will be evident from the figure. To prove ABCD a square, provt^ 
BC=CP. BCiSF=CDiFH, But SF=FM. ..BC=CD. 




A KDT H 
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Hx. 953. In a given square construct a square, having a given side^ 
so that its vertices shall lie in the sides of the given square. 

Hint. Construct a rt. A, given the hypotenuse and sum of arms. 

Ifhc. 954. Construct a triangle, given ma, nk^ hb. 

Analysis. Imagine the problem solved and 
that ABC is the required A. If BF were moved 
II to itself till it contained K, the rt AAKT 
would be formed and KT would equal J BF. 

Then AAKT can be made the basis of the 
required construction. 

Ex. 955. Construct a quadrilateral, given two of its opposite sides, 
its two diagonals, and the angle between them. 

Odtlinb op Construction. Imagine the 
problem solved and that AS CD is the 
required quadrilateral, s, s', <?, d', and Z 2)0(7 
being given. By II motion of d and d' the 
parallelogram BKFD may be obtained. The 
required construction may be begun by draw- 
ing CD BKFD, since two sides and the in- 
cluded /. are known. With K as center and s ^ 
as radius, describe an arc ; with D as center and ^ as radius, describe an 
arc intersecting the first, as at C. Construct LJ ABKC^ or CH DACF^ 
to locate A* 



^-^K 







:. 956. Between two circles draw a line which shall be parallel to 
the line of centers and equal to a given line h 



I 




. 957. Find x = -— , where a, 6, c, and d represent given lines. 

dr 

Hint. Here «=—.-. Let— =w and construct y. Then construct x, 

d d d 



:. 958. Transform any given triangle into an equilateral triangle 
by a method different from that used in Ex. 865. 

Analysis. Call the base of the given triangle b and its altitude o. 



Let 



X = the side of the required equilateral trianglCc 



Then ^^3 = ^6-^. .-. ib:x = xihV3. 
4 2 ' 



BOOK V 

REGULAR POLYGONS. MEASUREUENT OF THE 

CIRCLE 

515. Def. A regnlar polygon is one whicli is both equilatera] 
and equiangular. 



:. 959. Draw an equilateral triangle. Is it a regular polygon ? 

960. Draw a quadrilateral that is equilateral but not equiangular ; 
equiangular but not equilateral ; neither equilateral nor equiangular ; both 
equilateral and equiangular. Which of these quadrilaterals is a regular 
polygon? 

Ex. 961. Find the number of degrees in an angle of a regular do- 
decagon. 

516. Hlstoxlcal Note. The following theorem presupposes the pofi*- 
sibility of dividing the circumference into a number of equal arcs. The 
actual division cannot be obtained by the methods of elementary geom- 
etry, except in certain special cases which will be discussed later. 

As early as Euclid^s time it was known that the angular magnitude 
about a point (and hence a circumference) could be divided into 2", 
2« . 8, 2« . 5, 2* • 16 equal angles. In 1796 it was discovered by Gauss, 
then nineteen years of age, that a regular polygon of 17 sides can be con- 
structed by means of ruler and compasses, and that in general it is possi- 
ble to construct all polygons having (2'» + 1) sides, n being an integer 
and (2« + 1) a prime number. The first four numbers satisfying this 
condition are 8, 5, 17, 257. Gauss proved also that polygons having a 
number of sides equal to the product of two or more different numbers 
of this series can be constructed. 

Gauss proved, moreover, that only a limited class of regular polygons are 
constructible by elementary geometry. For a note on the life of Gauss, 
3ee § 620. 

246 
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Proposition I. Theorem 

517. If the circumference of a circle is divided into 
any number of eqwal arcs: (a) the chords joining the 
points of division form a regular polygon inscribed in 
the circle ; (6) tangents drawn at the points of division 
form a regular polygon circumscribed about the circle. 




Given circumference ACE divided into equal arcs AB, BC^ CD. 
etc., and let chords AB, BC, CD, etc., join the several points of 
division, and let the tangents OH, HK, KL, etc., touch the circum« 
ference at the several points of division. 

To prove ABCD • • • and QHKL • • • regular polygons. 



Argument 

1. AB = BC=CD =•'•. 

2. .". arc CEA =s arc DFB = arc EAO = • • 

3. .\ZABC=ZBCD=ZCDEss*... 

4. Also AB = BC= CD = •••. 

5. .•. ABCD • • • is a regular polygon. 

6. Again, Zbag = Zqba = ZCBH 

Zhcb = . . . . 

7. And AB=BC=CD = "'. 

8. .\ AAGB = ABHC—ACKDss.... 
9 .-. Zg = Zh= ZK= . • . . 

10. And AG=GB = BH=*** 



Reasons 

1. By hyp. 

2. §54, 7a. 

3. § 362, a. 

4. §298, 

5. §515. 

6. § 362, a. 

7. Arg. 4. 

8. § 105. 

9. § 110. 
10. § 110. 
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11. .•.6B=i.HZ=KL = ---. 11. S54,7a 

12. .-. Gfls£. -■ 13 a regular polygon. Q.E.D. I 12. §615. 

518. QuaatlonB. If, in Uie figure of § 617, tbe circumference Is dl- 
vldt'd Into sii equal parts, liow many arcs, eacli equal to arc AB, will arc 
CEA contain J arc DFB ? How many will each contain if the circum- 
ference is divided into n equal parts ? Ju alep 10, why does AG — QB ? 

519. Cor, Jf the vertices of a regular inscribed poly- 
gon are joined to the jnid^points of the arcs subtended by 
tJi^ sides of the polygon, the joining lines will form a 
regular inscribed polygon, of double the number of sides. 



Bx. 962. All equilateral polygon Inscribed in a circle is regular. 
Bx. 9S3. An equiangular polygon circumscribed about a circle te 

52(1 Hlatoilcal ttotm. Karl Friedrich Gauss (I7TT-I855) wbs bom 
it iirunawick, Germany. Although he was the son of a bricklayer, he was 
enabled to receive a liberal ed- 
ucation, owing to the recogni- 
tion oE Ills unusual talents by a 
nobleman. He was sent to the 
Caroline College but.attheage 
of fifteen, It was admitted hotb 
by professors and pupils that 
Gauss already knew all tliat 
they could teach bim. He 
became a student in the Uni- 
versity of GOttingen and while 
there did some Important work 
an the theory of numbers. 

On his return to Brunswick, 
he lived humbly as a private 

tutor, until 1807, when be Gaess 

was appointed professor of 

astronomy and director of the observatory at GHttingen. While there be 
did important work in physics as well as in astronomy. He also Invented 
Oie telegraph independently of S. F, B, Morae, 

His lectures were unusually clear, and he Is said to have given in them 
' the analytic steps by which he developed his proofs ; v-hile in bis writings 
there is no hint of the processes by which he discovered his results. 
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Proposition II. Problem 
521. To inscribe a square in a given circle. 




Given circle 0. 

To inscribe a square in circle O. 

I. The construction is left as an exercise for the student. 



II. Proof 

Abgcmbnt 

1. ABA. CD. 

2. .-. ZCO^=90°. 

3. .•. ic> = 90°, I.e. one fourth of the cir- 

cumference. 

4. .'. the circumference is divided into four 

equal parts. 

5. .'. polygon ACBD, formed by joining the 

points of division, is a square, q.e.d. 

III. The discussion is left as an exercise for the student. 



Keasons 

1. By cons. 

2. §71. 

3. §358. 

4. Arg. 3. 

5. § 517, a. 



I. Cor. The side of a square inscribed in a circle is 
equal to the radius midtiplied by \f2 ; the side of a square 
circumscribed about a circle is equal to twice the radius. 

. 964. Inscribe a regular octagon in a circle. 
. 965. Inscribe in a circle a regular polygon of sixteen sides. 
966. Circumscribe a square about a circle. 
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:. 967. Ciicomscribe a regular cx^tagon about a circle. 
ZSx. 968. On a given line as one side, constroct a square. 
ZSx. 969. On a given line as one side, construct a regular octagon. 
Ex. 970. If a is the side of a regular octagon Inscribed in a circle 
whose radius is B^ then a = 5V2 — V2, 

Pboposition III. Pboblem 
S23i To inscribe a regular hexagoiv in a given circle. 




Given circle O. 

To insoxibe in circle O a regular hexagon. 

I. The construction is left as an exercise for the student. 
Hint. AB = radius OA. 

11. Ptoof 
Aboumbht 

1. Draw OB. 

2. Then AABOis equilateral 

3. .-.^0=60^ 

4. .•.£&== 60% i.e. one sixth of the cir- 

cumference. 

5. •*• the circumference may be divided 

into six equal parts. 
& % polygon ABCDEF, formed by joining 
the points of division, is a regular 
inscribed hexagon. q.e.d. ( 

in. The discussion is left as an exercise for the student 



Reasons 

1. §54,16. 

2. By cons. 

3. §213. 

4. §358. 

5. Arg. 4. 

6. §517,0. 
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524. Cor. I. A regular inscribed triangle is formed by 
joining the alternate vertices of a ^ 
regular inscribed hexagon, 

525. Cor. n. A side of a regu- 
lar inscribed triangle is equal to 
the radius of the circle multi- 
plied by Vc?. 

Hint. A ABD is a right triangle whose 
hypotenuse is 2 ^ and one side B, 




971. Inscribe a regular dodecagon in a circle. 

:. 972. Divide a given circle into two segments such that any angle 
inscribed in one segment is five times an angle inscribed in the other. 

Ez. 973. Circumscribe an equilateral triangle about a circle. 

Circumscribe a regular hexagon about a circle. 

On a given line as one side, construct a regular hexagon. 

On a given line as one side, construct a regular dodecagon. 

If a is the side of a regular dodecagon inscribed in a circle 



XSz. 974. 
Ex. 975. 
Ex. 976. 
Ex. 977. 



nrhose radius is B^ then a = ^ v 2 — V3. 



Proposition IV. Problem 
To inscribe a regular decagon in a cirdle^ 
lE 





R 



X 

Fig. 1. 

Given circle 0. 

To inscribe in circle a regular decagon. 



Fio.a, 
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I. Construction 

1. Divide a radius R, of circle 0, in extreme and mean ratio 
§ 465. (See Fig. 2.) 

2. In circle> O draw a chord AB, equal to 8, the greater seg 
ment of S. 

3. uLS is a side of the required decagon. 



11. Proof 
Aroumbnt 

1. Draw radius OA, 

2. On OA lay off OM = «. 

3. Draw OB and BM. 

4. Then 0-4 ; Oif = Oif : 3fA. 

5. .*. 0-4 : -45 = -45 : 3f4. 

6. Also in A OAB and MAB, Z.A=sZa, 

7. .*. A OAB '^ A 3f4B. 

8. ". • A 0-45 is isosceles, A MAB is isosceles, 

and BM = ^5. 

9. But AB = 8= OM. 

10. .% 53f = OM, 

11. .% A -BOifis isosceles and Z3f50= Ao. 

12. But Z^53f=Zo. 

13. .-. ZJf50 + Z:453f, or Z ^50, = 2Zo. 

14. •. Z3f-45 = 2Z0. 

15. In A ABO, Z ABO + Zmab + Zo = 

180**. 

16. .•.2 Zo + 2 ZO + Zo,OT 5 Zo, = 

180^ 

17. .•.Zo = 36**. 

18. .-. -45 = 36®, i,e. one tenth of the cir- 

cumference. 

19. .". the circumference may be divided 

into ten equal parts. 
.20. .•. polygon ABCD • • • , formed by join- 
ing the points of division, is a regular 
inscribed decagon. q.bj). 



Bbasons 

1 §54,15. 

2. §54,14 

3. §64,15. 

4. By cons. 
6. §309. 

6. By iden. 

7. §428. 

8. §94. 

9. By con8. 

10. §54,1. 

11. §111. 

12. §424,1. 

13. § 54, 2. 

14. §111. 

15. § 204. 

16. §309. 

17. §54, 8 a. 
18.. § 358. 

19. Arg. 18. 

20. §517,0. 
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III. The discussion is left as an exercise for the student. 

527. Cor. I. A regular pentagon is farmed by joining 
the alternate vertices of a regular inscribed decagon. 



ZSx. 978. Construct a regular inscribed polygon of 20 sides. 

:. 979. The diagonals of a regular inscribed pentagon are equaL 

980. Construct an angle of Se*' ; of 72^ 

981. Divide a right angle into five equal parts. 

982. The seven diagonals of a regular decagon drawn from any 
vertex divide the angle at that vertex into eight equal angles. 

Ez. 983. Circumscribe a regular pentagon about a circle. 

XiZ. 984. Circumscribe a regular decagon about a circle. 

ZSx. 985. On a given line as one side, construct a regular pentagon. 

Ez. 986. On a given line as one side, construct a regular decagon. 

Ez. 987. The side of a regular inscribed decagon is equal to 
I B ( V6 — 1), where B is the radius of the circle. 

Hint. By cons., B is^ s x B-- 8, Solve this proportion for «. 



Proposition V. Problem 
To inscribe a regular pentedecagon in a drde. 




Given circle O. 

To inacxibe in circle O a regular pentedecagon. 

I. Constmotloa 

1. From A, any point in the circumference, lay off chord AX 
equal to a side of a regular inscribed hexagon. § 523. 
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2. Also lay off chord AF equal to a side of a regular inscribed 
decagon. § 526. 

3. Draw chord FE. 

4. FE is a side of the required pentedecagon. 



II. Proof 

Aroumbnt 

1. Arc AE s= J of the circumference. 

2. Arc AF^ss. ^ of the circumference. 

3. .-. arc ^^ = i — "nr, t\e. -^^ of the cir- 

cumference. 

4. .*. the circumference may be divided 

into fifteen equal parts. 
6. .•. the polygon formed by joining the 
points of division will be a regular 
inscribed pentedecagon. q.e.d. 



Reasons 

1. By cons. 

2. By cons. 

3. §54,3. 

4. Arg. 3. 

5. §517,0. 



III. The discussion is left as an exercise for the student. 



Note. It has now been shown that a circumference can be 
divided into the number of equal parts indicated below : 

2, 4, 8, 16,... 2* 

8, 6, 12, 24, ... S X 2» 

6, 10, 20, 40, ... 5 X 2« 

16, 80, 60, 120, ... 16 X 2«J 



[n being any positive 
integer]. 



Constract an angle of 24®. 

989. Circumscribe a regular pentedecagon about a given circle. 

Ex. 990. On a given line as one side, constract a regular pente* 
decagon. 

Ex. 991. Assuming that it is possible to inscribe in a circle a 
regular polygon of 17 sides, show how it is possible to inscribe a regular 
polygon of 61 sides. 

ZSx. 992. If a regular polygon is inscribed in a circle, the tangents 
drawn at the mid-points of the arcs subtended by the sides of the in- 
scribed polygon form a circumscribed regular polygon whose sides are 
parallel to the sides of the inscribed polygon, and whose vertices lie on 
the prolongations of the radU drawn to the vertices of the inscribed 
polygon. 
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Proposition VI. Theorem 

530. A circle may he circumscribed about any regular 
polygon; and, a circle may also be inscribed in it. 



B^^— 




->1> 



Given regular polygon ABCD • • • , 

To prove : (a) that a circle may be circumscribed about it ; 
(6) that a circle may be inscribed in it. 



(a) Argument 

1. Pass a circumference through points 

Ay By and C 

2. Connect 0, the center of the circle, 

with all the vertices of the polygon. 
Then OB = OC, 
.-. Z1 = Z2. 

But Z ABC = Z BCD. 

.•.Z3 = Z4. 

Also AB = CD, 
.•. A ABO = A OCD, 

.% OA = OD and circumference ABC 
passes through z>. 
10. In like manner it may be proved that 
circumference ABC passes through 
each of the vertices of the regular 
polygon; the circle will then be 
circumscribed about the polygon. 

Q.E.D. 



3. 

4. 
5. 
6. 

7. 
8. 
9. 



Hbasons 

1. §324. 

2. §54,16. 

3. §279, a. 

4. §111. 

5. §615. 

6. §54,3. 

7. §516. 

8. § 107. 

9. §110. 

10. By steps 
similar to 
1-9. 
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(JA ASOUMBNT 

1. Again AB, BC, CD, etc., the sides of 

the given polygon, are chords of 
the circumscribed circle. 

2. Hence Js from the center of the circle 

to these chords are equal. 

3. /. with as center, and with a radius 

equal to one of these Js, as OH, a 
circle may be described to which all 
the sides of the polygon will be 
tangent. 
••• this circle will be inscribed in the 
polygon. Q.E.D. 



4. 



Bbasons 
1. §231. 



2. §307. 

3. §314 



4. §817. 



Def. The center of a regular polygon is the common 
center of the circumscribed and inscribed circles ; as 0, Prop. VI. 

532. Def. The radius of a regular polygon is the radius of 
the circumscribed circle, as OA, 

533. Def. The apothem of a regular polygon is the radius 
of the inscribed circle, as OH. 

534. Def. In a regular polygon the angle at the center is 

the angle between radii of the polygon drawn to the extremities 
of any side, as Z AOF. 

535. Cor. I. The angle at the center is equal to four 
right angles divided by the number of sides of the 
polygon, 

536. Cor. n. An angle of a regular polygon is the 
supplement of the angle ojt the center. 



:. 993. Find the number of degrees in the angle at the center of a 
regular octagon. Find the number of degrees in an angle of the octagon 

Ez. 994. If the circle circumscribed about a triangle and the circle 
hiscribed in it are concentric, the triangle is equilateral. 

Ex. 995. How many sides has a regular polygon whose angle at the 
center is 30° ? 
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Pboposition VIL Theorem 

537. Begvlar polygons of the same nurnber of sides ar€ 
simUar. 

C 





Given two regular polygons, ABODE and A^B^Cfufsf^ of the 
same number of sides. 

To prove polygon ABODE ^ polygon A!B^(fD^lt. 



Argument 

1. Let n represent the number of sides of 

each polygon; then each angle of 
each polygon equals 
(n-2)2rt. /i 

n 

2. .*. the polygons are mutually equi- 

angular. 

3. AB — BC^CD^*»*. 

4. A^B' = B^(f = C^lf = . . . 
f, , AB BC CD 

A^B' B^Cf C'/)' 

6. .•. polygon abode r^ polygon A'b^&d^e'. 

Q.E.D. 



Rbabons 
1. §217. 



2. Arg. 1. 

3. §515. 

4. §515. 

5. §54, 8 a. 

6. §419. 



:. 996. Two homologous sides of two regtdar pentagons are 8 
Inches and 6 inches, respectively ; what is the ratio of their perimeters f 
of their areas ? 

Ez. 997. The perimeters of two regular hexagons are 30 inches and 
72 inches, respectively ; what is the ratio of their areas ? 
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Pboposition VIII. Theobeh 

The perimeters of two regular polygons of the 
same numJ)er of sides are to each other as their radii or 
as their apothems. 





A' F' B' 



Given regular polygons ABODE and A^B^CfD^Mf haying the 
same number of sides. Let OA and O'^' be radii, OF and O^F* 
apothems, P and P' perimeters, of the two polygons, respectively. 

„ P OA OF 

To prove — = -7-, = -r:-. 

The proof is left as an exercise for the student. 

Prove AAOE'>*AA'0'J^ 



Hnrr. From §§ 537 and 441, ^ = ^^ 



(§ 636 and § 428). Then 



AE OA OF 



A'E^ O'A' O'F' 



(§ ^6). 



K Cor. Theareasof two regular polygons of the same 
number of sides are to eaxih other as the squares of their 
radii or as the squares of their apothems. 



:• 998. Two regular hexagons are inscribed in circles whose radii 
are 7 inches and 8 inches, respectively. Compare their perimeters. Com- 
pare their areas. 



999. The lines joining the mid-points of the radii of a regular 
pentagon form a regular pentagon whose area is Qne fourth that of the 
first pentagon. 
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MEASUREMENT OF THE CIRCUMFERENCE AND OF 

THE CIRCLE 

540. The measure of a straight line^ i.e. its length, is 
obtained by laying off upon it a straight line taken as a stand- 
ard or unit (§ 335). 

Since a straight line cannot be made to coincide with a 
curve, it is obvious that some other system of measurement 
must be adopted for the circumference. The following 
theorems will develop the principles upon which such measure- 
ment is based. 

Proposition IX. Theorem 



I. The perimeter and area of a regular polygon 
inscribed in a circle are less, respectively, than the perime- 
ter and area of the regular inscribed polygon of twice a^ 
many sides, 

II. The perimeter and area of a regular polygon cir- 
cumscribed aJ)out a circle are greater, respectively, than 
the perimeter and area of the regular circumscribed poly- 
gon of twice as many sides. 





The proof is left as an exercise for the student. 

Hint. The sum of two sides of a triangle is greater than the third side. 



;. 1000. A square and a regular octagon are inscribed in a circle 
whose radius is 10 inches ; find : 

(a) The difference between their perimeters. 
(6) The difference between their areas. 



542. BlBtorical ITote. Archimedes (285?-212 b.o.) found the 

circumference and are» of the circle by a method aimilar to that giren in 
this text. He was bom in STmcuse, Sicily, but studied in Egjpt at the 
University of AJexandrla. 

Although, like Plato, he re- 
garded practical applications ol 
mathematics as of minor im- 
portance, yet, on hie return to 
Sicily he is said to have won 
the admiration of King Hiero 
by applying hie extraordinary i 
mechanical genius to the con- i 
Btroction of war-engines with 
which great havoc waa wrought 
on the Roman army. By 
meana of lar^ lenses and mir- 
rors he is said to have focused 
the sun's rays and set the 

Eoman ships on flie. Although Aecbmhubs 

this story may be untrue, never- 
theless such a feat would be by ho means impossible. 

Archimedes Invented the Archimedes screw, which was used in Egypt 
to drain the fields after the inundations of the Nile. A ship which was 
so large that Hiero could not get it launched was moved by a system of 
cogwheels devised by Archimedes, who remarked la this connection that 
had he but a fixed fulcrum, he could move the world itself. 

llie work most prized by Archimedes himself, however, and that which 
gives him rank among the greatest mathematicians of all time, is his in- 
vestigation of the mechanics of solids and fluids, his measurement of the 
circumference and area of the circle, and his work in solid geometry. 

Archimedes was killed when Syracuse was captured by the Romans. 
The story is told that he was drawing diagrams in the eand, as was the 
custom in those days, when the Roman soldieis came upon him. He 
begged them not to destroy his circles, but they, not knowing who he was, 
and thinking that he presumed to command them, killed him with their 
speara. The Romane, directed by Marcellus, who admired his genius and 
had given orders that he should be spared, erected a monument to his 
memory, on which were engraved a sphere Inscribed in a cylinder. 

The etory of the re-discovery of this tomb in 76 b.o. is delightfully told 
by Cicero, who found it covered with rubbish, when visiting Syracuse. 

Archimedes fe regarded as the greatest mathematician the world has 
known, with the sole exception of Kewton. 
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Pboposition X. Theorem 

By repedbedly doubling the number of sides of 
a reguLor polygon inscribed in a circle, and making the 
polygons always regular: 

I. The apothem can be made to differ from, the ror 
dius by less than any assigned volume. 

II. The square of the apothem can be made to differ 
from the square of the radius by less than any assigned 
value. 




Gi^en AB the side, 00 the apothem, and OB the radius of a 
regular polygon inscribed in circle AMB. 

To pro^e that by repeatedly doubling the number of sides 
of the polygon : 

I. OB — 00 can be made less than any assigned value. 
11. 6S* — 00* can be made less than any assigned value. 

L Aroumbnt 

1. By repeatedly doubling the number of 

sides of the inscribed polygon and 
making the polygons always regular, 
^y subtended by one side AB of the 
polygon, can be made less than any 
previously assigned arc, however small. 

2. .'. chord AB can be made less than any 

previously assigned line segment, how- 
ever smalL 



Reasons 
1. §619. 



2. §301. 
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Aboument 

3. .*» CBy which is ^ AB, can be made less 

than any previously assigned value, 
however small. 

4. Bull OB'-OC < CB. 

6. .*. OB — 0(7, being always less than CB, 
can be made less than any previously 
assigned value, however smalL 



IL 



Q.E.D. 





BiASon 


3. 


§644. 


4 


§168. 


5. 


§ 59, 10. 



1. §447. 

2. I, Arg. 8. 

3. §545. 

4. §309. 



1. Again, q5* — 6c* = cS*. 

2. But CB can be made less than any pre- 

viously assigned value, however small. 

3. .'. CB can be made less than any previ- 

ously assigned value, however small. 

4. .•. OB^—OC^, being always equal to CB*, 

can be made less than any previously 
assigned value, however small. 

Q.E.D. 

544i If a variable can be made less than any assigned valtte^ 
the qiwtient of the variable by any constant, accept zero, can he 
made less than any assigned value. 

545. If a variable can be made less than any assigned value, 
the square of thai variable can be made less than any assigned 
volume, (For proofs of these theorems see Appendix, §§ 686 and 689.) 



1001. Construct the following designs: (1) on the blackboard, 
making each line 12 times as long as in the figure ; (2) on paper, making 
each line 4 times as long : 
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Proposition XI. Theorem 

546. By repeatedly doubling the rvwmber of sides of 
regular circumscribed and inscribed polygons of the 
same number of sides, and making the polygons always 
regular : 

I. TJieir perimeters approach a common limit. 

II. Their areas approaxih a common limit. 




Qiven P and p the perimeters, R and r the apothems, and K 
and k the areas respectively of regular circumsGribed and 
inscribed polygons of the same number of sides. 

To prove that by repeatedly doubling the number of sides 
of the polygons, and making the polygons always regular : 
I. P and p approach a common limit. 

II. K and k approach a common limit. 



I. 



Argument 



1. Since the two regular polygons have the 



same number of sides, — = — 

p r 



2. 



3. 



P—p _ R—r 
P " R ' 
R—r 



p—p=zP 



R 



L But by repeatedly doubling the number 
of sides of the polygons, and making 
them always regular, R — r can be 



1. 



Reasons 
§538. 



2. §399. 

3. §54, 7 a. 

4. § 543, 1. 



BOOK V 



263 



5. 



6. 



Argument 

made less than any previously as- 
signed value, however small. 

R — r 



R 



can be made less than any pre- 



viously assigned value, however small. 
p can be made less than any 

previously assigned value, however 
small, P being a decreasing variable. 

R — r 



7. .-. P— p, being always equal to P 



R 



can be made less than any previously 
assigned value, however small. 
8. r. P and p approach a common limit. 

Q.E.D. 



Reasons 



5. § 544. 



6. §547. 



7. §309. 



8. § 548. 



II. The proof of II is left as an exercise for the student. 
Hint. Since the two regular polygons have the same number of sides, 
K= ^ (§ 589). The rest of the proof is similar to steps 2-8, § 646, I, 

547. If a variable can he made less than any assigned value, 
the product of that variable and a decreasing value may be made 
less than any assigned value, 

548. If two related variables are such that one is always 
greater than the other, and if the greater continually decreases 
while the less continually increases, so that the difference between 
the two may be made as small as we please, then the two variables 
have a common limit which lies between them, 

(For proofs of these theorems see Appendix, §§ 587 and 594.) 



\, Note. The above proof is limited Ui regular polygons, but it 
can be shown that the limit of the perimeter of any inscribed (or circum- 
scribed) polygon is the same by whatever method the number of its sides 
is successively increased, provided that each side approaches zero as a limit. 
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550L Def. The length of a circamference is the common 
limit ^hich the successive perimeters of inscribed and circum* 
scribed regular polygons (of 3^ 4, 5, etc., sides) approach as the 
number of sides is successively increased and each side ap- 
proaches zero as a limit. 

The term "circumference" is frequently used for "the 
length of a circumference." (See Prop. XII.) 

SSL The length of an arc of a circumference is such a part 
of the length of the circumference as the central angle which 
intercepts the arc is of 360^ (See § 360.) 

552k The approximate length of a circumference is found in 
elementary geometry by computing the perimeters of a series 
of regular inscribed and circumscribed polygons which are ob- 
tained by repeatedly doubling the number of their sides. The 
perimeters of these inscribed and circumscribed polygons, 
since they approach a common limit, may be made to agree to 
as many decimal places as we please, according to the number 
of times we double the number of sides of the polygons. 



Pboposition XII. Theorem 

The ratio of the drcwmference of a circle to Us 
dicaneter is the same for all circles. 





Qbrm any two circles with circumferences O and (f, and with 
radii S and S^, respectively. 
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2. 



Aboumbnt 

Inscribe in the given circles regular 
polygons of the same number of sides, 
and call their perimeters P and P\ 

P' 



2^* 



*5. • *• - — ss: 



P _ P^ 

22j""2ij'' 

4 As the number of sides of the two regu- 
lar polygons is repeatedly doubled, 
P approaches C as a limit, and P' 
approaches (/ as a limit. 



6. 



6. 



•• -^r- approaches — - as a limit 
2i? ^^ 2r 

Also -— ; approaches -— , as a limit 
2b} ^^ 2b! 



p p*^ 

7. But — is always equal to —j, 

2li 2Jr 



8. 



2r 



2Bf' 



Q.i:.D. 



1. s 



Rbabomi 
617,0. 



2. §538. 



3. 
4. 



§396. 
55a 



5. §408,6. 

6. §408,6. 

7. Arg. 3. 

8. §355. 



Def. This constant ratio of the circumference oi a 
circle to its diameter is usually represented by the Greek let- 
ter IT. It will be shown (§ 568) that its value is approxi- 
mately 3if^; or, more accurately, 3.1416. 

Cor. I. ThecircuTyifereTbceofaeircleiseqiiaZtoSirB, 

Cor. IL Any two circumferences are to each 
other as their radii. 



:. 1002. If the radius of a wheel is 4 feet, how far does it roll in 
two revolutioiis ? 

Ex. 1003. How many revolations are made by a wheel whose radius 
is 3 feet in rolling 44 yards ? 

Ex. 1004. (a) Find the width of the ring between two concentrio 
circumferences whose lengths are 2 feet and 3 feet, respectively. 

(&) Assuming the earth's equator to be 26,000 miles, find the width 
of the ring between it and a concentric circumference 1 foot longer. 

(c) Write your inference in the form of a general statement 
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Pboposition XIII. Theorem 

557. The curea of a regular polygon is egiuxZ to one 
half the prodUfCb of its perirneter and its apothem. 

C 




Given regular polygon ABCD • • • , P its perimeter, and r its 
apothem. 
To prove area of ABCD . . . =5 J Pr. 



Abgumbnt 

1. In polygon ABCD • • • , inscribe a circle. 

2. Then r, the apothem of regular polygon 

ABCD • • • , is the radius of circle O. 

3. .•. area of ABCD ^ * =z^ p r, q.e.d. 



Reasons 

1. §530. 

2. §533. 

3. §492. 



1005. Find the area of a regular hexagon whose side is 6 inches, 

:. 1006. The area of an inscribed regular hex- 
agon is a mean proportional between the areas of the 
inscribed and circumscribed equilateral triangles. 

Ex. 1007. The figure represents a flower bed 
drawn to the scale of 1 inch to 20 feet. Find the 
number of square feet in the flower bed. 




Def. The area of a circle is the common limit which 
the successive areas of inscribed and circumscribed regular 
polygons approach as the number of sides is successively in- 
creased and each side approaches zero as a limit. 
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Pboposition XIV. Theorem 

K The area of a circle is eqrjual to one half the -prod- 
uct of its circumference and its radius. 




Given circle 0, with radius By circumference C, and area K, 

1 



To prove- K= \ CR, 



Aboumbnt 

1. Circumscribe about circle a regular 

polygon. Call its perimeter P. and 
its area S. 

2. Then 5 = ^PiJ. 

3. As the number of sides of the regular 

circumscribed polygon is repeatedly 
doubled, P approaches C as a limit. 
4 /. ^ PS approaches J Ci? as a limit. 

5. Also S approaches JT as a limit. 

6. But S is always equal" to ^ PS. 

7. /. ir=^ CR. . Q.E.D. 



Rbasoks 
1. §517,6. 



2. §557. 

3. §560. 



4. §561. 

6. §558. 

6. Arg. 2. 

7. § 355. 



560. The product of a variable and a constant is a variable. 

561. The limit of the product of a variable and, a constai\tf not 
zerOf is the limit of the variable multiplied by the constant. 

• (Proofs of these theorems will be found in the Appendix, §§ 685 and 
690.) 

562. Cor. I. The area of a circle is equal to ttJR*. 
HiNT. K= \C'R = \^2'irB-B = ifB^. 
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Cor. n. Hie areas of two circles are to each obhet 
as the squares of their radii, or as the squares of their 
diameters. 

564i Cor. nL The area of a sector whose angle is a"* is 

^irsf. (See §651.) 
360 ^ ^ 



1008. Find the area of a circle whose radius is 8 inches. 

1009. Find the area of a sector the angle of which is (a) 45^, 
(6) 120'^, (e) I?'', and the radius, 5 inches. Find the area of the segment 
corresponding to (&). Hint. Segment = sector — triangle. 

Ex. 1010. If the area of one circle is four times that of another, and 
the radius of the first is 6 inches, what is the radius of the second ? 

Thr loll. Find the area of the ring included between the circumfer- 
ences of two concentric circles whose radii are 6 inches and 8 inches. 

Ex. 1012. Find the radius of a circle 
whose area is equal to the sum of the areas 
of two circles with radii 3 and 4, respectively. 



1013. In the figure the diameter AB 

= 25, AC = \AB^ AD = \AB, and J^ is any "^ 
point on AB. (1) Find arc -4(7 + arc CjB ; arc 
AZ> + arc DjB; arc -4J^+arc i^jB. (2) Com- 
pare each result with semicircumference AB. 




56Si Def. In different circles alniilar aros, alniilar ■ectoiBy 
and ainiilar aeginents are arcs, sectors^ and segments that cor- 
respond to equal central angles. 



:. 1014. Similar arcs are to each other as their radiL 
c. 1015. Similar sectors ar^to each other as the squares of their 
radii. 

Ex. 1016. Similar seg- 
ments are to each other as 
the squares of their radiL 

HniT. Prove 

sector AOB __ LAOB t^^^ 
sector CPD A CPD 

apply §§ 896 and 899. 
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Proposition XV. Pboblem 

Given a circle of unit diarneter and the side of a 
regular inscribed polygon of n sides, to find the side of 
a regular inscribed polygon of Sn sides. 

C 




GMven circle ABF of unit diameter, A,B the side of a regular 
inscribed polygon of n sides, and GB the side of a regular in* 
scribed polygon of 2 n sides ; denote ABhj a and CB by x. 

To find 0? in terms of «• 



Aboumbnt 

1. Draw diameter CF ; draw BO and BF. 

2. Z.OBFisATt.Z. 

8. Also OF is the J. bisector of AB. 

L A CB*= CF*CK. 

1 1 

5. Kow CF = 1, 50 = -, CO = i 

6. \CB* zsa?zsl.CKssCKsaCO'-'KO 

S3 i — KG. 
2 

7. .•.t?«- — -JSO* — KB 



8 



. ...,,„^i-vi-»' 



Q.B.F. 



Rbasons 

1. §54,15. 

2. §367. 

3. §142. 

4. §443, IL 

5. By cons. 

6. §309. 



7. 144V. 



8. §54,13. 
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Proposition XVL Problem 

567. Given a circle of unit diameter and the side of a 
, regular circumscribed polygon of n sides, to find the side 
of a regular circumscribed polygon of 2 n sides. 



A C B 




Given circle O of unit diameter, AB half the side of a reg 
ular circumscribed polygou of n sides, and CB half the side 
of a regular circumscribed polygon of 2 n sides ; denote AB 

by ^ and CB by %. 

To find X in terms of «• 

Aboumbvt 
X. Draw CO and AG. 

2. Zboc^^^boa. 

3. .-. in A OABy AC: CB =s AO: BO. 

4. But AC=»AB -- CB. 



5. And AOss ^AB^+ 50*. 

6. .'. AB^CBlCBzs ^AB^ +'Bd*iBO. 

7. Substituting | for AB, | for CB, and | 
H . » — 0? : a? = Vs^ + l : 1. 



Bbabonb 

1. §54,15. 

2. §517,5. 

3. §432. 

4. §54^11 

5. §446. 

6. §309. 

7. §309. 



8. §403. 
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9. 
10. 



Aboumbnt 



••.« — « = « V s^ 4- 1. 

s 



• '. X = 



1 -h V«* + 1 

Q.E.F. 



Rbasoits 
9. §388. 

10. Solving for a?. 



1017. Given a circle of unit diameter and an inscribed and a 
eircumscribed square ; compute the side of tlie regular inscribed and the 
legular circumscribed octagon. 



Proposition XVII. Problem 

To compute the approximate value of the circum- 
ference of a circle in terms of its diameter; i.e. to compute 
the value of IT. 

B 




Given circle ABCD, with unit diameter. 
To compute approximately the circumference of bircle ABCD 
in terms of its diameter ; t.e. to compute the value of «-. 



Ahoumbnt 

1. The ratio of the circumference of a 

circle to its diameter is the same for 

all circles. 
& Since the diameter of the given circle is 

unity, the side of an inscribed square 

will be i ■y/2. 



Rbasons 

1. §553. 

2. §622. 
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AnouMBirT 



3. "Ry naing- thfl formula a = -W^ — V 1 — ^ 

the sides of regular inscribed polygons 
of 8, 16, 32, etc., sides may be com- 
puted ; and by multiplying the length 
of one side by the number of sides, 
the length of the perimeter of each 
polygon may be obtained. The re- 
sults are given in the table below. 

4. Likewise if the diameter of the given 

circle is unity, the side of a circum- 
scribed square will be 1. 

5. By using the formula x = 



% 



1 + VaTfT 
the sides of regular circumscribed 
polygons of 8, 16, 32, etc.,. sides may 
be computed ; and by multiplying the 
length of one side by the number of 
sides, the length of the perimeter of 
each polygon may be obtained. The 
results are given in the following table. 



3. § 



RXABONB 
566. 



4. §522. 



6. §567. 



NUXBBB OF BIDBB 


Pkbuotsb of nrsoBiBSD 

POLTOON 


PXKIIUBTBB OF OXBOUMBOBIBBD 
POLTGOH 


4 


2.828427 


4.000000 


8 


3.061467 


3.313708 


16 


3.121445 


3.182597 


32 


3.136548 


3.151724 


64 


8.140331 


3.144118 


128 


3.141277 


3.142223 


256 


8.141513 


3.141750 


512 


3.141572 


3.141632 


1024 


3.141587 


3.141602 


2048 


3.141591 


3.141596 


4096 


3.141592 


3.141593 
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These successive perimeters will be closer and closer approxi- 
mations of the length of the circumference. By continuing to 
double the number of sides of the inscribed and circumscribed 
polygons, perimeters may be obtained which agree to as many 
orders of decimals as desired. 

The last numbers in the table show that the length of a cir- 
cumference of unit diameter lies between 3.141692 and 3.141593. 

.'. TT, the ratio of any circumference to its diameter, to five deci- 
mal places is 3.14159. The value commonly used is 3.1416. 

5G9. Historical Note. The earliest known attempt to find the area 
of a circle was made by Ahmes, an Egyptian priest, as early as 1700 b.c. 
His method gave for «- the equivalent of 3.1604. His manuscript is pre- 
served in the British Museum. 

Archimedes (250 b.c.) gave the value ^, his method being similar to 
that given in the text. 

Hero of Alexandria gave 3 and 3f . 

Ptolemy (about 150 b.c.) gave 3.1417. 

Metius of Holland (1600 a.d.) gave f Jf , which is correct to six places. 

Lambert (1750 a.d.) proved t an irrational number, and Lindemann 
(1882) proved it transcendental, i.e, not expressible as a root of an alge- 
braic equation. 

By methods of the calculus the value of v has been computed to sev- 
eral hundred places. Kichter carried it to 500 decimal places, and Shanks, 
in 1873, ga^e 707 places. 

It is. impossible to '' square the circle," f.e. to obtain by accurate con- 
struction, with the use of ruler and compasses only, a square equivalent to 
the area of a circle. 



:. 1018. Find the area of a circle whose radius is 6 inches. (Let 
IT = 3.1416.) 

Ez. 1019. The side of an inscribed square is 4 inches. What is the 
area of the circle ? 

Ex. 1020. What is the area of a circle inscribed 
in a square whose side is 6 inches ? 

Ex. 1021. The figure represents a circular grass 
plot drawn to the scale of 1 inch to 24 feet. Measure 
carefully the radius of the circle and find the number 
of square feet in the grass plot. 
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:. 1022. The figure represents a belt from driye wheel to wheel 
Q. The diameter of wheel is 
2 feet and of wheel Q 16 inclies. 
If the drive wheel makes 75 revo- 
lutions per minute, how many rev- 
olutions per minute will the smaller 
wheel make ? 




:. 1023. The radius of a circle is 6 inches. What is the area of a 

segment whose arc is 60'^ ? 

Ex. 1024. The radius of a circle is 8 inches. What is the area of 
the segment subtended by the side of an inscribed equilateral trian^e f 

Ex. 1025. The diagonals of a rhombus are 16 and SO ; find the area 

of the circle inscribed in the rhombus. 



MISCELLANEOUS EXERCISES 

Ex. 1026. An equiangular polygon inscribed in a circle is r^;alar if 

the number of sides is odd. 



:. 1027. An equilateral polygon circumscribed about a circle is 

regular if the number of sides is odd. 

Ex. 1028. Find the apothem and area in terms of the radius In an 
equilateral triangle ; in a square; in a regular hexagon. 

• Ex. 1029. The lines jcining the mid-points of the radii of a regu- 
lar pentagon form a regular pentagon. Find the ratio of its area to the 
area of the original pentagon. 

Ex. 1030. Within a circular grass plot of radius 6 feet, a flower bed 
in the form of an equilateral triangle is inscribed. How many square feet 
of turf remain ? 

Ex. 1031. The area of a regular hexagon inscribed hi a circle is 24 VS. 
What is this area of the circle ? 

Ex. 1032. From a circle of radius 6 is cut a sector whose central 
angle is 105°. Find the area and perimeter of the sector. (T = y.) 

Ex. 1033.^ Prove that the following method of 
inscribing a regular pentagon and a regular decagon 
in a circle is correct. Draw diameter CD perpen- 
dicular to diameter AB; bisect OA and join its mid- 
point to D ; take EF= ED and draw FD. FD will 
be the side of the required pentagon, and OjPthe side 
of the required decagon. 
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:. 1034. Divide a given circle into two segments such that any 
angle inscribed in one segment is twice an angle inscribed in the other ; 
so that an angle inscribed in one segment is three times an angle inscribed 
in the other ; seven times. 

ISz. 1035. Show how to cut off the corners of an equilateral triangle 
so as to leave a regular hexagon ; of a square to leave a regular octagon. 

Ez. 1036. The diagonals of a regular pentagon form a regular penta- 
gon. 

Ex. 1037. The diagonals joining alternate vertices of a regular hexa- 
gon form a regular hexagon one third as large as the original one. 

Ex. 1038. The area of a regular inscribed octagon is equal to the 
product of the side of an inscribed square and the diameter. 

:. 1039. If a is the side of a regular pentagon inscribed in a circle 



B 



whose radius is B, then a = -h- VlO — 2V5* 



:. lOM. The area of a regular inscribed dodecagon is equal to three 
times the square of the radius. 

Ez. 1041. Construct an angle of 9^. 

Ex. 1042. Construct a regular pentagon, given one of the diagonals. 

Ex. 1043. Through a given point construct a line which shall divide 
a given circumference into two parts in the ratio of 3 to 7 ; in the ratio of 
3 to 6. Can the given i)oint lie within the circle ? 

fix. 1044. Transform a given regular octagon into a square. 

1^ 1045. Construct a circumference equal to the sum of two given 
circumferences. 

Ex. 1046. Divide a given circle by concentric circumferences into 
four equivalent parts. 

, Ex. 1047. In a given sector whose angle Is a right angle inscribe a 
square. 

Ex. 1048. In a given sector inscribe a circle. 

Ex. 1049. If two chords of a circle are perpendicular to each other, 
the sum of the four circles having the four segments as diameters is 
equivalent to the given circle. 

Ex. 1050. The area of a ring between two concentric circumferences 
whose radii are B and B' respectively is rr(B^ — B'^). 

Ex. 1051. The area of the surface between two concentric circles is 
equal to twice the area of the smaller circle. Find the ratio between 
their ladiL 
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MISCELLANEOUS SXERaSES ON PLANE OEOXEtRT 

Ex. 1052. If equilateral triangles are coDstnicted on the sides of 
any given triangle, the lines joining the vertices of the given triangle to 
the outer vertices of the opposite equilateral triangles are equal 

Ex. 1053. If, on the arms of a right triangle as diameters, semicircles 
are drawn so as to lie outside of the triangle, and if, on the hypotenuse as 
a diameter, a semicircle is drawn passing through the vertex of the right 
an^e, the sum of the areas of the two crescents included between the 
semicircles Is equal to the area of the given triangle. 

Bx. 1054* The area of the regular inscribed triangle is half that of 
the regular inscribed hexagon. 

Ex. 1055. From a given point draw a secant to a circle such that its 
internal and external segments shall be equal. 



1056. Show that the diagonals of any quadrilateral inscribed in 
a circle divide the quadrilateral Into four triangles which are similar, two 
and two. 

Ex. 1057. Through a point P, outside of a chxsle, construct a secant 
^AB so that Xff s= P4 X PB. 



:. 1058. The radius of a circle is 6 feet. What are the radii of the 
drdes concentric with it whose circumferences divide its area into three 
equivalent parts f 

Ex.. 1059. Given parallelogram ABCD^ 
Pthe mid-point of BG\ prove 02*= } TC. 

Ex. 1060. Given P7a tangent to a circle 
at point 2\ and two other tangents parallel 
to each other cutting FT at A and B respectively ; prove that the radius 
of the circle Is a mean proportional between uiZ^and TB, 

Ex. 1061. Show that a mean proportional between two unequal lines 
is less than half their sum. 




1062. Given two similar triangles, construct a triangle equiva« 
lent to their sum. 



1063. The square of the side of an inscribed equilateral triangle 
is equal to the sum of the squares of the sides of the inscribed square and 
of the inscribed regular hexagon. 

Ex. 1064. Prove that the area of a circular ring is equal to the area 
of a circle whose diameter equals a chord of the outer circumference which 
is tangent to the inner. 
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:. 1065. If two chords drawn from a common point P on the chr* 
cumference of a circle are cut by a line parallel to the tangent through P, 
the chords and the segments of the chords between the two parallel lines 
are inversely proportional. 

Ez. 1066. Construct a segment of a circle similar to two given simi- 
lar segments and equivalent to their sum. 

Ex. 1067. The distance between two parallels is a, and the distance 
between two points A and B in one parallel is 2 b. Find the radius of 
the circle which passes through A and B, and is tangent to the other 
parallel. 

Ex. 1068. Tangents are drawn through a point 6 inches from the 
circumference of a circle whose radius is 9 inches. Find the length of 
the tangents and also the length of the chord joining the points of contact. 

ISz. 1069. If the perimeter of each of the figures, equilateral triangle, 
square, and circle, is 396 feet, what is the area of each figure ? 

Ex. 1070. The lengths of two sides of a triangle are 13 and 15 inches, 
and the altitude on the third side is 12 inches. Find the third side, and 
also the area of the triangle. (Give one solution only.) 

Ex. 1071. If the diameter of a circle is 3 inches, what is the length 
of an arc of 80° ? 

Ex. 1072. AD and BC are the parallel sides of a trapezoid ABCD, 
whose diagonals intersect at ^. If P is the mid-point of BC, prove that 
FE prolonged bisects AD, 

Ex. 1073. Given a square ABCD. Let E be the mid-point of 
CD, and draw BE, A line is drawn parallel to BE and cutting the 
square. Let P be the mid^point of the segment of this line within the 
square. Find the locus of P when the line moves, always remaining 
parallel to BE, Describe the locus exactly, and prove the correctness of 
your answer. 

Ex. 1074. Let ABCD be any parallelogram, and from any point P 
in the diagonal AC draw a straight line cutting AB In, M, BC in y, 
CD in i, and AD in K, Prove that PM • PiV= PK . PL. 

Ex. 1075. Find the area of a segment of a circle whose height is 
^ inches and chord SVS inches. 

Ex. 1076. A square, whose side is 5 inches long, has its comers 
cut off in such a way as to make it into a regular octagon. Find the area 
and the perimeter of the octagon. 

Ex. 1077. Into what numbers of arcs less than 15 can the circumfer- 
ence of a circle be divided with ruler and compasses only ? 
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:. 1078. Through a point A on the circamferenoe of a ofaole oboxda 
are drawn. On each one of these chords a point is taken one third of the 
distance from A to the other end of the chord. Find the locna of these 
points, and prove that your answer is correct. 

Ez. 1079. In what class of triangles do the altitndes meet within the 
triangle ? on the boundary ? outside the triangle ? ProYe. 

Ez. 1080. Given a triangle ABC and a fixed point D on side ACi 
draw the line through 2> which divides the triangle into two parts of 
equal area. 

Ex. 1081. The sides of a triangle are 5, 12, 13. Find the radius of 

the circle whose area is equal to that of the triangle. 

Ez. 1082. In a triangle ABO the angle C is a right angle, and the 
lengths of ^C and BO are 6 and 12 respectively ; the hypotenuse BA is 
prolonged through ^ to a* point 2> so that the length of AD is 4 ; CA is 
prolonged through ^ to J? so that the triangles AED and ABO hare 
equal areas. What is the length of AE ? 

Ez. 1083. Given three points A^ B, and C, not in the same straight 
line ; through A draw a straight line such that the distances of B and 
from the line shall be equal. 

Ez. 1084. Given two straight lines that cut each other ; dra'W four 
circles of given radius that shall be tangent to both of these lines. 

Ez. 1085. Construct two straight lines whose lengths are in the ratio 
of the areas of two given polygons. 

Ez. 1086. The radius of a regular inscribed polygon is a mean pro* 
portional between its apothem and the radius of the similar circumscribed 
polygon. 

Ez. 1087. Draw a circumference which shall pass through two g^ven 
points and bisect a given circumference. 

Ez. 1088. A parallelogram is constructed haying its sides equal and 
parallel to the diagonals of a given parallelogram. Show that its diagonals 
are parallel to the sides of the given parallelogram. 

Hint. Look for similar triangles. 

Ez. 1089. If two chords are divided in the same ratio at their point 

of intersection, the chords are equal. 

Ez. 1090. The sides AB and AO ot a triangle ABO are bisected in 
D and E respectively. Prove that the area of the triangle DBO is twice 
that of the triangle DEB. 

Ez. 1091. Two circles touch externally. How many common tan« 
gents have they ? Give a construction for the common tangenta 
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:. 1092. Prove tliat the tangents at the extremities of a chord of a 
ciide are equally inclined to the chord. 

Bz. 1093. Two unequal circles touch externally at P ; line AB touches 
the circles at A and B respectively. Prove angle APB a right angle. 

Ex. 1094. Pind a point within a triangle such that the lines joining 
this point to the vertices shall divide the triangle into three equivalent 
parts. 

Z&s. 1095. A triangle ABC is inscribed in a circle. The angle B is 
equal to 60^ and the angle C is equal to 60^. What angle does a tangent 
at A make with BC prolonged to meet it ? 

Bx. 1096. The bases of a trapezoid are 8 and 12, and the altitude is 
6. Pind the altitudes of the two triangles formed by prolonging the non- 
parallel sides imtil they intersect 

Ex. 1097. The circumferences of two circles intersect in the points A 
and B. Through A a diameter of each circle is drawn, viz. AC and AD. 
Prove that the straight line joining C and D passes through B. 

Ex. 1098. How many lines can be drawn through la given point in a 
plane so as to form in each case an isosceles triangle with two given lines 
in the plane ? 

Ex. 1099. The lengths of two chords drawn from the same point in 
the circumference of a circle to the extremities of a diameter are 6 feet 
and 12 feet respectively. Pind the area of the circle. 

Ex. 1100. Through a point 21 inches from the center of a circle 
whose radius is 15 inches a secant is drawn. Pind the product of the 
whole secant and its external segment. • 

Ex. 1101. The diagonals of a rhombus are 24 feet and 40 feet re- 
spectively. Compute its area. 

Ex. 1102. On the sides AB^ BG, CA of an equilateral triangle ABG 
measure off segments AD, BE, CF, respectively, each equal to one third 
the length of a side ; draw triangle DEF) prove that the sides of triangle 
DEF are i)erpendicular respectively to the sides of triangle ABC, 

.1103. Constractajif (a) -=^; (p)x = aV6. 

X 3 



1104. Pind the area included between a circumference of 
radius 7 and an inscribed square. 

Ex. 1105. What is the locus of the center of a circle of given 
radius whose circumference cuts at right angles a given circumference ? 

Ex. 1106. Two chords of a certain circle bisect each other. One of 
them is 10 inches long ; how far is it from t.h» center of the circle ? 
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:« 1107. Show how to find on a given straight line of indefinite 
length a point O which shall be equidistant from two given points A and 
B in the plane. If A-smd B lie on a straight line wliich cats the given 
line at an angle of 45° at a point 7 inches distant from A and 17 inches 
from B^ show that OA will be 13 Inches. 

Ex. 1108. A variable chord passes, when prolonged, through a 
fixed point outside of a given circle. What is the locus of the mid-point 
of the chord ? 

Bz. 1109. A certain parallelogram inscribed In a circle has two 
sides 20 feet in length and two sides 15 feet in length. What are the 
lengths of the diagonals ? 

Ex. 1110. Upon a g^ven base is constructed a triangle one of the 
base angles of which is double the other. The bisector of the larger base 
angle meets the opposite side at the point P. Find the locus of P. 

Ex. 1111. What is the locus of the point of contact of tangents 
drawn from a fixed point to the different members of a system of con- 
centric circles ? 

Ex. 1112. Find the locus of all points, the perpendicular distances 
of which from two intersecting lines are to each other as 3 to 2. 

Ex. 1113. The sides of a triangle are a, 6, c Find the lengths of 
the three medians. 

Ex. 1114. Given two triangles; construct a square equivalent to 
their sum. 

Ex. 1115. In a circle whose radius Is 10 feet, two parallel chords 
are 'drawn, each equal to the radius. Find the area of the portion be- 
tween these chords* 

Ex. 1116. A has a circular garden and B one that is square. The 
distance around e^h is the same, namely, 120 rods. Which has the 
more land, A or B ? How much more has he ? 

Ex. 1117. Prove that the sum of the angles of a pentagram (a five- 
pointed star) is equal to two right angle& 

Ex. 1118. AB and A*B^ are any two chords of the outer of two con- 
centric circles ; these chords intersect the circumference of the inner circle 
In points P, Q and P', Q' respectively : prove that AP* PB=A'P' - JP*B*. 

Ex. 1119. A running track consists of two parallel straight por- 
tions joined together at the ends by semicircles. The extreme length of 
the plot inclosed by the track is 176 yards. If the inside line of the 
track is a quarter of a mile in length, find the cost of seeding this plot a( 
I cent a square yard, (t s ^.) 



BOOK V 281 

:. 1120. If two similar triangles, ABC and DEF, have their 
nomologoufi sides parallel, the lines AD^ BE, and C7F, which join their 
homologous vertices, meet in. a point. 

Bz. 1121. In an acute triangle side AB = 10, AG =7, and the pro- 
jection of ^C on AB is 3.4. Construct the triangle and compute the third 
side Ba 

Bz. 1122. Divide the circumference of a circle into three parts that 
shall be in the ratio of 1 to 2 to 3. 

Ex. 1123. The circles having two sides of a triangle as diameters 
intersect on the third side. 



:. 1124. Construct a circle equivalent to the sum of two given 
circles. 



1125. Assuming that the areas of two triangles which have an 
angle of the one equal to an angle of the other are to each other as the 
products of the sides including the equal angles, prove that the bisector 
of an angle of a triangle divides the opposite side into segments propor- 
tional to the adjacent sides. 

Ex. 1126. In a circle of radius 5 a regular hexagon is inscribed. 
Determine (a) the area of one of the segments of the circle which are 
exterior to the hexagon ; (&) the area of a triangle whose vertices are 
three successive vertices of the hexagon ; (c) the area of the ring bounded 
by the circumference of the given circle and that of the circle inscribed 
in the hexagon. 

Ex. 1127. Find the locus of the extremities of tangents to a given 
circle, which have a given length. 

Ex. 1128. ' A ladder rests with one end against a vertical wall and 
the other end upon a horizontal floor. If the ladder falls by sliding 
along the floor, what is the locus of its middle point ? 

Ex. 1129. An angle moves so that its magnitude remains constant 
and its sides pass through two fixed points. Find the locus of the vertex. 

Ex. 1130. The lines joining the feet of the altitudes of a triangle 
form a triangle whose angles are bisected by the altitudes. 

:. 1131. Construct a triangle, given the feet of the three altitudes. 

:. 1132. If the radius of a sector Is 2, what is the area of a sector 
whose central angle is 162° ? 

Ex. 1133. The rectangle of two Imes is a mean proportional between 
the squares on the lines. 

Ex. 1134. Show how to inscribe in a given circle a regular polygon 
similar to a given regular polygon. 
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FORMITLAS OF PLANE GEOMETRY 

570. In addition to the notation given in { 270, the follow 
ing will be used : 



a 
b 

C: 

D 
E 

h 
I 

K 

I 

P 



side of polygon In general, 
base of a plane figure, 
bases of a trapezoid, 
circumference of a circle, 
diameter of a circle, 
sum of exterior angles of a 

polygon, 
altitude of a plane figure, 
sum of interior angles of a 

polygon, 
area of a figure in general 
line in general, 
perimeter of polygon in 
general 



p zs projection of ft upon a. 

B = radius of circle, or radius of 

regular polygon, 
r s apotbem of regular polygon, 

or radius of inscribed circle. 
8 =s the longer of two segments of 

a line ; or 
» = \{a + 6 + 0; 
X ss angle in general. 
Xa = Bide of a triangle opposite an 

acute angle. 
X0 = side of a triangle opposite an 

obtuse angle. 



PIOUBE 

• 

Any triangle. 
Polygon. 

Central angle. 

Inscribed angle. 

Angle formed by two 
chords. 

Angle formed by tangent 
and chord. 

Angle formed by two 
secants. 

Angle formed by secant 
and tangent. 

Angle formed by two tan- 
gents. 

Similar polygoiia 

Right triangle. 
Any triangle. 
ObtusA triangle. 



rORMULA 

A-^B+0^19^. 
/=(fi- 2)180*. 

EssiTt.A. 
X9C intercepted arc. 
X9C } intercepted bso, 
X^ i sum of arcs. 

Xs i intercepted are. 

XS } difference of aro& 

XSS i difference of aroa 

X£ i difference of area. 



P 
P* 

«.» = 



a' 

o« + W 



BEFERENCB 

§204. 
If 216, 219. 

§2ia 

I 858. 
§365 
I 377. 



|S7a 
1 879. 
I 879. 
1879 






{441. 

|446 
1452 
1456, 
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Any triangle. 

Line divided in extreme 

and mean ratia 
Eectanglti. 
Square. 

Parallelogranu 
Triangle. 



Polygon. 

Circle inscribed in triangle. 

Circle circumscribed about 
triangle. 

Bisector, of angle of tri« 

angle. 
Trapezoid. 

Regular polygons of same 
munber of tides. 



Regular polygoa 
Circle. 



Ciidea. 



Seotcxr. 

Segment. 



FOBMULA BBFBBBKCE 

««+C^ = 2(|y + 2 ma*. § 457. 

2:5 = 5x1 — «. 1 466 and Ex. 703. 



a2. 



K 
K 
K 






§475. 
§478. 
§481. 
§486. 



ha = 



-V»(s-o)(5-6)(5-c). §490. 
a 



K = V8(8 - ff) (s - 6X« - «)• § 490. 

K 

K 






§491. 
§492. 



= y/s{8^a){s-li){8--c) , j,^ 337^ 



J? = 



5 



"• 



4 Vs (s— a) (s— 6) (s— c) 



^/^^^(a^^^^. 



p. 

F* 
K, 
K 

O 
C 

a 

K 
K 
K 






6 4-c 

J (ft + h')h. 

J? -L 

:?!=:!?. 

25'' 
2ir5. 

JPr. 

central ^ t,« 
-360^ '^' 
sector r triangle. 



Ex. 838. 

Ex. 84L 

1405. 
1588. 

{589. 

1658. 

{555. 

§556. 

§557. 
§569. 
§662. 

^563. 

§564. 
Ex. 1009 
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MAXIMA AND MIKIMA 



571. Def. Of all geometric magnitudes that satisfy given 
conditions, the greatest is called the maximnm, and the least 
is called the miniinnm.* 

572. Def. iBoperimetiio figures are figures which have the 
same perimeter. 

Proposition I. Theobem 

573. Of all triangles having two given sides, that in 
which these sides include a right angle is the maaAmum. 

B 




A F c 

Given A ABC and AJSC, with AB and AC equal to AE and AC 
respectively. Let Z CAB be a rt. Z and Z CAE an oblique Z. 
To prove A ABC > A AEC 
Draw the altitude EF. 
A ABC and AEC have the same base, AC 
Altitude AB > altitude EF. 

.% A ABC > A AEC. Q.E D. 

574 Cor. I. Conversely, if two sides are given, and of 
the triangle is a Tnaximum, then the given sides include 
a right angle. 

Hint. Prove by reductio ad abaurdum. 

* In later matheinatlcw s Bomewhat broader nee wiU be madA of tlieee tenns. 
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57SL Cor. n. Of all parallelograms having given sides, 
the one thad> is rectangular is a maximum, and con- 
versely. ; 



:. 1135. Constmct the maximum parallelogram having two lines o( 
given lengths as diagonals. 

Xix. 1136. What is the minimum line from a given point to a given 
Une? 

Ex. 1137. Of all triangles having the same base and altitude, that 
which is isosceles has the minimum perimeter. 



Proposition II. Theobem 

S76. Of all ecfvbivalent triangles having the samehase^ 
that which is isosceles has the least perimeter. 



// 



G 

i 



9 
I 



gy,— ^,,4^ 




A C 

Given equivalent A ABG and AEC with the same base AOy 
and let AB = BC and AE^^EC. 

To prove AB -{- Bg'-{- CA < AE + EC + CA. 

Draw CFl^AC and let OF meet the prolongation of AB at €^. 

Draw EO and BE and prolong BE to meet OC at F. 

. BF II AC. 

/Lcbf^Afbq. 

BF bisects CO and is ± CO. 
.•. BC = BO and EC=s EG. 

AB + BG<AE + EO. 
.\ AB + BC< AE + EC. 
% AB + BC+ CA < AE + EC-h CA. Q.B.D. 
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:. 1138. Of all equivalent triangles having the same base, that 
which has the least perimeter ia isosceles (Prove by reductio ad absur^ 
dumJ) 

Ez. 1139. Of all equivalent triangles, the one that has the minimum 
^rimeter is equilateral. 

Ex. 1140. State and prove the converse of Ex. 1189. 

Proposition' III. Theobem 

577. Of aZl isoperimetric triangles on the sams base, 
the isosceles triangle is the majcimum. 



A H C 

Given isosceles A ABC and any other A as AEC having the 
same base and the same perimeter as A .l^C • 

To prove AABG> A AEC. 

Draw BhX ao, EF from FA\ AOy and draw AF and FO. 

A AFO is isosceles. 
.•• perimeter of A AFC < perimeter of A AECL 
\ perimeter of A AFC < perimeter of A ABO» 

.% AF < AB. 
.\ FH < BH. 
.\ A AFC < A ABC. 
.*. A AEO <AABC\ i.e. A ABC > A AEO. Q.B.i> 



■*^*^ 



Bz. 1141. Of all triangles having a given perimeter and a given base 
the one that has the maximum area Is isosceles. 



:. 1142. What is the maximum chord of a circle? What is the 
maximum and what the minimum line that can be drawn from a given 
exterior point to a given circumference ? 
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:. 1143. Of all triangles having a given perimeter, the one that 
has the maximum area is equilateral. 

Proposition IV. Theorem 

578. Of all polygons having all their sides hub one 
equal, respectively, to given lines taken in order, the. 
Tna^imum can be inscribed in a semicircle having the 
undetermined side as diameter. 

C_ 

Ba 




A H 

Given polygon ABCEFH, the maximum of all polygons sub- 
ject to the condition that AB, BC, CE, EF, Fff, are equal respec- 
tively to given lines taken in order. 

To prove that the semicircumference described with AH as 
diameter passes through B, c, E, and F. 

Suppose that the semicircumference with AH as diameter 
does not pass through some vertex, as E. Draw AE and EB. 

Then Z AEH is not a rt. Z. 

Then if the figures ABCEsjid. EFH&ve revolved about J& until 
AEH becomes a rt. Z, A AEH will be increased in area. 

.•. polygon ABCEFHcsin be increased in area without qhang. 
ing any of the given sides. 

But this contradicts the hypothesis that polygon ABCEFH is 
a maximum. 

.*. the supposition that vertex E is not on the semicircumfer- 
ence is false. 

,*. the semicircumference passes through E, 

In the same way it may be proved that eveiy vertex of the 
polygon lies on the semicircumference. q.e.b. 



Ex. 1144. Given the base and the vertex angle of a triangle^ cod- 
struct the triangle so that its area shall be a maximum. 
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1145. Find the point in a giyen straight line such that the tan* 
gents drawn from it to a given circle contain a maximnm ang^e. 



Proposition V. Theosbu 

579- Of all polygons th/xb Tiave their sides equcH, re- 
spectively, to given lines taken in order, the polygon 
tha4> can be cireumseribed hy a circle is a maxiTnuTn, 





Given polygon ABCB which is circumscribed by a O, and 
polygon A^b'&d* which cannot be circumscribed by a O, with 

AB = A^B^, BC=B^C\ CD = C/Z)', and VA = DU\ 

To prove ABCD > A^B^&D^. 

From any vertex as A draw diameter AE; draw EC and ED, 
On c'd\ which equals CD, construct Ad'c'z' equal to ADCE; 
draw A'E', 

The circle whose diameter is A^E* does not pass through all 
the points J5', &, D\ (Hyp.) 

.". either ABCE or EDA or both must be greater, and neither 
can be less, than the corresponding part of polygon A^B^CfEfD^ 
(§ 578). f 

.*. ABCED > A^B^CfE^D\ But A DCE = A D^(fBf. 
.'. ABCD > A'D'CfD*. Q.E.D. 



:. 1146. In a given semicircle inscribe a trapezoid whose area is a 
maximum. 

Ez. 1147. Of all equilateral polygons having a given side and a given 
number of sides, the one that is re^ar is a maximum. 
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Propositiok VI. Theorem 

580. Of all isoperimebric -poly ions of the same number 
of sides, the maximum is equilateral. 



C F 




Given polygon ABODE the maximum of all isoperimetri« 
polygons of the same number of sides. 

To prove AB = ^C7= CD = DE = EA. 

Suppose, if possible, BC> CD, 

On BD as base construct an isosceles A BFD isoperimetrio 

with A 5 CD. \ 

A BFD > A BCD. - 1 

.•. polygon ABFDE > polygon ABCDE. 

But this contradicts the hypothesis that ABCDE is the maxi- 
mum of all isoperimetric polygons having the same number of 

sides. 

.'.BC==CD. 

In like manner any two adjacent sides may be proved equal 

.•. AB == BC = CD = DE =: EA. * Q.E.D. 



Cor. Of all isoperimetric polygons of the same 
number of sides, the maximum is regular. 



:. 1148. In a given segment inscribe a triangle whose perimeter is 
a maximum. 
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Propositiok VII. Theorem 

Of two isoperimetric regvZar polygons, that which 
kas the greater nuTrvber of sides has the greater area* 

F 
C 





Given the isoperimetric polygons P and Q, and let P have one 
more side than Q. 

To prove P '^ Q, 

In one side of Q take any point as H, 

EFHQ may be considered as an irregular polygon having the 
same number of sides as P. 

.'. P > EFHO ' i.e. P > Q. Q.B.D 

Proposition VIII. Theorem 

583. Of two equivalent regular polygons, that which 
has the greater number of sides ha^s the smaller pe- 
rimeter. 







Given square S =c= regular hexagon H. 

To prove perimeter of 5 > perimeter of H, 

Construct square R isoperimetric with JST. 
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Area of fl" > area of B; i,e, area of 5 > area of R, 
.•. perimeter of 5 > perimeter of B. 
.'. perimeter of 5 > perimeter of H. q.e.i> 

584. Cor. Of all polygons having a given number of 
sides and a given area, tJuub which has a minimuTn 
perimeter is regular. 



:. 1149. Among the triangles inscribed in a given circle, the one 
that has a maximum perimeter is equilateral 

Ez. 1150. Of all polygons having a given number of sides and in- 
scribed in a given circle, the one that has a maximum perimeter is regular. 

VARIABLES AND LIMITS. THEOREMS 

Proposition I. Theorem 

585. If a variable can he made less than any assigned 
value, the product of the variable and any constant can 
be made less than any assigned value. 

Given a variable r, which can be made less than any previ- 
ously assigned value, however small, and let K be any constant. 

To prove that V - K may be made as small as we please, t.e. 
less than any assigned value. 
Assign any value, as a, no matter how small. 
Now a value for V may be found as small as we please. 

Take F < — . Then F* Jr< a; %.e. F« K may be made less 

than any assigned value. q.e.d. 

586. Cor. I. If a variable can be made less than any 
assigned value, the quotient of the variable by any con- 
stant, except zero, can be made less than any assigned 
value. 

Hint. — = — . F, which is the product of the variable and a constant, 
K X 

687. Cor. n. If a vajiahle can be m^ade less than any 
assigned value, the product of thai variable and a de- 
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creasing valns may be made less than any a^ssigned 
value- 

Hint. Apply the preceding theorem, using as iT a value greater than 
any value of the decreasing multiplier. 

588. Cor. m. TJie product of a variable and a variable 
may be a constant or a variable. 

589. Cor. IV. If a variable can be m^ade less than any 
assigned value, the square of thai variable can be made 
less than any assigned value. (Apply Cor. 11.) 



:. 1151. Which of the corollaries under Prop. I is illustrated by the 
theorem: ** The product of the segments of a chord drawn through a fixed 
point within a circle is constant '' ? 

Pbofositiok IL Theorem 

590. The limit of the product of a variable and a cofn- 
stant, not zero, is the limit of the variable multiplied 
by the constant. 

Given any variable V which approaches the finite limit Zy 
and let K be any constant not zero. 

To prove the limit of JT- F=s JT* Xb 

Let R=sL— V; then F=i — A 

But the limit of K» RssO. 

.'. the limit of JT* r= the limit of (JBT* Z — JET* S)=sK^L. 

Q.E.D. 

591. Cor. The limit of the quotient of a variable by 
a constant is the limit of the variable divided by the 
constant. 

V 1 

Hint. -- s ^ • F« which is the product of the variable and a constant. 

K K 

Pboposition III. Theorem 

592. If two variables approach finite limits, not zero, 
then the limit of their product is equal to the product 
of their limits. 
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Given variables V and f' which approach the finite limits L 
and Ir', respectively. 

To prove the limit of F • F' = L • i*. 

Let i? = i— Fand i?' = i'— F*. 

Then F=i—iJ and F' = i' — IJ'. 

.-. F. F' = Zi.i'— (L' . i? + i. i?* — JJ. J?*). 

But the limit of QJ • B + L^ b! -B* R*)=0. 

.-. the limit of F . F' = the limit of [i-i' — (i' • JJ+X.U' — 

.'. the limit of F • F* = i • i'. q.e.d* 

593. Cor. ^ If each of any finite nwrniber of variables 
approaches a finite limit, not zero, then the limi^ of 
their product is equal to the product of their limits. 

Proposition IV. Theorem 

594. If two related variables are such that one is 
always §reajber than the other, and if the grealer con- 
tinually decreases while the less continually increa^ses, 
so that the difference between the two may be made as 

^small as we please, then the two variables have a com' 
mon limit which lies between them. 

I ll I i l l 



A P Q R L R' Q' P' 

Given the two rel^yted variables AP and AP*, AP* greater than 
AP, and let AP and AP* be such that as JP increases AP* shall 
decrease, so that the difference between ^IP and AP* shall ap- 
proach zero as a limit. 

To prove that AP and AP* have a common limit, as AL, which 
lies between AP and AP*. 

Denote successive values of AP by AQ, AB, etc., and denote 
the corresponding values of AP* by -4Q', AB^, etc. 

Since every value which AP assumes is less than any value 
which AP* assumes (Hyp.) .-. AP <^ AB*. 

But AP is continually increasing. 
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I I I III 



A P Q R L R' Q' P' 

Hence AP has some limit. (By def. of a limit, § 349.) 

Since any value which AP' assumes is greater than every 
value which AP assumes (Hyp.) .*. AP' > AB. 

But AP* is continually decreasing. 

Hence AP' has some limit. (By def. of a limit, § 349.) 

Suppose the limit of AP =^ the limit of -4P'. 

Then let the limit of AP be AK, while that of AP* is AS'. 
Then AK and ASl have some finite values, as m and m', and 
their difference is a finite value, as d. 

But the difference between some value of AP tad the cor- 
responding value of AP' cannot be less than the difference of 
the two limits AK and AS*. 

This contradicts the hypothesis that the difference between 
AF and AP' shall s^pproach zero as a limit. 

.•.the limit of AP =the limit of AP* and lies between AP 
and JP as AL, q.e.d. 

505. rHEORBM. With every straight line segment there 
is associated a nwrYtbev which may he called its measure^ ^ 
nwnd}er. 



For line segments commensurable with the unit this theo- 
rem was considered in §§ 335 and 336; we shall now consider 
the case where the segment is incommensurable with the 
chosen iinit. 

Given the straight line segment a and the unit segment u\ 
to express a in terms of u. 

Apply u (as a measure) to a as many times as possible, sup« 

pose t times, then , /^ ^x 

^ ^ . w < a < (^ -h 1) u. 

Now apply some fractional part of u, say -, to a, and sup- 

P 
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pose it is contained ti times, then 

P P 

Then apply smaller and smaller. fractional parts of « to a, say 

U U IL 

--, —, -:,•••, and suppose them to be contained ^2» ^ ^4» *** times 
p^ p^ p* 



respectively, then 

p^ p^ p^ pr 

Now the infinite series of increasing numbers t, -, -^, ••• 



P P" 



none of which exceeds the finite number ^ + 1, defines a num- 
ber n (the limit of this series) which we shall call the measure- 
number of a with respect to u. Moreover, this number n is 
unique, i,e. independent of p (the number of parts into which 
the unit was divided), for if m is tcj number such that m<n, 
then m»u<,a, and if m > n, then m»u>a; we are therefore 
justified in associating the number n with a, and in saying 
that 71 • tt = a. 

596. Note. Manifestly, the above procedure may be applied to any 
geometric magnitude whatever, i,e. every geometric magnitude has a 
unique measure-number. 

597. Cor. If a magnitude is varicMe and approaches 
a limit, then, as the magnitude varies, the successive 
measure-numbers of the variable approach as their limit 
the measurer-nurnber of the limit of the magnitude. 

598. Discussion of the problem : 

To determine whether two given lines are commen- 
surahle or not; and if they are commensurable, to find 
their common measure and their ratio (§ 345), 

Moreover, OD is the greatest common measure of AB and CD. 
For every measure of AB is a measure of its multiple OE, 
Hence, every common measure of AB and CD is a common 
aieasure of CE and CD and tberefors a measure of their differ 
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ence XD, and therefore of AF, which is a multiple of S3. 
Hence, every common measure of AB and CD is a common 
measure of AB and AF and therefore a measure of their difPer- 
ence FB. Again, every common measure of ED and FB is a 
common measure of ED and EO (a multiple of FB) and hence of 
their difference OD. Hence, no common measure of AB and CD 
can exceed QD. Therefore,. OD is the greatest common measure 
of AB and CD. 

Now, if AB and CD are commensurable, the process must ter- 
minate ; for any common measure of AB and CD is a measure 
of each remainder, and every segment applied as a measure is 
less than the precedinj? remainder. Now, if the process did 
not terminate, a remainder could be reached which would be 
less than any assigned value, however small, and therefore less 
than the greatest common measure, which is absurd. 

If AB and CD are incommensuroNe, the process will not ter- 
minate ; for, if it did, the last remainder obtained would be a 
common measure of AB and CD, as shown above. 




Theobem. ^n angle can be bisected by onZj/ one 
line. 

Given A ABC, bisected 
by BT. 

To prove that no other 
bisector of Z ABC exists. 

Suppose that another 
bisector of A ABC exists, 
e,g. BF. 

Then Zabf = Z.ABT. This is impossible. 

.*. no other bisector of Z.ABC exists. q.e.d 

600. Note on AziomB. The thirteen axioms (§ 54) refer to num- 
bers and may be used when referring to the measure-numbers of geometric 
magnitudes. Axioms 2-9 are not applicable always to equcU figures. 
(See Exs. 800 and 801.) Axioms 7 and 8 hold for positive numbers 
only, but do not hold for negative numbers, for zero, nor for infinity ; 
axioms 11 and 12 hold only when the number of parts is finite. 
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GBL The methods of proving locus theorems are illustrated 
by the following proofs of § 141 and § 305. 

(a) 7%e locus of all points equidistant from the ends 
of a given line is the perpendicular bisector of that line. 

F 

f \p 



y 



X 7 y . n \ 



c 

Fig. 1. 



C 

Fig. 2. 



Given line AB and its J. bisector, CF. 

To prove CF the locus of all points equidistant from A and B. 



First Method (Fig. 1) 
Aroumbnt 

1. Let P be any point in OF, Then P is equi- 

distant from A and 5, t.e. every point 
in OF satisfies the prescribed condition. 

2. Let Q be any point not in CF. Then Q 

is unequally distant from A and By 
i,e. no point outside of CF satisfies 
the prescribed condition. 
•. CF is the locus of all points equi- 
distant from A and B. q.£.d. 



3. 



Reasons 
1. §134. 



2. §140. 



3. §130. 



Second Method (Fig. 2) 

Argument 

1. Same as Arg. 1, above. 

2. Let R be any point such that RA =RB. 

Then S lies in CF, i.e. every point 
which satisfies the prescribed condi- 
tion lies in CF. 

3. Same a-n Arg. 3^ abovA. 



Reasons 



2, §139. 
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(6) The locus of the mid-points of all chords of a circle 
parallel to a given line is the diameter perpendicular to 
the line. 




B 



Given circle O, line AB, and diameter S8 _L AS. 
To prove RS the locus of the mid-points of all chords of 
circle that are il AB, 



Aroithbnt 

1. Let P be any point in diiameter RS, 

Through P draw FQ II AB. 

2. Now RS ± AB. 

3. .-. RS A.FG. 

4. .'. P is the mid-point of FO, a chord II AB. 

5. Let Q be any point not in diameter RS. 

Through Q draw HK II AB, intersecting 
RS in T. 
^. Then RS ± HK. 

7. .•. r is the mid-point of HK, i.e. Q is not 

the mid-point of HK, a chord II AB. 

8. .*. RS is the locus of the mid-points of 

all chords of circle that are II AB. 

Q.E.D. 





Reasohb 


1. 


§179. 


2. 
3. 
4. 
5. 


By hyp. 
§193. 
§302. 
§179. 


6. 

7. 


§193. 
§302. 



8. §130. 



INDEX 

(The msmbers refer to artidet.) 



Abt. 
Aoate triangle . , . ^ . . 98 

Adjacent an^es 42 

Alternation. ,-•... 396 

Altitude .... 100, 228, 229 

Analysis of a proportion . . 897 

of constrnctions .... 

151, 152, 176 (Ex. 187), 274, 

499 

of exercises , , . • « 274 

Angle 88 

acute ... .... 47 

at center of circle . . 292 
at center of regular polygon 534 
bisector of . . .53, 127, 599 

central 292 

degree of 71 

inscribed in circle . . . 363 
inscribed in segment . . 364 

magnitude of 41 

obtuse ...... 48 

of one degree • . . , . 71 
reflex ........ 49 

right 46, 71 

right and left side of . . 199 

sides of . < 38 

straight 69 

vertex of 38 

Angles ..... r . 88 

added -.43 

adjacent 42 

alternate exterior . . 182 





A.R. 


Angles, alternate interior . . 182 


complementary . 


. . . 68 


corresponding . , 


. - .182 


designation of « . 


. .39,50 


difference of . . 


. . . 44 


equal ..... 


. . . 44 


exterior . . . . , 


. . 87, 182 


exterior interior . 


. . . 182 


homologous • . 


. 417,424 


interior . < 


. 86, 182 


oblique .... 


. . 51 


of a polygon , . 


.86 


subtracted . . » 


. . 44 


sum of ... . 


. . 43 


supplementary . , 


. . . 69 


supplementary-adjacc 


mt . 72 


vertical 


. . . 70 


Antecedents . . . 


. . 884 


Apothem 


, . . 533 


Application . , . . , 


. . . 79 


Arc 


, 121,280 


degree of . , . « 


. . c 296 


length of . . c 


, . . 551 


major 


. - . 291 


minor . . . < , 


, . . 291 


Arcs, similar . . . , 


. . 565 


Area of a figure . • . 


. . . 471 


of circle ..... 


. . . 558 


of rectangle 


, 468-471 


of surface . . 


. . 467 


Argument only . 


. . 171 



299 



300 



INDEX 



Abt. 

Arms of isosceles triangle • • 94 
of right triangle .... 06 

Assumptions 12, 64 

Axiom 65 

Axioms 64 

note on • 600 

Base of isosceles triangle . . 04 
of polygon 09 

Bisector of angle . . 63, 127, 599 
of line 52,145 

Bisectors of angles of triangle 126 

Center-line 325 

Center of circle . . . 119,278 
of regular polygon • • . 631 

Central angle 202 

Centroid 265 

Chord 281 

Circle 110,276 

arc of 121, 280 

area of • • 658 

center of .... 110, 278 

chord of 281 

circumference of . 1 10, 277, 550 
circumscribed ...... 300 

determined ..... 324 

diameter of 282 

escribed ....... 322 

inscribed 317 

radius of .... 110, 278 

secant of 285 

sector of .... 287, 564 

segment of ..... • 288 

tangent to ..... 286 

Circles, concentric . . < . . 826 

tangent, externally . . . 330 

tangent, internally . . . 330 

Circumference . . .110, 277, 560 

length of .... 550, 552 

measurement of ... . 640 

Circumscribed circle .... 300 



Circomscribed polygon • • • 817 
Clockwise motion . • . . • 86 
Closed figure •••••• 83 

Closed line 82 

Coincidence ...••. 17 
Collinear segments .... 28 
Commensurable quantities . . 

837, 842, 460 
Common measure .... 337 
Compasses, use of .... 81 
Complementary angles ... 68 
Complete demonstration . .171 
Composition ....•• 808 
Composition and diyision . . 400 
Concentric circles .... 826 

Conclusion 57 

Concurrent lines 106 

Consequents ...... 884 

Constant 846, 847 

Construction ••••.• 128 

of triangles 269 

Continued proportion • • . 406 
Converse theorem . • . • 136 

Corollary 68 

Counter-clockwise motion • . 60 

Definition, test of .... 138 
Degree, of angle ..... 71 

of arc 206 

Demonstration. • . . • 56, 79 

complete 171 

Determined circle .... 324 
Determined line and point . 25, 26 
Determined triangle . . 133, 209 

Diagonal 88 

Diameter 282 

Dimensions ... .... 10 

Discussion 123 

Distapce between two points . 128 

from point to line . . • 166 

Divisioi 899 

Drawing to scale 487 



INDEX 



801 



Abt. 

E^oal figures 18,478 

homologous parts of . 109, 110 
Equiangular polygoir. ... 00 
Equidistance ..•••• 128 
Equilateral polygon .... 89 
Equilateral triangle . . . . 95 
Equivalent figures .... 478 

Escribed circle 822 

Euclid^s Elements . . . .114 
Exterior angle of polygon . . 87 
Extreme and mean ratio . . 

464, 406 (Ex. 763), 626 
Extremes 886 

Figure, closed 83 

geometric •••••• 18 

plane 86 

rectilinear ...... 37 

Figures, equal 18, 478 

equivalent • 473 

isoperimetrio 672 

similar 419,473 

transformation of . . . 498 

Formulas of plane geometry . 670 

Fourth proportional . • • 387 

Geometric figure • • • • • 13 
Geometric figures, equal . • 18 
Geometric solid • • • 2, 9, 11 

Geometry • 14 

plane .••••••• 86 

subject matter of • • • • 1 

G<fiden section 464 

Harmonical division • • • • 434 

Hexagon • • • 92 

Historical notes 

Achilles and the tortoise • 354 

Ahmes 474, 669 

Archimedes .... 542, 569 
Area of a circle • • • . 569 
Cicero 642 



Abt. 
Descartes ..••.. 23? 
Division of circumference • 616 

Egyptians 

371, 449, 474, 497, 669 
Euclid .... 114, 610, 616 

Gauss 616, 620 

Herodotus ...... 474 

Hero of Alexandria . . . 669 

King Hiero 642 

Lambert 569 

Lindemann 669 

Metius of Holland ... 569 

Morse, S. F. B 620 

Newton . 642 

Origin of geometry • . . 474 

Plato 268, 542 

Plutarch .••.••. 371 

Pons asinorum 114 

Ptolemy 569 

Pythagoras . . 344, 510, 614 

Bichter 669 

Seven Wise Men . . . .371 

Shanks 569 

Squaring the circle . . • 569 

StobsBUS 114 

Thales 371,610 

Zeno 864 

Homologous parts ..... 

109, 110, 417, 418, 424 

Hypotenuse . • 96 

Hypothesis 57 

Incommensurable quantities . 

389, 843, 844, 470 
Indirect proof • • • • 169, 161 
Inscribed angle • • • • . 363 
Inscribed circle • • • • • 317 

Inscribed polygon 299 

Instruments, use of .... 81 

Inversion 395 

Isoperimetrio figures .... 672 
Isosceles trapezoid .... ^2? 



«02 



INDE^ 



ifiosceieb GFUiDgie 
arms ot , , 
base of , , , 
sides of . , 
vertex angle of 



04 
94 
94 



Length of arc* 661 

of circomference . , 650, 662 

Length of perpendicular . 166 

of secant. .... . 426 

of tangent ..... 819 

Limits 346, d49-861, 590-694 

Line ... 4, 7, 11, 27 

bisected . . . , • 62, 146 
broken >.<•.•, 80 
closed r • . « c • < 82 

curved ,29 

determined .25 

divided externally , . . 406 
divided harmonically , . 434 
divided in extreme and 
mean ratio • • . . 

464, 466 (Ex. 763), 526 



divided internally 

of centers 

right . . . 

segments of 

straight • . 
Line segment . 
Lines . • • . 

concurrent • 

difference of 

divided proportionally 



, 406 

826 

, 28 

27,406 

21,28 

, 27 

. 20 

. 196 

- 81 

. 407 



homologous 109, 110, 418, 424 

oblique 46 

parallel 177 

perpendicular 46 

product of . 425, 475, 476, 611 
rectangle of . 425, 476, 476, 611 

Locus i29, 130, 181 

as an assemblage .... 130 
as a path. •••••• 180 



Locus, finding Qi% > , 144 

of a point . . , . 130 

of all points , , , > ■ 180 

problem, solution of , 143, 601 



Magnitude of an angle 

Major arc ... 

Maximum 

Mean proportional 

Means . , 



'111 



41 

291 
671 
386 
386 



Measure, common . , . 337 
numerical - , , 835, 467 
unit of . . : 836, 466 

Measure-number, 336, 467, 471, 696 
Measurement . , > , r 336 
of angle , . ^ . , . 358 
of arc ..... c 358 
of circle ,-.,,. 640, 658 
of circumference . . 640, 652 
of distances by means of 

triangles , , . . , 116 

of line . . , 886, 695 

of rectangle . . . > 468-471 

of surface ... 466 

Median, of trapezoid . . . , 261 

of triangle , . . 102 

Median center of triangle , , 265 

Methods of attack . > . . . 

108, 104, 106, 110 (Ex. 62), 
116, 161, 162, 168, 169, 176 
(Ex. 187), 269-274, 276, 897, 
898, 426, 499, 602, 618. 
Minimum. , ■ ... S71 
Minor arc . , . 291 



Numerical measure 



!i86. 407 



Oblique angles r r r i . 51 
Oblique lines , , , , . 46 

Obtuse triangle , . , • . d'' 
One to one correspondence 596, 69t 
Opposite theorem 186 



INDEX 



803 



Abt. 

Optical iUrisioiis 81 

Outline of proof 171 

Parallel lines 177 

Parallelogram 220 

altitude of . . . . . .228 

base of 228 

Parallelograms classified 223, 248 

Pentagon 92 

Perimeter of polygon . . • 85 
Perpendicular .... 46, 166 

Pi 554 

evaluation of 568 

Plane 32, 33, 34 

Plane figure 36 

Plane geometry 36 

Point 5, 6, 11 

determined ..... 26 

of tangency 286 

Polygon 84 

angles of .86 

base of 09 

circumscribed 317 

diagonal of 88 

equiangular ... .90 

equilateral 89 

exterior angles of .... 87 

inscribed 299 

perimeter of 85 

regular .... 91, 515 

sides of 84 

Tertices of 84 

Polygons,mutually equiangular 417 
sides proportional . . . 418 

similar .419 

Pods asinorum ...... 114 

Portraits 

Archimedes . • . . . 542 

Descartes 287 

Buclid 114 

Gauss 520 

Pythagoras 610 



Ainr. 

Thales 371 

Postulate ... . • . 16 

circle 122 

parallel line ... 178, 179 
revolution . • . 40, 54 

straight line . . . . 24, 54 

transference . . . . 16, 54 

Problem defined ... .59 

Problems of computation . 59 
Probledis of construction . . 59 
analysis of ..... . 

151, 152, 176 (Ex 
187), 274, 499 

discussion of 123 

proof of 123 

solution of 123 

Product of lines 425, 475, 476,. 511 
Projection of line . . .■ . 451 

of point . 450 

Proof 79, 123 

analytic method .... 275 
by exclusion . . . 159, 161 
by successive substitutions 275 

indirect 159, 161 

necessity for 81 

outline of 171 

reductio ad absurdum 159, 161 
synthetic method . . . 275 

Proportion 882 

analysis ^f 397. 

antecedents of 384 

by alternation 396 

by composition .... 398 
by composition and division 400 

by division 399 

by inversion 395 

consequents of .... 384 

continued 405 

extremes of ..... 385 

means of 885 

terms of 383 

ways of writing .... 382 



304 



INDEX 



Abt. 
Proportional, fourth .... 387 

mean 386 

third 386 

proportions simplified . 389, 397 
Proposition 66 

Quadrant 295 

Quadrilateral 92 

Quadrilaterals classified 220, 243 

Radius of circle . . . 119,278 

of regular polygon . . . 532 

Ratio .... 340-343,382,384 

antecedent of 384 

consequent of 384 

extreme and mean . . . 

464, 465 (Ex. 763), 526 
of any two surfaces . . . 472 

of similitude 418 

of two commensurables . 342 
of two incommensurables . 343 
of two magnitudes . . . 341 

Rectangle 223 

area of 468-471 

of two lines 425, 475, 476, 511 

Rectilinear figure .... 37 

Reductio ad absurdum . 159, 161 

Regular polygon ... 91, 515 

angle at center of ... 534 

apothem of 533 

center of 531 

radius of 532 

Related variables . . . 352, 594 

Rhomboid 224 

Rhombus 226 

Right triangle 96 

arms of 96 

hypotenuse of .... 96 

sides of 96 

Ruler, use of 31 

8cale, drawing to .... 437 



Scalene triangle 93 

Secant 285 

length of 426 

Sector 287,564 

Segment, of circle .... 288 

of line 27 

Segments, added 31 

coUinear 28 

difference of 81 

of a line .•••.•• 406 
similar .•••••• 565 

subtracted • • • • .31 

sum of 31 

Semicircle .... • * 289 

Semicircumference . • • . 290 
Series of equal ratios . 401, 405 

Sides, of angle 38 

of polygon 84 

Similar arcs 565 

Similar polygons 419 

Similar sectors 565 

Similar segments .... 565 
Similarity of triangles . . .431 
Similitude, ratio of ... . 418 
Solid, geometric . . . 2, 9, 11 
Solution of exercises • • . 275 
of locus problems • • . 143 

of problems 128 

of theorems • .... 79 

Square 225 

Squaring the circle .... 569 

Straight angle 69 

Straightedge 21 

Straight line 21,23- 

determined 25 

Summary, of divisions of cir- 
cumference • • • . 529 
of equal triangle theorems 118 
of formulas of plane geom- 
etry 570 

of parallel line theorems . 197 
of quadrilaterals • • . .249 
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Abt. 
Summary, of similar triangle 

theorems 431 

of trapezoids . Exs. 320, 321 

of unequal angle theorems 174 

of unequal line theorems .175 

Superposition • . .19, 103, 106 

Supplementary angles ... 69 

Supplementary-adjacent angles 72 

Surface 3, 8, 11 

curved 35 

plane • • • • 32, 33, 34 
Surfaces 32 

Tangent 286 

external common • • • • 333 
internal common • • • • 333 
length of •.••,. 319 

Theorem 57 

converse of • • • • • . 135 

opposite of . . • • • . 136 

solution of .••••• 79 

Third proportional .... 386 

Transformation 493 

Transversal 181 

Trapezium 222 

Trapezoid 221 

altitude of 229 

bases of 229 

isosceles 227 

median of 251 

Triangle 92 

acute 98 
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Triangle, altitudes of ... 100 
bisectors of angles of . . 126 
centroid of . . , . . 265 
construction of .... 269 
determined .... 133, 269 

equilateral *. 95 

isosceles 94 

median center of ... . 265 

medians of 102 

notation of 270 

obtuse 97 

parts of .•••*•• . 269 

right 96 

scalene 93 

vertex of ••.••. 99 
vertex angle of • • • 94, 99 

Triangles, classified . • • 93-98 
similarity of 431 



Unit of measure 



885,466 



Variable • . 346, 348, 585-594 
approaches its limit . • . 350 

independent 346 

limit of 349 

reaches its limit • . • . 351 
related 352, 594 

Vertex of angle 38 

of polygon 84 

of triangle 99 

Vertex angle of triangle . 94, 99 

Vertical angles 70 
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ROBBINS'S PLANE 
TRIGONOMETRY 

By EDWARD R. ROBBINS, Senior Mathematical Mas- 
ter, William Pemi Charter School, Philadelphia, Pa. 



THIS book is intended for beginners. It aims to give a 
thorough familiarity with the essential truths, and a 
satisfactory skill in operating with those processes. It 
is illustrated in the usual manner, but the diagrams are more 
than usually clear-cut and elucidating. 

^ The work is sound and teachable, and is written in clear 
and concise language, in a style that makes it easily under- 
stood. Immediately after each principle has been proved, 
it is applied first in illustrative examples, and then further im- 
pressed by numerous exercises. Accuracy and rigor of treat- 
ment jfre shown in every detail, and all irrelevant and ex- 
traneous matter is excluded, thus giving greater prominence 
to universal rules and formulas. 

^ The references to Plane Geometry preceding the first 
chapter are invaluable. A knowledge of the principles of 
geometry needed in trigonometry is, as a rule, too freely taken 
for granted. The author gives at the beginning of the book 
a statement of the applied principles, with reference to the 
sections of his Geometry, where such theorems are proved in 
fvdl. Cross references in the text of the Trigonometry to 
those theorems make it easy for the pupil to review or to 
supplement imperfect knowledge. 

^ Due emphasis is given to the theoretical as well as to the 
practical applications of the science. The number of ex- 
amples, both concrete and abstract, is far in excess of those 
in other books on the market. This book contains four times 
as many exercises as most books, and twice as many as that 
having the next lowest number. 
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FIRST PRINCIPLES OF 
AGRICULTURE 

By EMMET S. GOFF, late Professor of Horticulture, 
University of Wisconsin, and D. D. M A YNE, Princi- 
pal, School of Agriculture, St. Anthony Park, Minn. 



MUCH experience has taught that if agriculture is made 
the object of brain work, as well as of manual labor* 
better £uins, and better Miners, will be produced. 
This book, therefore, is intended to present in a concise, prac- 
tical manner for pupils in elementary schools, those funda- 
mental principles upon which successful agriculture depends. 
^ The farm is treated as the center of interest, and its in- 
dustries, economies, and science are discussed at some length. 
The book has been prepared with special reference both to 
nmplicity and to sdentiiic accuracy, and is based on the 
observation of the every-day fitcts of rural life, ajid on a system 
of simple experiments well within the resources of any schooL 
^ The pupil is taught the reasons for the more important agri- 
cultural operations, and the explanations of the phenomena 
which accompany them. The soil and vegetation are first 
taken up, includhig such important topics as the rotation of 
crops, parasites of plants, seed testing, animals that destroy in- 
sectSy and the improvement of plants. Then follow chapters on 
dairying, live stock, poultry, bee-keeping, and the improve- 
ment of home and school yards. 

^ At the end of each chapter is a summary of what has 
been presented, furnishing in concise form definite state- 
ments for the pupil to learn, and supplying to the teacher 
a basis for drill work. An extensive appendix contains, among 
other useful information, fixider tables, a table of fertilizing 
constituents in feeding stufis, and sections on milk testing, 
silage, contents of fields and lots^ and quantities of seed 
required to the acre. 
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FOR RURAL EDUCATION 



BEXELL AND NICHOLS'S PRINCIPLES OF 
BOOKKEEPING AND FARM ACCOUNTS 

Textbook, Blanks, Reference Book, 

The first book in its field to teach a simple system of keep- 
ing such accounts as are of value to farmers. It deals only 
with the commodities and conditions of farming. There are 
many helpful exercises and review quesdons. All the material 
used has been tested both in the classroom and on the farm. 
The course is adapted for grammar or high schools and may 
be conducted by teachers having litde experience in accounting. 

BRACE AND MAYNE»S FARM SHOP WORK 

A course for rural elementary and secondary schools, which 
has a dbdnct pracdcal value in that it teaches boys how to 
make ardcles that are of great usefulness on the farm. The 
fact that these products must stand the test of use arouses 
greater interest in the pupil and causes him to do more careful 
work. The course does not require expensive shop equipment 
or cosdy raw materials. The exercises provide instrucdon 
and training in woodworking, blacksmithing, cement and con- 
crete work, and harness mending. The various tools needed, 
their use and care, are fully described. 

BRICKER'S AGRICULTURAL EDUCATION 
FOR TEACHERS 

This book discusses the chief lines of development in agri- 
cultural teaching and by means of clear direcdons attempts to 
vitalize and systemadze the work. It adms to give the teacher 
the true spirit of <'rural-mindedness", and to supply him 
with correct professional knowledge of what to teach and 
how and when to teach it. The book will be of value to 
agricultural and normal schools, acdve and prospecdve teach- 
efs, district and county superintendents, supervisors of rural 
edocadon, and teachers' reading circles. 
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